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should  bs  notsd  that  ths  Partiss  to  ths  Contract  have  racognlaod  the  >  ‘  io 
Work  and  Raporta  art  covarad  and  protactad  by  tha  Patanta  grantad  and  p.  • 
ilng  as  spaeiflad  in  Paragraph  V  of  vha  said  Contract* 


•  Tha  ordar  of  work  and  axparlmants  was  dacldad  and  diractad  by  t 

Profassor  Hanrl  OOANDA 

In  vlaw  of  tha  final  drafting  of  tha  prasant  raport  which  was  drawn  U|  .'^tr 
his  diract  suparvlslon. 

>  Tha  ganaral  drafting  of  tha  raport  and  tha  tachnlcal  and  sclantific  ot ;  '•»> 
zatlon  was  undartakan  by  i 

Profassor  A.R*  METRAL.  Profassor  at  tha  "Consarvatolra  National  das  Ar  • 
M^tiars”  and  tha  "Ecola  Natlonala  Sup^rlaura  da  l*Apr«mant",  and  Joint  ••  • 
with  tha  lata  Profassor  ZERNER  of  rasaarch  work  concarnlng  tha  appllcat ; 
of  &  Coanda  typa  bldlmanslcnal  flow* 

asslstad  by  i 

Mr.  P«E«  LEMOHNIER.  graduata  In  scianca,  who  studlad  undar  Profassors  PC  <  :m 
and  J.  PERES  of  Paris  Unlvarslty  (Fluid  Mechanics  and  Aeronautical  Tachnu^  is';, 
Rasaarch  Scholar  at  tha  French  National  Canter  for  Scientific  Research  ard 
holder  of  six  diplomas  from  Paris  University. 


-  Tha  nuntarlcal  calculus  was  carried  out  by  i 


Mr.  J*  GUILLOUD.  graduata  In  science*  spaciellzad  in  mathenr«tlca,  f/r;7i.n««»r 
with  tha  "SocUt^  d'Elactronlsma  at  d’Automatlsma'^,-  Masteir  ths 

"Ecola  Natlonala  Sup/rlcura  A4ror<autlqua", 


assisted  by  TALLEPIED  and  Mr*  CHAAiySAy^*  studoi^rv  of  vhi*  j-iTuity  ot  SciarK-* 

of  Paris  University* 


•>  Responsibility  for  tha  practical  execution  of  the  work  and  the  accompli shatent 
of  tha  program  drawn  up  by  Professor  Henri  COAKDA  Ne»  taken  by  t 

Mademm  M.  RIHEYROLLES. 

Ml. 

ManagtMi  tiractars  af  •  SFlRI-OOMRiA*,  collaboiatlng  directly  with  Profassor 

Hwmrt  fXmji, 


Madam*  M.  RIBEYKOLLES  and  kjt  U,  CAMtHI  aara  — atifaO  fa**f*t  #$• 

raction  of  tha  axparimantal  mork  by  t 

Mr.  P«E.  LEf*OtfflIER  -  mantlonad  *b«va. 

Mr.  H.J.  GUIZOT,  anginoar  raaponalbla  fae  fbara^anta  *t|ibfta*«ifa« 
fcrmar  collaborator  of  Mr.  Kadanaei  and  1^.  C.  iufattt* 

(  sfcbi-ooM^) 

Mr.  B.  BRUWEAU.  anglnaer-drafttMn,  (  srmi-OOAlCiA  ) 

Mr.  A.  GRESSER.  technical  aaalatant,  (  STIKI-OOWCM  ) 

Th*  t*tts  war#  carriad  out  at  tha  OOANOA  Cantar  Ir.  M»>LrA!IIC  •arkt,  at 
Pr^clgnd  (Sartha),  with  tha  collaboration  af  Mr.  and  attiatanta* 

•ntrustad  with  th*  auparvition  of  tha  Cantar. 


Tha  final  mak*-up  and  typing  of  tha  ranort  aaa  aw«ai;l!ahad  by 
Sacratary  to  tha  Managamant  of  SFERI^OAtlOA. 

Tha  English  translation  was  praparad  bv  Miss  D.  Tachnleal  Trans¬ 

lator. 

All  th*  work  involvad  in  sifting  and  claatifylnc;  Vi^it  «asults»  plotting  tha 
curvas  and  praparing  tha  drawings  containaa  In  th*';  parforaad  by 

th*  SFERI-COAMDA  taam,  at  CLICHY  (Sains),  undar  ir*  :>attMn*nt  suparvision 
of  Profassor  Kanri  COANDA,  assistad  by  Madam*  M.  WitrV^CfXES  and  Mr.  CARNTER. 
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r  A  R  T  I 


*t*tf o^^cttOA  •  th#  OOAHOA  Eff#Ct» 

Phytic*!  *«*ly*l*  th#  OCAIOA  Effect* 

A^tytU  of  tho  OOMOA  Effoot*  laportonco  of 
^^i^t«lt>nity«  »Aj<**tIc*1  colculuo. 

on  dlroet  rotction  •nd  I  to  co*’p«rlton  mlth 
tho  r«*ctlofl  rooultlnq  freot  tho  OMHOA  Effoct»  Isportooeo 
of  vlocoolty. 
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!•  tf^but  69  C9  Monti^ur  i9rirl  CCA.M»a  dirlg««lt  ••» 

r»ch«rch«s  aufil  bl»n  qu*  %9'.  ^tud«t  physiques  th¥or!- 

qu«td»n»  un«  voi*  p«rf*it*r«At  i  »«voir  1 'uti lls«tton  •v#c 

1*  n»ill»ur  r*^r>d*r«nt  pottibl*,  d*i.n*  ^n«r9i»  cin^tiqu#  ou  pot»nti*ll* 
pour  Idi  ci^Ation  d'un*  quantit4(  de  mouvee«nt  d'un  fluid*  «u  »*ln  du- 
qu*]  on  d^siriiit  fair*  s*  d^plac*r  un  corps  plus  lourd  qu*  1*  fluid*. 

Ayant  4t4  I'un  d*s  pr*riers.  sinon  inlr>*  1*  prarier.  i  vi&ualitar 
l*s  ^coulsnents  autour  d'obstacl*s  l*s  plus  varies,  il  donnait  1*  13 
Mai  1911,  h  I'A^roclub,  une  conf«^r*nc*  dans  laquall*,  randant  ccmpt* 
da  s*s  assals  d*  1906  i  1911,  11  mottait  nattarant  tn  ^vidanc*  1*  r6l* 
da  la  quantity  da  mouvarant,  grandaur  physiqua,  vactorialla  oriant^*, 
alors  qua  I'^nergia  cln<*tiqua  ast  un*  quantity  ^calaira.  (La  r^sua4  d* 
catte  conference  parut  dans  l"Aerophi  la**  du  Juin  1911). 

Cast  aprl'S  la  guerre  d*  1914  qua  1 'auteur,  ayant  longuemant  ob¬ 
serve  las  phenon^nes  aerodynaniquas  accompagnant.  1 'emission  d'un  Jat 
par  une  tuyere  classiqua,  considers  qu'll  etait  possible  d'obtanir  la 
deviation  d'un  jet  fluid*  sortant  d'une  fente  at  ceci  dans  une  direc¬ 
tion  determlnee  par  avanc*.  11  cr^alt  ainsi  la  long  du  jet  une  depres¬ 
sion  analogue  h  cell*  qui  exist*  sur  I'extrados  d'une  ail*  d'avion. 

Dans  les  pages  qui  suivent  nous  exposarons  cas  experiences  Ini- 
tiales.  11  ast  evident  qu'll  partlr  d'un*  certain*  epoque,  at  notatr- 
ment  apr^s  la  prise  du  brevet  de  base  d*  Novembre  1932,  11  est  diffi¬ 
cile  de  separer  les  progr^s  dus  h  I'axperiance  ffful*  ou  ^  la  theorie, 
at  qu'il  y  a  eu  cheninemant  parallel*  das  acquisitions  sur  I'ansembla 
de  ce  phenomena  que  I'on  caracterise  depuis  plus  de  vingt  ans  du  nom 
d'Effet  COANDA. 

L*  prensier  appareil  realise  fut  un  propulseur  de  forme  ogivale, 
solid*  de  revolution  et  presentant  ^  sa  parti*  superieure  un  chapeau 
portant  une  font*  annulaire  par  ou  le  fluid*  anemi  par  I'interieur  se 
decharge  dans  I'air  anhiant.  La  direction  du  jet  a  la  sortie  de  ia 
fente  est  normal#  ^  I'axe  du  propulseur*  La  photo _A  a  ete  prise,  le 
jet  fonctionnant  at  une  torchere  productrice  de  fume*  opaque  etant  dis¬ 
pose#  en  avant  et  lateralement  par  rapport  au  propulseur.  On  apergoit 
aussitfit  la  fun^e  opaque  de  la  torchbre  aspiree  vers  le  jet  dans  un* 
direction  presque  perpendiculeire  i  la  direction  de  celui-cl,  puis  *n- 
trainee  par  diffusion  visqueuse  dans  le  jet  dont  elle  visualise  ainsi 
les  contours  limites.  -  Les  filches  irdiquent  le  mouver.ent  du  fluid* 
arrbiant,  qui  est  au  repos  au  debut  de  1 'expc'rlence  et  reste  au  repos 
^  grand*  distance  du  propulseur  en  action.  On  soulignera  toutefols 
que  1 'exploration  h  la  torchlire  de  la  z6ne  du  fluide  ambient  en  avant 
du  nez  du  propulseur  rrontre  que  tout*  cette  zone  est  enoiobe#  dans  1* 
phenom^ne.  II  y  a  done  d'^pressicn  de  toute  la  z6ne  en  avant  du  pro¬ 
pulseur. 

Par  ailleurs  on  voit  r.  tenent  la  direction  de  la  deviation,  le 
jet  tendant  A  devcnlr  trl*s  <ipi dement  paraU^lc  h  I'axe  du  propulseur. 


•  • 


.  l«iTftOOUCr!ON  - 


At  th«  b*9lr>nln9  of  tho  cont'jry.  Prof.  Honry  »lro«dy  di> 

rooting  Mo  #xpori‘^ntal  roaoorch  at  moII  ••  his  th«  .»  physical 

atud.os  to«arda  a  awll-dofinod  goal,  nf^ly,  tho  utilization  with  tho 
highoat  poasiblo  officioncy  of  kinotic  or  potontlal  onorgy  to  impart  mo- 
fnontum  to  a  fluid  in  which  it  is  dosirod  to  rrovo  •  body  which  is  hoavior 
than  tho  said  fluid. 

Having  boon  ono  of  tho  first.  If  not  tho  vory  first,  to  viauallzo  th# 
flow  around  various  typos  of  obstaclo,  ho  gavo  a  locturo  at  tho  Aoroclub 
in  Paris  on  May  I3th,  I9II,  in  which,  roporting  on  tho  tosts  ho  had  mado 
botwoon  1906  and  I9II,  ho  cloarly  rovoalod  tho  part  playod  by  monontum,  a 
physical,  vactor  quantity,  wharoas  kinotic  onorgy  is  only  a  scalar  qu3n« 
tity.  (a  suTvnary  of  this  locturo  appoarod  in  tho  "Aorophllo"  of  Juno  lat, 
I9II). 

It  waa  aftar  tha  1914  war  that  Honry  COANDA,  having  studlod  at  langth 
tho  aerodynamic  phonorMna  accompanying  tho  omission  of  a  Jot  from  a  classi¬ 
cal  nozzlo,  docidod  that  it  must  bo  posaiblo  to  obtain  tho  doviation,  in  a 
direction  dotarminod  in  advanco,  of  a  fluid  Jot  omorging  from  a  slot.  In 
this  way  ho  producod  a  daprossion  along  tho  jot  similar  to  that,  oxi sting 
on  tho  oxtrados  of  an  airplano  wing. 

In  tho  following  pagoa  wo  shall  dotcribo  these  first  oxporiments.  Its 
stands  to  reason  that  after  a  certain  time,  and  especial ly  after  the  master 
patent  was  taken  out  in  November  1932,  it  becomes  difficult  to  make  a  dis¬ 
tinction  botwoon  the  progress  duo  to  experimental  work  and  that  duo  to 
theoretical  study;  both  contributed  equally  to  tho  further  knowledge  acqui¬ 
red  on  tho  phenomenon  which  has  been  known  for  more  than  twenty  years  as 
tho  COANDA  Effect. 

The  first  device  producod  was  a  driving-head  of  ogival  form,  a  solid 
of  revolution  having  on  its  upper  part  a  cap  through  which  tho  fluid  arri¬ 
ving  in  the  ini-,  ••lor  of  the  head  escaped  into  the  surrounding  air  by  moans 
of  an  annular  slot.  The  direction  of  the  Jet  emerging  from  the  slot  is 
perpendicular  to  the  axis  of  the  driving-head.  Photograph  _A  was  taken 
with  the  Jot  functioning  and  a  torch  producing  opaque  smoke  placed  on  one 
side  in  front  of  the  driving-head.  The  opaque  smoke  from  the  torch  is  seen 
being  drawn  towards  the  jet  in  a  direction  almost  perpendicular  to  the  di¬ 
rection  of  the  jet  itself,  and  then  being  induced  by  viscous  diffusion  into 
the  Jet  whoso  outllno  is  thus  renderod  vitiblo.  The  arrows  indicate  tho 
movement  of  the  surrounding  fluid,  which  Is  at  rest  at  the  beginning  of  the 
experiment  and  remains  at  rest  at  a  great  distance  from  the  driving-head 
in  action.  It  should  be  emphasized,  however,  that  Investigation  by  means 
of  the  torch  of  the  ambient  fluid  in  the  zon«?  in  front  of  the  nose  of  the 
driving-head  reve.^ls  that  the  whole  of  this  zone  is  also  Involved  in  the 
phenomenon.  There  is  therefore  a  depression  in  the  whole  area  lying  In 
front  of  the  driving-head. 

One  can  also  see  clearly  the  direction  of  the  deviation,  the  Jet  ten— 
dlnvi  rapidly  to  become  parallel  to  the  axis  of  the  driving-head. 


rCflTEj 


CHIAPEIAU  SO  ;  I  Pg^lTE  p-BH 


Alnil  dof*c  c#lt#  tnpdtitfftcp  i 


«)  Qu#  1«  j#t  #11  d<vl<  0t  coll#  4  1#  p#ro!  dins  on#  cir#ctloo  s#nsibl#- 
m^nt  p#rri#ndicul»l r#  k  c#ll#  d#  s#  sorti#  d#  J#  f#nt#  innolilr#: 

b)  qu'll  cr/#  on#  fort#  depression  dann  1#  flujd#  aeblanti 

c)  qu9  c#tt#  depression  produit  un#  mis#  #0  nvcuvenent  d#  c#  fluid#,  I#» 
qu#l  est  entrAlne  par  1#  fluid#  .rrirrair#  do  J#t. 

O 

•  • 

La  d#uxi^rr#  photoqrapbl#  (2l)  correspond  It  une  d#s  experiences  fei- 
tes  sur  un  dispositif  de  tuyeres  i  deux  fentes  superpos<?es •  On  aper^oit 
parfaitement  la  fente  inferieure  pare#  qu'elle  se  trouve  exactement  dans 
le  plan  diametral  du  cone  de  1 'etincel le.  Toutes  ces  experiences  furent 
effectuees,  en  effet,  en  appllquant  la  mettiode  des  rnbres  de  I'lngenieur 
general  LIbestcrt  avec  i#  Stroborama  des  fr^res  Laurent  et  Augustin  Seguin. 
On  manifest#  ainsl  le  phenom^ne  eienentair#  instantane,  la  cadence  etant 
telle  que  1 'appari tion  des  phenom^nes  iuperRoniques  soit  rendue  visible* 

La  duree  d'edairemont  est  comprise  en  effet  entre  le  centilrme  et  le  mil- 
liardi^me  de  second# • 

Sur  la  photograph!#  on  aperqoit  nettement  le  parfait  ecoulement  le 
long  de  la  face  polyedrique  de  la  Hvre  inferieure  seule  alimente#,  et 
on  volt  apparaltre  des  ondes  soniques* 

O 

o  o 

Ayant  ainsi  caract^ris^  en  ^coulenent  subsonicjUG  et  en  ^coulement 
suporsonique  le  ph^nonhne  physique,  il  ^talt  ndeessaire  d’effectuer  un 
certain  nonbre  de  mesures  qualitatlves.  Une  succession  d'ori flees  de 
3  dixi?*mes  de  millimetre  fut  perc^e  sur  les  facettes  de  la  tuyere  poly- 
^drique  et  dans  la  fente  elle-mSme.  La  Figure  I  pri^cise  1»  repartition 
exacte  des  prises  de  pression  au  nonbre  de  20  sur  la  levre  ddflectrice 
forir.ee  de  cinq  volets,  et  au  nonbre  de  3  sur  le  chapeau  dans  ia  fente 
el le-ir.irie.  L'ouverture  de  la  fente  fut  constamment  prise  ^gale  h  0,88 
mi  1 1 im^tre, 

Chaque  prise  fut  relive  a  un  tube  manomr'trique,  un  tuoe  r<5f«5rence 
donniint  la  pression  atmosph^rique  et  servant  ainsi  de  r^ro  aux  lectures 
des  surpressions  ou  des  depressions.  Sur  la  Figure  2  on  a  report^  les 
mesures  pl4zofti4triques  en  sulvant  le  profil  de  la  l^vre  ddflectrlce  t  la 
pression  au  reservoir  ^tait  de  4,3?  atmosphbres.  La  liqne  do  r«^f^r**nce 
est  prise  de  fagon  que  le  profil  m/*ridien  de  la  tuyere  corresponde  b  la 
pression  atmosph^rlque. 

On  peut  ^galenent  tracer  des  dlagranres  rectangulalres,  les  abscisses 
repr^sentant  les  longueurs  d*^velopp^es  des  facettes  successlves  et  les 
ordonn^es  les  mesures  plczom<^trlqu9S. 

La  figure  t  est  relative  b  unc  pression  au  reservoir  4gale  b  1,625 
atmosphere.  On  observe  1 'existence  d'un*'  di^prossicn  dans  la  fente, 
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H*nc«  thl«  firtt  •tfwrtMnt  thiNit  i 

•  }  Uiat  th*  J«t  It  d^vitttd  tnd  clln^t  to  tbo  Mil  In  *ctio«i  idtlch  it 
■or*  or  lott  porpoodicultr  to  thtt  of  tho  oxlt  of  •  u!tr  tloii 

b)  that  It  productt  t  grttt  doprottlon  in  tho  turroundin^  fljid; 

c)  that  thia  dtprttaion  produeoa  o  movomnt  of  tho  aurrouncinc  fluid,  thio 
fluid  boing  inducod  by  tho  primary  fluid  of  tho  Jot. 

e 

V  • 

Tito  tocond  photograph  (21 )  coriaapondit  to  ono  of  tho  oxporinontt  mado 
with  a  dovico  conaitting  of  a  drlving^-hcsd  with  two  alott  on#  abovo  tho 
othor.  On#  can  ao#  tho  lowor  tlot  p#rfoetly  boeauao  it  falla  Juat  In  ttio 
dianotrical  piano  of  tho  con#  mado  by  tho  apark.  All  thott  exporimonta  woro 
carriod  out  using  the  xhadow  method  of  G#noral  Llboaaart  with  tho  Stroborama 
doaignod  by  tho  brothora  Laur#nt  and  Augustin  Soguin.  By  thia  moan#  tha 
inatantanooua,  «l#m#ntal  phonom#non  can  b«  racordod,  tho  rata  of  oxpoauro 
boing  such  that  tho  apparition  of  auparsontc  phanomana  bacooas  viaibla.  Tho 
actual  length  of  one  exposure  lies  botwoon  one  hundredth  and  ono  thousand' 
millionth  of  a  aocond. 

The  photoi^raph  shows  clearly  tho  perfect  flow  along  the  polyhedral  face 
of  tho  lowor  lip  which  is  functioning  alon#,  and  wo  note  the  appearance  of 
sonic  waves. 


O 

•  o 

Having  thus  fixed  the  characteristics  of  the  physical  phonomonon  in 
subsonie  and  In  supersonic  flow,  it  was  necessary  to  effect  a  certain  num¬ 
ber  of  qualitative  measurernents.  A  succ#asion  of  holes  of  throe-tenths  of 
a  millimeter  were  pierced  in  the  facet#  of  the  polyhedral  nozzle  and  in  the 
slot  itself.  Figure  1  shows  the  exact  distribution  of  these  preseure-taking 
points  of  which  20  were  on  the  deflecting  lip  formed  hy  five  facets,  and  3 
on  the  cap  in  the  slot  itself.  The  slot  opening  was  always  taken  at  0.88  mm. 

Each  pressure  point  was  connected  to  a  manotnetric  tube,  a  reference 
tube  giving  the  atmospheric  pressure  and  thus  serving  as  zero  point  for  the 
readings  of  over-  or  underpressure.  Figure  2  shows  the  piezometric  measure¬ 
ments  following  the  profile  of  the  deflecting  lip{  the  pressure  in  the  re¬ 
servoir  was  4.32  atmospheres.  The  reference  line  is  taken  such  that  the 
meridian  profile  of  the  nozzle  corresponds  to  atmospheric  pressure. 

One  can  also  plot  rectangular  diagrams,  the  abscissae  representing  the 
developed  lengths  of  the  successive  facets  and  the  ordinates  the  piezometric 
measurements . 

Figure  b  refers  to  a  reservoir  pressure  of  1.625  atmospheres.  In  the 
slot  a  depression  can  be  noted,  which  increases  up  to  the  point  directly 
above  the  edge  of  the  first  facet;  then  it  decreases  and  passes  through 
a  minimum  before  increasing  again  up  to  the  point  above  the  edge  of  the 
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qui  er«lt  jumqu'M  ci#  am  U  ptmmihzm  f«C4tc«i 

puU  l4  d^pr#»ticn  dtrlru*,  p««»«  pmr  ur  winlpu^  pour  cr^ftr*  •fKfcr* 
ju»<|u'*u  droit  d*  l*6r#t«  do  lo  tocofylo  f^cotto,  ot  aintt  do  tulto. 

Si  I'on  «u9m>nto  Jo  prottlon  dont  Jo  r¥«orvoir  on  foit  «r'('*r«ftro 
dot  vitostos  suportoniquo*  h  lo  font*  do  lo  tuyJro*  Cost  co  quo  o.oni- 
fost*  lo  Fivurt  Tblft.  LMrstollatlon  no  porrottant  poa  d'onre9i<'.tror  doa 
protsiona  sup¥riouroa  h  2  atnoaphl^roa  ot  la  praasicn  au  r^aor\’olr  ^tant 
de  4  atmosph^ratf  aucun  point  n'oat  figure  k  gaucho  da  1 'abaci ato  da  la 
prami^ra  arlta.  On  obaorva  qua  la  d^praation  pranant  naiaaanca  au  voisl- 
naga  imr/diat  da  la  pra’ni^ra  arita*  la  aoxiimfn  da  d/prataion  aa  aitua 
lei  an  un  point  da  la  prami^ra  facatta.  Mala  avant  mlr«  I'axtramita  da 
catta  prami^ra  facetta  la  ph^norr^na  a  rapria  I'allura  corraspondant  au 
r^gima  subsoniqua*  La  vitassa  du  fluida  (ivoluant  ast  tonbaa  an  daasoua 
da  la  vitassa  du  son  par  suita  da  I'aspiration  du  fluida  ambiant  avac 
rfehanga  da  quantity  da  mouvanant. 


O  O 


On  a  racharch^  k  caract^risar  photographlquemant  la  ph*?nofn^na  physi- 
qua  tout  la  long  du  volat  poly^drlqua;  pour  ca  faira  on  utllisa  la  Stro- 
borama  d<*j&  cit^  ci-doaauSt  at  la  m<fthoda  dos  otnbras,  avac  photographia 
dirccta,  la  plaque  ^tant  diractamant  axpos^a  h  I'aciairage  do  la  source 
ponctualla*$dns  interposition  d'aucun  apparel  1 laga. 

Las  photographies  (9)  h  (12)  corraspondant  h  una  s^ria  d'axp^riancas 
destinies  h  observer  I'^coulameni  dans  una  tuyi^ra,  sous  diff^rentas  pres- 
slons  d' al Imentation  du  fluida  primaira,  avec  Evacuation  h  I'alr  libra. 

La  photographic  (9)  donna  I'ottibra  das  volets  sans  aucun  Ecoulamant. 
Ella  constitue  done  la  photegraphia  da  rEfErenca. 

La  photegraphia  (lO)  ast  ceiia  da  i 'Ecoulement  du  fluida  primaira  la 
long  du  volet  avec  une  vitassa  infErieure  celle  du  sen,  la  pression  au 
rEservolr  Etant  de  1,600  atmosphere. 

La  photographic  (ll)  correspond  un  «5roul*‘'^ent  du  fluida  primaira 
?i  une  Vitesse  voisine  de  celle  du  son;  pression  au  rEsarvoir  2,2  atmos¬ 
pheres.  L'exanen  h  la  loupe  laissa  apparaltra  quelques  ondes  soniquas, 

Sur  la  photographle  (l2)  I'Ecoulemont  correspond  ^  une  vitesse  su- 
pErieure  h  cal  la  du  son;  pression  au  r^servol^  4,2  atmospheres.  Las  ondes 
seniques  sont  nattemen^  visibles. 


o 


O 


Une  sErie  d'expEriencas,  entre  beaucoup  d'autres,  a  EtE  poursuivia 
pour  mani faster  1' Influence  d^termlnante  des  angles  de  deflection  de  la 
l^vre  infErieure  de  la  tuyi-ra.  Las  photographies  de  cas  expEriences  ont 
EtE  affectuEes  suivant  U  rr, Ena  processus  op*^rntolrs  at  avec  le  mEmo  Stro- 
borama,  Le  dispositif  utllisE  Etait  un  propjlseur  h  deux  fences  supeipo- 
sEes.  Comne  prEcEdenrent,  mais  ici  pour  la  fente  supErleure,  on  apcr<;olt 


^  I 


••c*Ad  f*c«t,  antf 

If  m  lncr*«t«  th*  pr««»ur«  In  th«  r«Mrvolr  m  obMln  tuptrsonie 
v*loeitl*t  tt  th«  slot  •f  th«  nMtU.  This  It  i^at  appttrt  In  Fi^rt  7b. 
At  th«  MnMttrle  tqulpMnt  net  rt^ltttr  rr*«sur«t  abow  2  ttnetph#- 
rtt  and  th#  prvtturt  In  th#  r«t«rvoir  awt  4  ataeapb«r«t»  no  figurot  tfo 
•hoaai  to  th#  loft  of  tho  abaci aaa  of  tho  firtt  odgo.  No  noto  that  tho 
doprottlon  atartt  in  tho  lataodioto  noighhorhood  of  tho  firtt  odgo*  itt 
»»*ai?l!?!iiai  point  oceurlng  toPtaihoro  along  tho  firtt  faeot.  &it  ovon  boforo 
roaehlng  tho  and  of  thlt  firtt  facot»  tho  phonotaonon  rotuMt  a  rata  cor- 
roapondlng  to  tho  tubtonlc  roglriio.  Tho  volocity  of  tho  fluid  hat  ftllon 
boloar  tho  apood  of  aound  oaring  to  induction  of  tho  aurrounding  tMdiuat 
accc<mpaniod  by  a  tranafor  of  monontum. 

• 

•  • 

Wo  aought  to  fix  tho  charactorlatica  of  tho  phyaical  phonomonon 
photographically  along  tho  arholo  polyhodral  flap*  using  for  thit  purpoao 
tho  Stroborama  alroady  montionod  and  tho  ahadoar  mothod,  arith  diroct  pho¬ 
tography,  tho  plato  boing  diroctly  oxpoaod  to  illuminatior>  from  tho  point 
aourco  of  light  arithout  intorpoaiticn  of  any  othor  apparatus. 

Fttotographs  9  to  12  correspond  to  a  toriot  of  oxporimorta  mado  to 
obaorvo  tho  floar  through  a  noxxlo  for  difforont  food  pressuroa  of  primary 
fluid,  arhich  oseapoa  into  tho  froo  air. 

Photograph  9  shows  tho  shadow  outline  of  tho  facets  with  no  flow. 

It  is  thoroforo  tho  roforonco  photo. 

Photograph  10  shows  tho  flow  of  primaxy  fluid  along  tho  flap  at  an 
infrasonic  volocity,  tho  pressure  in  tho  reservoir  boing  1,600  atmoa- 

pharos. 

Photograph  II  corresponds  to  a  flow  of  primary  fluid  at  a  volocity 
approaching  sound  speed;  reservoir  pressure  2.2  atmospheres .  Examina¬ 
tion  with  a  magnifying  glass  reveals  a  few  sonic  waves. 

On  Photograph  12  the  flow  velocity  it  siipo;:?on\c};  reservoir  prorsu- 
ro  4.2  atmospheres.  Tho  sonic  waves  are  clearly  visible. 


O 


o  o 


One  series  of  experiments,  among  many  others,  was  carried  out  in 
order  to  demonstrate  the  determining  influence  of  the  angle  of  deflec¬ 
tion  of  the  lower  lip  of  the  nozzle.  The  photographs  of  these  experi¬ 
ments  were  made  using  the  same  process  and  the  same  Stroborama.  The  de¬ 
vice  used  was  a  driving-head  with  two  slots  one  above  the  other.  As  be¬ 
fore,  but  in  this  case  for  the  upper  slot,  the  slot  is  clearly  visible 
on  the  two  first  photos  (I8  and  19),  because  it  was  right  in  the  diame¬ 
trical  Diane  of  the  cone  of  light  made  by  the  spark. 


.  4 


P4rf«it«««nt  C4tt4  fvnt#  tur  d«ux  pr^vi^rtt  photogrtpMt#  (IB)  *1 
(19),  car  •lie  ••  trcuvalt  •x«ct««*4nt  d«n»  un  plan  dlMi/tra'  du  con#  d* 
iclcirofiont  d#  l*^tinc#)lo. 

Sur  U  photogrAphio  (itf)  (prottlon  au  r^aorvoir  1,6  ataotph^ra),  1* 
volat  qui  prolongoait  la  l^vro  inf<(rioura  do  la  font*  faiaait  avoc  I'ho> 
rlzontalo  un  anqlo  do  plus  do  45*  ;  lo  r^sultat  ost  not,  car  lo  Jot  pour- 
suit  diroctomont  sa  trajoctoiro  sans  vonir  collar  au  volot. 

II  on  ost  do  mimo  sur  la  photographlo  (I9)  qui  corrospond  aux  alrnos 
caract6ristiquos  g6oiii6triquos,  soulo  la  prossion  au  rtfsorvoir  ayant  varid 
pour  attoindro  4,30  atmosf^^ros,  co  qui  toit  apparaftro  dos  ondos  sonl- 
quos  h  l'oxtr6mittf  do  la  fonto* 

Par  contra  sur  la  photographlo  (20)  I'anglo  du  volot  a  4ti  diminutf 
do  l/2  dogr6.  Sous  la  mImo  prossion,  on  rotrouvo  (Ividonnont  los  m^os  • 
ondos  soniquos,  m<iis  lo  Jot  viont  collar  k  la  parol, 

Cos  trols  photographlos  montront  do  faqon  tr^s  frappanto  I'lnfluonco 
prlmordlalo  do  I'anglo  du  volot  avoc  la  section  drolto  da  la  fente. 

i# 

O  O 

II  6tait  alors  particullferamont  lndlqu6  do  passor  dos  tuy&ros  extor- 
nas  aux  tuylrros  intornes,  co  qui  dovait  irran^diatamont  r6gularlsor  It 
fluldo  secondairo  et  s^loctlonncr  los  regions  d* appal  do  co  fluids.  Lo 
montage  r6alls4  sur  la  Figuro  JB  at  qui  provlont  do  la  comblnalson  do 
deux  photographies  ^  da  1 'appal  do  fum6e  opaque  do  la  trreh^ro,  permot- 
tait,  en  promi^ro  approximation,  do  so  rondra  compte  de  1 'allure  du  phtf- 
nom^ne  dans  ce  cas. 

La  suite  de  ce  rapport  Indlquera  los  rdsultats  obtenus  lors  do  nos 
r^centos  mosures  of foetuses  ^  1 'occasion  du  contrat  slgn6  avec  I'A.R.D.C. 
On  concevra  als4mont  quo  la  formo  mimo  do  cos  tuyeres  Intornos  ompicho 
touts  vi  SvoliSawiOM  v 


O 


o  o 


Ainsi  sont  parfaitoment  mis«s  en  lumi^re  constatations  expert- 
r.ental@s  relatives  h  l*Effet  COANDA. 


( 


I 

It 

I 

I 


4 


In  ^to9r«ph  It  (r^tvrvolr  pr«t4ur«  Kt  •ta«}«  th«  fj«^  •■t4«w 
ding  th«  lo«4r  lip  of  tho  clot  aod*  on  onglo  of  ooro  thon  45*  orlth  tho 
horlxonttli  tho  rotult  1«  quit#  clooft  for  tho  jot  cootinuot  on  itt 
straight  trojoctory*  Mrlthout  boing  dovlotod  and  clinging  to  tho  flap* 

Tho  aamo  occurs  In  Photograph  19  ohlch  corrosponda  to  tho  ssibo 
gooawtrical  charactori sties*  oxcopt  for  tho  proaauro  In  tho  rosorvoir 
arhlch  has  boon  ralsod  to  4.30  atat.*  thus  causing  tho  appoaraneo  of  sonic 
wsvos  at  tho  oxtromity  of  tho  slot. 

On  tho  othor  hand  In  Photograph  20  tho  anglo  of  tho  flap  has  boon 
roducod  by  half  a  dogroo.  For  tho  saw  prossuro*  wo  noto  tho  samo  sonic 
wsvos  but  tho  Jot  clings  to  tho  wall. 

Thoso  throo  photographs  domonstrato  In  a  striking  mannor  tho 
ovorwholmlng  influonco  of  tho  anglo  isado  by  tho  flap  and  tho  cross  soc- 
tion  of  tho  slot. 


o 

o  • 

Tho  noxt  stop  Indicatod  was  of  courso  to  p^ss  from  oxtomal 
nozzlos  to  Intornal  nozzlos,  which  would  onablo  us  immodiatoly  to 
channol  tho  socondary  fluid  and  soloct  tho  rogions  from  which  It  was 
CO  bo  inducod*  Tho  arrangomont  shown  in  Figuro  and  which  consists 
of  two  ^  photographs  combinod*  showing  tho  induction  of  tho  opaquo 
smoko  fTom  tho  torch,  gavo  u$  a  first*  approximate  idea  of  tho  aspect 
of  tho  phonomonon  in  that  case* 

Tho  rost  of  this  report  will  indicate  tho  results  obtained  from 
tho  recent  moasuromonts  mads  in  execution  of  tho  contract  with  A.R.D.C. 
It  it,  of  courts,  oyidont  that  the  shape  of  thoto  intornal  nozzlos  ren¬ 
ders  any  photographic  visualization  of  tho  phenomenon  impossible. 


O 


o  o 


Tho  experimental  conclusions  reached  in  connection  with  tho 
COANDA  Effect  are  thus  clearly  illustrated. 


d 


H 


arose  wfntjic  ocmiiul 


Omm  e«  qui  va  tulvr*  at  ^our  Hpoodra  mi  daaidarata  •xprlala  par 
lat  elauaaf  du  eontrat  paaaS  aiitra  notra  SaelStS  at  laa  aarviaaa  da  1* 

ftoua  avona,  pour  la  aalllMra  eoaprdhanalan  da  ea  qul  noua  aat 
daaan^f  4t4  obllgda  dMntarvartlr  laa  paraqrapttaa*  Effaetlva«iant»  e* 
aat  an  partant  da  l*a4rodynamiqua  qua  noua  avona  4t4  aai^Sa  h  dtabltr  aa 
qui  Mjourd'hul  aat  connu  aoua  la  d^nomlna^on  da  l*£ffat  OOANOA. 

La  problkiM  asaantlal  du  plus  lourd  qua  l*alr  pranant  appul  aur  la 
flulda  anbiantf  eonaista  h  erdar  pour  obtanir  la  auatantation  una  quaiv- 
titd  da  Biouvament  do  cat  air  anybiant,  orlantda  vara  la  baa  at  dont  la  va*> 
laur  dolt  Itra  au  molns  dgala  au  polda  da  I'apparall  qu*ll  a*aglt  da  aua> 
tantar*  mala  on  na  sMmposa  pat*  a  priori^  qua  la  ayst^aa  qul  fabrlqua 
eatta  quantltd  da  mouvonant  aolt  eapabla  da  tranapoaar  la  totalitd  da  1* 
linpultlon  obtanua  par  la  quantitd  da  aiouvafliant  orlantda  vara  la  baa*  S  1* 
apparall  k  sustantar  lul^nSma, 

A  touts  quarititd  da  ntouvamant  corraspond  una  dnargla  eindtlqua,  la« 
qualla  corraspond  h  son  tour  an  tout  an  partla  h  I'dnargia  dont  on  dla* 
posa*  Or»  touta  dnargla  clndtlqua  ast  proport lonna 11a  h  un  earrd  da  vi- 
tassat  alors  qua  la  quantltd  da  mouvamant  n'att  qua  proportlonnalla  h  la 
vitassa* 

Par  consdquant,  pour  avoir  una  utilisation  malllaura  da  l*dnargia 
dont  on  dlsposa*  11  faut  qua  la  vitassa  da  la  tnassa  d'alr  aoufflda  vara 
la  baa  solt  aussi  patlta  qua  possibla,  alors  qua  la  massa  mlaa  an  mouva- 
mant  doit  Itra  aussi  granda  qua  possibla. 

Mail  las  apparalls  mlcanlquas  qui  sont  capablas  da  mattra  an  inouv»» 
mant  da  grandas  massas  d'alr  soufflant  vars  la  bas  sont  trSs  ancoobranta* 
da  dinanslons  tris  grandas  at  ralatlvamant  tr^s  lourds  par  rapport  au 
polda  utlla  k  transportar* 

La  praml^ra  das  solutlona  qui  ast  apparut  comma  la  plus  faoila  I  r4» 
alisar  an  partant  d'una  Inargia  donnia  a  consist!  k  er!ar  catta  quantit! 
da  mouvamant  an  daux  tamps.  Cast  4  dira  transposar  d'abord  (l*f  tamps) 
I'dnargia  dont  on  dlsposa  k  un  syst^ma  imprlmant  k  una  patlta  massa  gaiau- 
sa  una  vitassa  ralatlvamant  granda,  at  ansuita  (2****  tamps)  utillsar  la 
quantit!  da  mouvamant  qul  an  ast  rlsultla  pour  mattra  an  mouvamant  horl- 
zontalamant  un  syst^ma  da  grandas  dimansions  aglssant  aur  una  granda  maaaa 
d'alr,  laqual  systiVma  an  mouvamant  Imprimara  h  son  tour  k  oattt  granda  maa- 
sa  una  vitassa  ralatlvamant  faibia,  oriantia  parpandleulalramant  k  son  64^ 
plaeamant,  afin  d'obtanlr  la  granda  quantlt!  da  mouvamant  raeharohia  dana 
oatta  nouvalla  dlraotlon. 

Catta  solution  ast  cal  la  da  1 'avion  (hllioa  ou  rdaetMr  pour  la  pra» 
miar  tampa  at  diplacamant  horizontal  da  I'anaaabla  das  alias  da  I'avlon 
pour  rialisar  la  sacond  tanpa). 


tKEHAL  SUftVtY 


In  th«  following  roport  ond  In  ordor  to  fulfil  tho  r*quireir*nt»  of 
th#  clausos  of  th#  contract  concludod  botw##n  our  company  and  tha  A.R.D.C., 
wa  have  found  it  riacafctary«  to  at  to  facilitata  tha  comprahantlon  of  our 
work,  to  ravarta  tha  ordar  of  two  of  tha  paragrapht.  For  It  wat  actually 
on  tha  batit  of  aarodynamict  that  wa  wara  lad  to  astabliah  what  is  today 
known  as  tha  "  COANDA  Effact  •*, 

Tha  assantial  problam  of  ir.achinas  which  ara  haeviar  than  air  but  tup- 
portad  by  tha  surrounding  madium,  consists  in  tha  eraaticn  in  ordar  to 
obtain  tha  necassary  lift  of  a  downward  momentum  of  tha  surrounding  air, 
whosa  valua  must  ba  at  laast  agual  to  tha  waight  of  tha  machina  to  be  liftad. 
Howavar,  it  doas  not  nacassarily  follow  that  tha  system  which  creates  this 
momentum  is  capable  of  transfering  tha  total  power  obtained  by  means  of 
tha  downward  momentum  to  the  flying  machine  itself* 

Every  momentum  has  Its  corresponding  kinetic  energy  which  in  turn  cor¬ 
responds  wholly  or  in  part  to  tha  energy  available.  However,  all  kinetic 
energy  is  proportional  to  a  square  of  the  spaed,  whereas  momentum  is  only 
directly  proportional  to  the  speed. 

This  means  that  in  ordar  to  insure  fullest  uso  of  the  available  energy, 
the  velocity  cf  the  mass  of  air  blown  downwards  should  ba  as  small  as  pos¬ 
sible  whereas  tf.e  mass  which  Is  in  motion  should  be  as  great  as  possi¬ 
ble. 


But  tha  mechanical  apparatus  capable  of  imparting  a  downward  motion 
to  large  masses  of  air  is  very  cumbersome,  of  very  large  dimensions  and  re¬ 
latively  very  heavy  by  comparison  with  the  live  weight  transported. 

The  first  solut'^iOj  which  appeared  as  the  easiest  to  realize  starting 
from  a  given  quantity  of  energy,  was  that  of  creating  this  energy  in  two 
stages.  That  Is  to  say,  first  of  all  to  transfer  the  available  energy  to 
a  device  Imparting  a  relatively  high  velocity  to  a  small  gaseous  mass  (  1st 
stage)  and  then  (  2nd.  stage  )  use  the  resulting  momentum  to  impart  a  hori¬ 
zontal  motion  to  a  device  of  large  dimensions  acting  on  a  large  mass  of  air; 
this  device  in  motion  will  then  impart  a  relatively  low  velocity  to  the 
large  mass  of  air,  in  a  direction  perpendicular  to  its  otm  motion,  in  order 
to  obtain  the  great  momentum  desired  In  this  new  direction. 

This  solution  is  that  of  the  airplane  (propeller  or  Jet  for  the  first 
stage  and  the  horizontal  motion  of  the  whole  airfoil  accomplishing  the 
second  stage). 
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L»»lr«  Mr  1*Ii411m  m  IwfluMoJr  p«r  !•  r«MtMr  4Unt  mI*- 

tlVMMt  M  MtltM  dtMMlWMt  1«  VltMM  <•  !•  ■•§§•  9«t«UM 
horliontal«Mnt  Mrs  0r«nd«.  Et  pmu  ua«  dniirt!*  elrdtlqc#  rrlattvMMt 
dl*W«  on  obtlont  itfio  quontltd  —uvont  rolotlvoaont  folfelo  Mi*  Mfrl- 
•onto  powr  ddpilaoor  l*ovlon*  L*#lro  boloy^o  par  laa  allot  da  I'avlon  aa 
trouva  ddflnla  par  !•  aurfaaa  fontEa  par  I'anvar^ra  at  la  eha«ln  parcouni* 
Ella  davlant  alora  trka  granda,  at  11  aat  done  peaalbla  d'abtanlr*  par  ana 
alia  blan  eongua«  an  faibla  ddplaeaawnt  vara  la  baa  d*una  granda  naaaa  d* 
air  at  par  eonadquant  una  granda  quantltd  da  aouvanant#  at  aacl  pour  l*dnai^ 
gla  dont  on  pouvalt  dlapoaar  au  ddpart* 

II  y  avalt  dana  la  eat  da  ea  typo  d'apparail  daux  fagona  da  panaar  la 
problbM  afin  d'obtanlr  una  granda  alra  b  balayar  t  ealla  da  trba  grandaa 
anvarguraa  at  da  vltaaaaa  da  ddplaeoMnt  horixontal  ralatlvaaant  lantaa 
(aolution  daa  planaura  an  gdndral)*  at  calla  da  la  reduction  da  l*anvargura 
at  augmantation  tr^a  aanalbla  da  la  vitataa  da  o«plaeamant  (aolution  daa 
aviona  an  gdndral)* 

La  problbma  la  plua  ddllcat  b  rdaoudra  conaiatalt  alora  dana  la  rdall- 
aatlon  da  I’outll  eapabla  da  provoquar  la  mlaa  an  Mouvamant  da  I'alr  at  da 
tranapoaar  b  1 'avion  I'affat  da  eatta  quantity  da  mouvatnant.  C'aat  ca  qul 
a  donnd  liau  aux  dtudaa  trba  pouaadaa  daa  proflla  d'allas  pour  augmantar 
la  circulation  tout  an  gardant  la  maximum  da  finaaaa* 

Mala  trbs  vita  catta  aolution  "avion",  qul  paraiaaalt  la  plua  facila, 
aa  cofflpliqua*  Surtout  loraqu'on  arriva  aux  apparaila  da  plua  grandaa  di- 
manaiona*  La  conatruction  at  laa  axigancaa  d'una  Infraatructura  approprida 
ont  poad  daa  problbmaa  axtrlmamart  eomplaxaa* 

O'una  part,  laa  quaationa  da  con»truction  propramant  dltaa,  da  atabl* 
litd  at  da  adcuritd,  I'dtabliaaamant  at  la  eonnaiaaanca  daa  afforta  da 
tout  ganraa  qul  aglaaant  aur  laa  diffdrantaa  partlaa  da  I'apparall,  I'dtuda 
das  gouvamaa,  las  fattguaa  daa  matdriaux,  ate  •  ••,  ont  obllgd  laa  conatruc** 
taura  b  das  frais  conslddrablaa*  A  tout  oacl  aa  aont  ajoutdaa  daa  quaa¬ 
tiona  da  confort  notamrnant  pour  daa  ddplacamanta  b  grandaa  dlatancaa* 

Da  talla  aorta  qua  laa  rdallaatlona  aa  aont  rdvdldaa  ndoaaaairamant 
trba  compliqudaa  at  fort  longuaa, 

II  an  aat  rdaultd  dgalaawnt  un  prix  da  ravlant  axtrlaaiiiant  dlavd, 

D'autn  part,  la  granda  charge  par  mbtra  earrd  da  aurfaoa  portanta  a 
axlgd  I  a)  I'obtantlon  da  grandaa  vltaaaaa  avant  da  pouvolr  ddcollar,  at 
b)  la  malntlan  da  cat  vltaaaaa  b  I'attarrlaaaga,  ca  qul  a  eu  pour  rdaul- 
tat  la  construction  da  plataa  d'anvol  blan  oriantdaa  at  da  trba  grandaa  dl- 
manalona  at  tout  un  ayatbma  d* Infraatructura  trba  Important*  Tout  oacl, 
antra  autraa  Inconvbnlanta,  a  fait  ancora  augmantar  la  prlx  rdal  da  la  ao¬ 
lution  "avion”* 

Cast  pourquoi,  praaqua  an  mliaa  tampa,  on  a  racharohd  una  dauxlbma 
solution  an  partant  dlractamant  da  la  souraa  d'dnargla,  pour  agir  par  una 
m^canlqua  ddllcata  aur  una  aaaax  granda  alra  afln  d'obtanir  la  quantltd  da 
mouvamant  raoharehda  pour  la  austancatlon,  aaohant  d'avanoa  qua  la  randa- 
mant  mdc<«niqua  sarait  da  baaucoup  Infdrlaur  b  la  aolution  avion,  at  oa  fut 


Th#  ar**  ••••ot  by  tb*  pr»p«llor  or  inftuoncod  by  th#  Jot  botng  of 
rolativoly  o^^ll  dl»non»loni,  tho  voloctty  of  tho  gotoous  noot  In  o  horl*o#*- 
tol  dlroct‘on  will  bo  high.  And  for  o  rolatlvoly  high  klnotic  onorgy  wo 
obtain  s  relatively  tnall  nomontun,  but  onough  to  »ovo  tho  piano,  Tho 
area  oivopt  by  tho  wings  of  th'k  piano  la  doflned  as  '.ho  aurfaco  fomod  by 
tho  span  and  tho  dlatanco  travollod.  This  mr  -  I*;  very  largo  and  it  la 
posslblo  by  moans  of  a  woll-doslgnod  wlng^  to  ‘ijln  a  small  downward 
voloclty  of  a  largo  mass  of  air,  and  consoquontiy  groat  momontVKn»  all  of 
which  corno!«  from  tho  onorgy  which  was  avallablo  at  tho  atari. 

In  thf'  COSO  of  this  typo  of  nachinOf  thoro  woro  two  ways  of  looking 
at  tho  problom  in  ordor  to  obtain  a  largo  swoop  area  i  oithor  there  must 
bo  very  groat  spans  but  rolatlvoly  slow  horizontal  spoods  (in  general  the 
glider  sol-Jtion),  or  the  span  must  be  reduced  and  tho  spcod  very  greatly 
Increased  (general  airplane  solution). 


Tho  most  tricky  problem  which  had  then  to  be  solved  was  that  of  fin¬ 
ding  the  instrument  capable  of  sotting  the  air  in  motion  as  desired  and 
transposing  the  effect  of  its  momentum  to  the  plane.  This  Is  what  stimu¬ 
lated  tho  very  intensive  study  of  wing  profiles  to  Increase  air  circula¬ 
tion  while  still  retaining  maximum  lift-drag  ratio. 

But  this  "airplane”  solution,  though  appearing  the  easiest  at  first, 
soon  became  complicated.  Especially  when  it  became  a  question  of  larger 
machines*  Their  construction  and  the  requirements  of  an  appropriate  in¬ 
frastructure  sot  some  extremely  complex  problems. 


First  of  all  the  problems  of  construction  proper  i  questions  of  stability 
and  security,  tHe  determination  of  and  allowance  for  all  the  various  types 
of  stress  affecting  tho  different  parts  of  the  machine,  study  of  the  con¬ 
trols,  of  the  fatigue  of  materials,  etc,.,  led  constructors  into  conside¬ 
rable  expense.  To  all  this  were  added  problems  of  comfort,  particularly 
for  long-distance  flights. 

For  ttiesc*  reasons  tlio  mac'ilnes  constructed  were  ific-vitably  very  com¬ 
plicated  and  also  took  a  long  time. 


As  a  result,  prime  costs  were  extremely  high. 


In  addition,  tho  heavy  load  r  * 
demanded  t  a)  the  obtention  of  h  h 
maintenance  of  those  speeds  on 
tion  of  runways  oriented  In  def  i 
and  a  whole  very  extensive  system 
oliior  Inconveniences,  again  Inc;-'? 
solution. 


e  meter  of  carrying-surface 
..  before  take-off  and  b)  the 
‘S  necessitated  tlie  construc- 
ons  and  of  very  larges  dimensions, 
‘  :.ructure.  All  this,  among 
*’lme  costs  of  the  "airplane" 


This  Is  why,  almost  at  the  same  time,  a  second  solution  was  sought. 

In  which  direct  use  would  be  made  of  tho  source  of  energy,  acting  by  means 
of  a  delicate  mechanism  over  a  fairly  large  area  In  order  to  obtain  the 
momentum  required  to  lift  tho  machine,  although  It  was  of  course  realised 
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tolutlon  d«  l*Mllcopt^r«  (gyropl^o#,  •oto^yr#,  •v#^!  tout 

Jos  ^no:»ot  JnconWnJoott  (nottt»*ont  Jo  fotblo  pottlbillttf  do  vitotto 
horlzontolc)  ot  lot  ^rtndot  corpllcotlcnt  M^tnlquot  qu*  collo-cl  com¬ 
port#. 


Nout  tvor.t  olort  onvitaq^'  uno  troitlimo  solution,  qul  contlttoralt 
^  r<^tlitor  por  un  moyon  timplo,  ttnt  coiRpllcationt  m^conlquoo,  lo  tr**no— 
mission  la  plus  dlrocto  pottltlo  do  I'tlnorQlo  dont  on  pouvalt  ditpotor 
h  uno  qrondo  mAsto  d*alr,  Itqutllo  matto  aoralt  d^plae^o  vora  lo  bai  I 
un»  vitosso  aussl  r«^duito  quo  possitlo  malt  qu!  pourrHlt  autsl  Irprimor 
uno  qrondo  vitesso  horizontflo  li  I'apparoil* 

Cost  cotto  ld<?o  dlroctrico  qul  a  guld<<  nos  tftudot,  dont  lo  r^sultst 
ost  CO  que  I'on  nortno  aujourd’hui  I^Effot  COANDA", 

En  d*autros  tormos,  nous  avons  cherch^  t'il  tftait  possitlo,  pour  uno 
^nnrfjie  donnro,  d'obtenlr,  ontro  autros  chosos  ot  tans  I'intorvontlon  do 
systemes  rrx^caniquos,  la  plus  grande  quantity  do  mouveront  possible  dont 
1?  valour  sorfiit  sup^risuio  au  |x>ids  do  I'onserible,  ot  coci  on  agissant 
directenent  sur  l*air  ambient, 

Ceci  nous  a  conduit  ^  recherchar  coCTiont  I'on  pourrait  Eventual lomont 
so  servir  do  I'^norgie  cinotique  d’un  jet  oazeux,  laquello  bion  onplcy^o 
et  dans  des  conditions  bien  d^flnles,  serait  on  mosurs  d*8gir  directenent 
cur  I'anbisncc  corfiio  nous  lo  d<?slrioni, 

II  ne  s'agifsalt  pas,  par  consequent,  do  chorchor  slmplenent,  sans 
choc  sur  une  paroi,  h  d^vier  un  Jet  fluldo,  mais  do  I'anienor  h  transpoioy 
directer.ient  l*eneigie  qu'il  aurait  omagaslneo,  k  unt  grhndo  partie  do  1* 
air  ansbi^nt  afln  d’lmprimor  S  celui-cl  un  rrouver.-«nt  orionte  dans  la  di¬ 
rection  quo  l*on  surfeit  pu  donner  au  jot. 

Pour  attcindro  ce  r^sultat  il  fallal!  faire  on  sorto  que  lo  jot, 
aprlfS  sa  sortie  d'un  canal  d*amoneo,  fut  mis  dans  un  etat  tol  que  par  la 
foible  pression  qui  y  r?;-gnercit  et  qul  devait  Jtre  inf^rieure  b  cello  do 
I'ambiance,  il  puisse  8tre  capable  d'aglr  sur  colle-cl  en  1 'ontratnant* 
non  pas  uniquer.ent  par  frottenent  nals  bien  plus  par  I'action  de  la  dif¬ 
ference  de  pr*»6slcn  exlstant  entre  cello  de  I'&mblonce  et  cello  du  Jot, 

Tolies  sont  los  donncos  giin^’rales  du  problbmo  quo  nous  nout  ^tions 
pos^  Icrsque  nous  avons  conznenc^  nos  rochorchos. 

Nous  avons  pensd-  que  la  solution  consisterait  h  chercher,  une  fols 
le  jet  sortl  de  son  canal  d'arion^e,  b  le  faire  circular  dans  ure  tuybro 
asym/trique,  b  savoir  une  tuybre  dont  une  des  parols  serfeit  r^ello,  I'au- 
tre  fictivc  ^tant  r^alis^c  par  I’ambisnco  gazeuse, 

En  sor.'jne,  l^Lffot  Counda  est  un  •nsof.iblc  do  ptn'noribnes  do  m<''Caniquo 
dos  fluides  dOs  b  I'action  r<^clproquo  de  deux  fluidos,  dans  css  ou  co- 
lui  qui  doit  entratner  I'autre  ost  amon^  b  circular  le  long  d'uno  tuybro 
asyrr<'triquc. 

Get  "Effet"  est  en  definitive  lo  r^sultat  d'une  trbs  longue  s^rie  do 
constatatlons  et  d'btudes  corj enc^et  un  pou  sprbs  lo  d^but  du  sibclo, 
rrais  qui  ont  4tC  plus  particulibreront  poutsdos  dopuls  1932, 


Itm  Ih#  outMt  l**«t  th<  M:**)n!e«l  •fficl#'»cy  would  b#  /•r  bwl**  ib«t 
of  ih#  otrpUno  *0101100.  Thl*  tocood  solution  w«*  tb»t  of  tbo  holtcop* 
t*r  (qyroplinot  autogyro,  otc...)  with  all  thw  oroat  disadvants^o*  It 
Involvwd  (otpoclally  th*  rodocod  pottlbilitlos  of  horizontal  *paad)  and 
tha  axcasslve  rswch-inicsl  co^pl Icatlon, 

So  w*  than  bagan  to  couldar  a  third  solution,  which  would  consist 
of  finding  a  sinpla  davica.  without  machanlcal  cofftplicatlonSf  for  trans» 
posing  tha  anargy  aval  labia  as  diroctly  as  possible  to  a  largo  mass  of 
air,  which  mas*  would  ha  sot  In  downward  motion  at  «*  spood  as  low  as 
potsiblo  but  which  would  also  bo  capabla  of  Imparting  groat  horizontal 
spood  to  tho  machino. 

Thl*  was  tha  idea  which  led  to  the  investigations  that  rosultod  in 
the  discovery  of  whjt  is  today  known  as  the  COA^JUA  Effect. 

In  other  words,  we  set  out  to  study  the  p<assibillty  of  obtaining, 
for  a  given  amount  of  energy,  and  among  other  things  without  the  Intcr- 
tlon  of  mechanical  elements,  the  greatest  pos«ible  momentum,  the  value 
of  which  v/ould  be  greater  than  the  weight  of  the  whole  machine,  by  direct 
action  on  the  surrounding  air. 

This  led  us  to  seek  a  means  of  utilising  the  kinetic  energy  of  a  ga¬ 
seous  jet,  which,  used  In  the  right  way  and  in  definite  conditions,  v/ould 
be  capable  of  acting  diroctly  on  the  surrounding  air  In  the  desired  manner. 

It  was  therefore  not  a  case  of  simply  seeking  to  deviate  a  Jet  of 
fluid  without  causing  it  to  strike  a  wall,  but  of  persuading  tha  jet  to 
transpose  its  stored  energy  directly  to  a  large  part  of  the  surrounding 
air  in  order  to  set  this  air  moving  in  the  same  direction  as  that  given 
to  the  jet. 

To  achieve  this  result  we  had  to  obtain  that  the  pressure  in  the  jet 
after  It  left  its  conduit  should  be  low,  lower  than  that  of  the  surroun¬ 
ding  air,  v;hlch  would  enable  the  jet  to  act  on  the  surrounding  air  and  In¬ 
duce  It.  not  only  by  surface  friction  but  above  all  due  to  the  effect  of 
tho  difference  of  pressure  between  the  led  and  the  surrounding  atmosphere* 

These  were  the  general  data  of  the  problem  which  v^e  had  set  ourselves 
at  the  beginning  of  our  research. 

We  thought  that  the  best  solution  would  be  to  make  the  jet,  once  out 
of  its  conduit,  flow  through  an  asymmetric  nozzle  of  which  one  wall  would 
be  real  and  the  other  fictitious,  being  formed  by  the  a.mbient  atmosphere. 

Actually,  the  CO\h'DA  Effect  Is  a  combination  of  phenomena  In  the 
sphere  of  fluid  mechanics  due  to  the  reciprocal  action  of  two  fluids  when 
the  primary,  inducing  fluid  Is  made  to  flow  along  an  asymmetric  nozzle. 

In  fact  ,  this  "Effect"  is  the  result  of  a  very  long  series  of  inves¬ 
tigations  and  research  work,  begun  a  little  after  the  beginning  of  the 
century  but  pursued  most  Intensively  since  1932, 


0*A«  U  Ai  pr^0#nt  II  n*  ^  <»•  iVtod#  49  I* 

•etien  r»«iproqv«  49  diu*  90i«  ••••t  h  dir*  d#  4tu«  fluid*#  <o«pf»##l- 
bU#  #1  plu#  p#rtleullbr*r«nt  d#  l*#lr.  On  ^tudltr#  aut#!  l#t  liHt## 
d*#  p»##ib!l!U#  49  tr*n#po«ltlcn  d#  l*4n#rgl#  eln^tSi^u#  dont  p*ut  di«- 
pot#r  un  g*z  d#  faibl#  m###  l<*ne^  k  qiaivJ#  v'thtt#  *  uo*  *utr#  mi*# 
b*#ucoup  plus  gr#nd#f  •n  vu#  d*  ion  utilisation  k  la  resolution  d*un  pro- 
bl^a  bian  d^flnl* 

N'otis  rvTHis  sonvnas  tout  da  suit*  haurte#  #u  fait  qua  nous  n'avions  qu* 
una  id^a  tl'^s  approxiiMti va  da  ca  qua  pouvait  lira  I'alr  at  an  gen<?ral  un 
gaz  qui  an  plus  t*  coinporta  corr«  s'il  etait  optiqucrant  vida* 

Qua  savons-nous  d'un  gas  7 

Parsonna  n*a  Jamais  vu  sa  structura,  parsonn*  na  salt  c&rr«nt  sont 
faitas  sas  fnol<(culv*f  a  fortiori  parsonna  na  1*8  a  v«i  sa  mouvoir,  at 
pourtant,  on  a  etabli  das  lois  da  coc-.portanant  auxquallas  ca  gaz,  c*ast 
i  dlr»  I'ansambla  da  sas  moieculas*  paralt  repondrc  asssz  corracter^nt. 

Pour  etablir  eat  lois,  on  a  dQ  emattra  un  grand  nombra  d'hypothl>sa# 
qui  apparaissant,  dans  cartalna#  limitas,  Justifieas  quant  It  la  struetura 
interna  du  gaz,  mais  qui  nous  lalssant  dans  l*ignoranca  total*  do  ca  qu* 
ast  physlqiior.ent  un#  noiecula,  alor#  qu#  eatt*  cornaiseanc*  nous  apparaft 
assantiall*. 

Cetta  moiecul*  qui  ast  la  bass  da  la  struetura  interna  d'un  gaz 
ast  carta Inement  tr^s  partlcull^ra*  Ella  dolt  ftr#  d'una  complaxite  trl-a 
grand*,  fonr«^a  de  protons,  da  neutrons,  de  mesona  de  tous  genres,  d'llac- 
trons,  entourt'e  de  champs  de  force  de  natures  diverse#  at  disposant  car- 
tainoment  d'une  (Snargl#  propra. 

Ce  sont  des  populations  (au  sans  ststistiqua)  da  telles  molecules 
qui  se  groupent  pour  fair*  ce  que  nous  appelons  un  gaz* 

Mina  groupoas  on  las  supposa  capendant  parfaitanent  ind^pandantes  la* 
unas  des  autres,  ayant  chacune  una  t^nergie  propra  laquall*  sa  manifest*  no- 
tanment  par  das  mouvenents  de  dlplacenent  rapid*,  apparammant  ractilignaa, 
at  ceci  dans  das  espaces  libras  qui  sont  propras  aux  caract^res  physiques 
ds  laur  groupamant* 

On  las  consldl>rs  Igalament  comma  caractirislas  par  laur  mass*  au  ra¬ 
pes,  par  laur  charg*  lleotriqua,  par  laur  memant  da  quantitl  da  mouvamant 
da  rotation  (spin),  par  laur  momant  magn^tiqua* 

Da  plus,  on  constat*  qu'allas  ont  la  faoultl,  sous  cartainas  action* 
axtdrleuras,  da  pouvoir  accumular  das  quantltds  Inormas  d'lnargi*  qu'allas 
rastltuent  ^  cant  pour  cant  lorsqua  las  conditions  d'origln*  sont  rdtablles. 

On  constate  aussi  que  sous  I'actlon  da  forcas  axtiriaures  at  I  I'ltat 
da  groupament,  leur  nombra  est  idantlqua  lorsqua  ce  sont  las  mimas  condi¬ 
tions  qui  leur  sont  imposdas  (et  cacl  quals  que  soient  leurs  origines  ou 
leuzs  poids)*  On  constate  enfin  qu'elles  se  transmettent  de  I'une  h  1' 
autre  leur  exctdent  d'^nergie  afln  d'arrlver  toutes  au  :nlne  dfgrd  dnergdti- 
que  Individuel* 
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9f  rrwnt  *urv»y  ••  •wly  5^^ 

r^lproe«I  •f  t«o  9tf4»»  t^4t  if  *•  »*V  •f 

fluid*  *nd  »or#  particularly  of  air.  4#  thall  th#«  ttudy  th#  llriti 
within  which  It  1*  pe*iltl*  to  tr-nsfor  tho  klnotlc  on# rw  avail 
In  »  •wall  rw»»  of  9«i  driven  at  9rw*t  tpaod  to  anothor  and  ^ch  gr 
tar  ran*.  In  vl'»w  of  using  this  to  solya  a  wall-daflnwd  probla*. 


To  begin  with,  wa  l?:r>«dlr taly  stuoblad  over  the  fact  that  m  only 
had  a  very  appicxlr.»te  Idea  of  the  real  nature  of  air  or,  in  ganercl, 
of  gas  wMeh  oehava*  a*  if  It  were  optically  ar^pty. 


hhat  do  wa  know  about  gasas  ? 

No  ona  ha*  ever  seen  their  structure;  no  one  knows  how  thair  rro- 
lecules  are  rnada;  a  fortiori  no  one  ha*  saen  thani  move,  and  yat  law* 
have  been  astubllshad  for  the  behavior  of  gasas,  that  Is  to  say  of  the 
molecular  aggragata*  of  which  they  are  formed  to  which  these  appear  In 
large  measure  to  conform. 

In  order  to  establish  these  laws  a  nunl.er  of  hypotheses  had  to  be 
made  which  appear  y/Itt<ln  certain  limits  to  be  justified  as  regards  the 
Internal  structure  of  gases,  but  which  still  leave  us  In  complete  igno¬ 
rance  as  to  the  real  physical  nature  of  a  r!ol-cvle,w»dch  question  ap¬ 
pears  to  us,  however,  to  be  essential. 

This  moJeculc,  which  ic  ^the  basic  element  in  the  internal  struc¬ 
ture  of  a  gas,  must  br?  a  very  special  thing.  It  is  extraordinarily 
cos'.plex,  consisting  of  protons,  neutrons,  mesons  of  all  sorts,  elec¬ 
trons,  surrounded  by  fields  of  force  of  different  kinds  and  certainly 
possessing  its  ov/n  energy. 

These  molecules  group  themselves  together  in  populations  (in  the 
statistical  sense)  in  order  to  form  what  we  call  a  gas. 

Even  when  grouped,  we  assume  that  they  are  perfectly  Independent 
of  one  another,  each  one  having,  as  we  said,  its  oy^n  proper  energy 
which  mnifests  Itself  In  the  rapid  and  apparently  rectilinear  trc*nsla- 

of  the  molecule  aiopo  the  free  paths  depending  on  the  physical  cha¬ 
racteristics  of  the  group. 

They  are  also  considered  as  characterized  by  their  mass  at  rest, 
their  electric  charge,  the  moment  of  their  rotational  mor.entum  (spin) 
and  by  their  magnetic  moment. 

In  addition,  we  find  that  they  are  capable  under  certain  external 
influences  of  accumvilatlncj  enormous  quantities  of  energy,  which  they 
give  up  ag  iln  entirely  (  ICO  a  )  on  restoration  of  the  original  condi¬ 
tions  . 

.Vo  also  note  that,  »‘.hen  orouped,  the  aggregate  v/lll,  under  the  action 
of  external  forces  producing  the  same  prevailing  conditions,  always  con¬ 
tain  the  se.mo  number  cf  molecules  (regardless  of  tl  elr  origin  or  t^  elr 
weight).  They  also  transfer  their  surplus  enercy  to  one  another  so  that 
or.ch  one  acnuir«ith,e  sanio  degree  of  energy. 


Mtlt  qiMlt*  Ivur  ttm  7  0«  t*lfn«r*. 

Ou«ll*0  ttot  iMirt  tflMA0l««i0  7  Oh 

L»  d<yl0pp0—nt  49  ihimri—  ptiytIquM  cohdultlt  k  t«<v- 

•l<f^r«r  ecmrm  prf^lUynt  •pMrlqu**!  e«U  pourrait  ancoy  a*a<i«itty  paur 
daa  gas  aioneatoalquaat  an  auppaaant  qua  l*atoa»  aat  aph^riquaf  Mia  I'hy* 
pothisa  na  aa  juatlfla  d4JI  plua  pour  daa  gat  dlato«lquaa* 

On  a  voulu  ^alaaMnt  laa  eoncavolr  coiaaa  parfaltamant  duya  at  41aa» 
tiquaSf  mala  an  4(tudlant  laa  varlatlona  daa  eoaffielanta  da  viacoslU  avaa 
la  tanp^ratuy*  11  a  faltu  adnatty  qua  lyr  diaaikty  hypoth4tlqua 
avac  la  tamp^ratuyt  d^a  lora^  allaa  na  pauynt  paa  Ity  parfaltamant  Aiya 
ni  i^Iaatlquaa* 

On  aat  done  arrlW*  paa  I  paa,  h  una  coneaption  qul  paraft  ity  plua 
juata  an  adnwltarit  qua  caa  Mlieulaa  I  I'int^rlaur  du  gat,  avac  tout  laur 
bagaga  da  eharga  ilactrlqua  ou  Mgn^tlqua,  laura  ytationa,  laura  vibra- 

tiona,  ate . dolynt  ity  intimmnt  lUat.  A  laitf  diplacfiaant.  El  laa 

ypr<?aantaraiant  alnai  avae  laur  daplaoainant  un  tout  ayant  aa  propra  quan¬ 
tity  da  mouymant,  at  l*on  davralt  dia  lora  eonaidiyr  quo  dana  un  gas  11 
a*aglt  da  rayona^Hnolieulaa,  e*aat  h  dly  da  corpuaeulaa  aeeompagnia  da  laura 
"ondat  aasoeiyaa”,  ayant  ehaeuna,  coomo  nout  la  dlticna,  son  inargla  propy* 
Cast  dis  lors,  pour  nous,  d*un  falseaau  da  ravona-mo  lieu  las  dont  on  davralt 
parlar  lorsqu'il  s*agira  d*un  ieoulamant  gasaux* 

Nous  varrons  plus  tard  la  eonpertamant  d'un  tal  falseaau  da  rayona- 
Koiyeulaa  an  prysanea  da  parol a  aolldai. 

Pour  la  ffloraant,  rieapltulons  ea  qua  l*on  a  pu  itabllr  eonma  lols  pour 
un  arsambla  gatavx,  at  plua  partieullkyynt  eallas  qul  ont  pu  ity  plua 
ou  mnlna  virlfiyaa  par  la  thiorla  clnitlqua  daa  gat* 

Catta  thiorla  a,  an  fait,  4t4  inilaa  dia  I6M  par  Gasaandi,  da  Lyon, 
(Syntagna  Philosophlcua,  Lugdini  1656)  loraqua  ealul-«i,  an  examinant  laa 
diffiynta  itata  da  la  aMtliy  at  la  paaaation  d*un  itat  dana  un  autra, 
imit  la  pramilra  hypothiaa  da  l*inargla  elnitiqua  intarna  da  la  matiiy. 
C*ast  lui  la  viritabla  piy  da  eatta  thioria,  dont  Injuatamnt  on  a  eridlti, 
cant  ana  plua  tard,  Hooek  at  Barnoulll, 

Mala  eaux-ci  ont,  k  Irur  tour,  inonei  pour  la  pymikra  fola  la  prlnel- 
pa  sulvant  laqual  la  pyaaion  daa  gat  aur  laa  parola  d'una  capacity  ytalt 
due  aux  inpaeta  da  partieulaa  aur  laaditaa  payla, 

II  faut  attandy  anooy  un  alkcla  pour  voir  un  Joula,  un  Clauslua  ou 
un  Maxwell  (vara  1659),  ypyndy  I'ituda  du  ulna  aujat. 

Claualua  caleula  d*una  fagon  asaat  pricly  laa  ylatlons  antra  la  praa- 
alon,  la  tampyratuy  at  la  volwaa,  an  admattant  pour  aaa  oaleula  qua  laa 
mol4eulas  ont  das  dimanslons  inflnityalmlaa*  XI  dtabllt  miy  laa  dayx  as- 
pkeas  da  chJlaur  apdclflgua,  an  admattant  qua  laa  moiyeulas  n'ont  d'autra 
ynargla  qua  cal  la  da  laur  mouvaynt  dana  I'aspaoa* 

Clayk  Maxwell,  k  pau  prks  au  ailma  moment,  priaanta  k  la  British  Asso¬ 
ciation  d'Abardaan  sa  fayusa  lol  sur  la  distribution  das  vltasaaa  das  mo- 
lyculas  dans  un  gat. 


•f  th«lr  r*«l  ^iatntioAt  7  N*  kn««t« 

Th«  tftwlepMnt  of  c«rt«ln  phytlcol  thoorloo  1*4  to  tbo  ooftiiopticn 
that  thoy  Noro  porfoctly  •p^orlc•l•  TMo  sight  poctibly  bo  truo  of  aono- 
tosic  g«to»,  astuoing  that  tho  atoai  it  aphorical,  but  tho  hypothoala  la 
no  longar  tonabla  ohon  tho  ooloculoa  aro  fonnod  of  tiDO  or  soro  •torn* 

Thoy  ivara  alto  takon  to  bo  porfoctly  hard  and  alaatlc,  but  a  study 
of  tho  variations  of  tho  viscosity  coofficiants  with  changes  in  toaipara- 
turo  rovaalod  that  thalr  hypothatleal  diaatator  di»inish«l  ivith  tho  in- 
craasa  of  tha  tasparaturai  tharafora  thoy  could  naithor  ba  perfectly  hard 
nor  perfectly  elastic. 

Gradually  wo  reached  a  conception  which  appears  to  ba  more  correct, 
by  assuming  that  these  sMlaculas  in  tha  interior  of  a  gas,  with  all  their 
Issd  of  electric  or  fregnetie  charges,  their  rotation,  iheir  vibratloni 
etc..,  awst  be  Intlmatolv  linked  to  tholr  own  roctillnoar  motion.  Toge¬ 
ther  with  their  linear  translation  thoy  represent  a  whole  which  has  its 
own  stomentum,  and  we  sho>jld  therefore  consider  a  gas  as  consisting  of 
molecule-rays,  that  is  to  say  particles  accompanied  by  their  "associated 
wevea",  each  one  poaaessing,  as  we  said  before,  ita  own  anargy.  Consa- 
quantly,  whan  dealing  with  a  gasaous  flow,  we  believe  that  one  should  talk 
about  a  pencil  of  molecule-rava. 

We  ahall  discuss  the  behavior  of  such  a  pencil  of  molecule-rays  in 
the  presence  of  solid  walls  later  on* 

For  the  moment  let  us  recapitulate  the  lews  which  have  been  established 
for  gases,  and  in  particular  those  which  it  has  been  possible  to  verify, 
more  or  less,  by  means  of  the  Kinetic  Theory  of  Gases. 

This  theory  was  actually  put  forward  in  1656  by  Gassendi,  at  Lyon, 
(Syntagma  Philosophicum,  Lugckini,  1658}  .  While  he  was  studying  the  diffe¬ 
rent  states  of  matter  end  the  change  from  one  state  to  another,  he  put 
forward  tha  first  hypothesis  concerning  the  internal  kinetic  energy  of 
matter.  He  was  the  real  originator  of  this  theory  which,  a  hundred  years 
later,  was  unjustly  attributed  to  Hook  snd  Bernoulli, 

However  these  two  men,  in  their  turn,  first  stated  the  principle 
according  to  which  the  pressure  of  a  gas  against  the  walls  of  the  contai¬ 
ning  vessel  is  due  to  the  impact  of  particles  on  those  walls. 

Tlien  we  have  to  wait  another  century  before  we  find  a  Joule,  a  Clau¬ 
sius  or  a  Maxwell  (towards  1859)  reverting  to  the  study  of  the  same  subject. 

Clausius  calculated  the  relationship  between  pressure,  temperature 
and  volofMJ  fairly  accurately,  sssumlng  for  his  calculations  that  molecules 
are  of  inririiteslmal  dimensions.  He  even  determined  the  two  types  of 
specific  heat,  assuming  that  molecules  have  no  other  energy  than  that  of 
their  motion  in  space. 

At  about  the  same  time,  Clerk  Maxwell,  before  the  British  Association 
at  Aberdeen,  presented  his  famous  law  concerning  the  distribution  of  mo¬ 
lecular  velocities  in  a  gas. 


«n«l09l«  fomili*  p»r  lr«Mn  (•!  M 

c«  par  !••  •iptfrianeat  d«  OtUaui  at  Couy  an  1877  at  dont  la  thdarla  aathd* 
aiatiqua  a  4t4  faita  par  Elnttaln  at  Sanluebowaky  an  190^)*  Kapplar*  an 
I99t,  a'attaeha  I  d^aontrar  qu*un  pMnoai^na  ainllalra  ailata  dana  l*air* 

Ainal,  au  afaa  nooant  ou  la  Pro/aataur  A.  I'iiTRAL  prtfaantait  aon  afaol- 
ra  sur  l*Effat  OOANOA  au  !>^aia  Congrht  cia  la  Meanlqua  Appllqudat  ^  Maaaa- 
ehuaattaf  Kapplar  ayant  conatnilt  una  balanea  da  toraion  axtrlawaant  aanal« 
bla  monttfa  aoua  vidaf  anraqiatrait  aur  un  filn  daa  ehoca  trka  Irr^guliara^ 
dda  ant  rarat  aicl^eulaa  qul  aa  trouvant  ancora  dans  la  capacity  qui  antoura 
aa  balanea  at  mat  ainai  an  ^vldanca  la  mouvamant  Brownian  dana  I'air. 

Aujourd'hulf  an  rastant  dana  la  cadra  daa  Lola  Nawtonlannaa,  at  an  ad- 
fflattant  qua  laa  dimanaiona  daa  moltfculaa  aont  inflnit^aimalaaf  qu'allaa 
■pni  parfaitarnant  durat,  parfaitamant  aphAriquat  at  parfaltamant  tflaatlquaat 
on  v^rifia  antra  cartainaa  limitaa  laa  loia  da  Gay>Lusaae»  Boyla  at  Mariet¬ 
ta,  k  aavoir  t  ”  .  qua  las  pratalona  dana  un  gaz  variant  Invaraamant 

proport ionnallamant  au  voluna”,  at  partial lamant  ausal  la  Loi  da  Charlaa  i 
"  qua  la  prassion  pour  un  voluma  constant  ast  proportlonnallo  h  la 

tamp<<ratura  absolua”. 

Pour  anvlsagar  la  cornportamant  gazaux  an  fonction  da  la  tatnp^ratura 
11  faudrait,  pansons-nout,  abandonnar  au  moina  an  partia  la  th^oria  cin4ti- 
qua  das  gaz  pour  introduira  la  th<5oria  das  quanta  da  Planck,  car  11  exlsta 
unc  ralatlon  pr«!cifa  antra  la  rayonnamant  at  aa  fr^uenca* 

Afln  d'introdulra  la  notion  du  eovoluma,  Van  dar  Waals  d'una  part,  at 
Oiatrich  d'autra  part,  introdulrant  dans  las  formulas  resultant  das  lols 
ci-dassus  mantionn^as,  das  coafflclants  da  correction. 

Cast  ainsi  qua  l*on  a  pu  i$tablir  un  coafflclant  da  variation  da  pras¬ 
sion  k  volume  constant  qua  I'on  trouva  pour  una  density  d^tannintfa  comply 
te'Twnt  ind^pendant  da  la  tamp<<ratura.  Da  la  mima  fagon,  on  a  ^tabli  un 
coafficlant  da  variation  da  volume  k  prassion  constants, 

D^s  lors,  an  partant  da  cas  coafflclants  at  das  coafflclants  da  Van 
dar  Wtalf,  on  pout  d^tarmlnar  la  dlaml^tra  hypoth^tlqua  da  la  z8na  d* In¬ 
fluence  qul  sa  trouva  autour  da  la  mol^cula. 

La  th^orla  da  I'Anargla  cln^tlqua  intarna  das  gaz  avalt  parmis  da  pr<- 
cisar  qua  t  La  prassion  par  unlt<  da  surface  dans  l*unlt^  da  tamps  ast 
4gala  aux  daux  tiars  da  I'^nargla  cln^tlqua  Intarna  pour  I'unlt^  da  volume, 

Kils  Boltzmann  a  ^tabli  la  constanta  universal la  das  gaz  at  I'hypothk- 
sa  d'Avogadro  sa  trouvalt  confirmee# 

Loschmldt  d^finlt  ansuita  la  nombra  da  molecules  toujours  constant  da 
n* imports  quel  gaz  dans  las  mimes  conditions  da  prassion  at  da  tamp^*ratura, 
dans  un  cantim^tra  cube  da  gaz, 

Cas  damiars  travaux  ont  conduit  k  disignar  sous  la  nom  da  noni^ra  d* 
Avogadro  la  nombra  da  (nol<^culas  dans  una  mol^cula-grasais,  at  du  nom  da 
norrJDra  da  Loschmldt  la  nombra  da  molecules  par  centimetre  cube. 


ify  •r.ulcgy  •Itb  hyp•t^•tlft  •nUh  trown  had  fomilatad  (avidafica 
In  support  of  «hlch  »•»  provldod  by  tho  oaporinont*  of  Otltous  and  Coity 
In  1877,  and  which  waa  givon  Ita  Mthanatlcal  baalt  by  Cinataln  and 
Srx>luchoarsky  In  IWt),  Kapplar,  in  1938,  undartoolc  to  prova  that  a  tint- 
lar  phanoffanon  axittad  in  tha  sir. 

At  tha  aama  tina  at  Profasaor  A.  METRAL  «aa  prasanting  hit  na(iioran<hj« 
on  tha  COANOA  Effact  bafora  tha  Fifth  Congrata  of  Appliad  Mschanict  in 
Massachuaattt,  Kapplar,  who  had  conttructad  an  axtraaialy  cantitiva  torsion 
balanca  tat  up  in  a  vacuun,  ragittarad  on  a  flln  a  nu«bar  of  vary  irragu- 
Itr  shocks,  dua  to  tha  faw  molaeulat  which  wars  still  prasant  in  tha  anclo- 
sad  spaca  round  tha  balanca,  thus  ravaaling  tha  axistanca  uf  Brownian 
ax>vamant  in  air. 

Today,  ramaining  within  tha  limits  of  Nawton*s  laws,  and  atsuising  that 
molaculas  ara  of  infinitasimal  dlmansiont,  that  thay  ara  parfactly  hard, 
parfaetly  tpharical  and  parfactly  alastic,  wa  can  varify  within  cartain 
limits  tha  laws  of  Gay-Lussac,  Boyla  and  Marietta,  i.a.  :  ”  ....  tha  prassu- 
ra  in  a  gas  variasin  invarsa  proportion  to  tha  voluma”,  and  partially  also 
Chariot '  law  :  "  ....  tha  prassura  at  constant  voluma  it  proportional  to 
tha  absoluta  tamparatura". 

Whan  daaling  with  tha  bahavior  of  gatas  at  a  function  of  tanparatura, 
wa  ara  of  tiia  opinion  that  tha  kinatic  tliaory  of  gatas  should  ba  abandonad 
at  loatt  in  part,  in  ordar  to  introduca  Planck *s  quantum  thaory,  for  thara 
is  a  dafinita  relation  batwaan  radiation  and  its  fraquancy. 

To  introduca  tha  notion  of  covoluraa.  Van  dar  Waalt  on  ona  hand  and 
Diatrich  on  tha  othar  insartad  corraetion  coafficiants  into  tha  formilae 
resulting  from  tha  laws  mantionad  abova. 

This  made  it  possible  to  establish  a  coefficient  of  pressure  varia¬ 
tion  at  constant  voluma,  which,  for  a  given  density,  wa  find  to  ba  comple¬ 
tely  independent  of  the  tamparatura.  In  tha  same  way,  a  coefficient  of 
variation  of  volume  at  constant  pressure  was  established. 

On  tha  basis  of  these  coefficients  and  those  of  Van  dar  Waalt,  ona  can 
determine  the  hypothetical  diameter  of  the  zone  of  influence  surrounding 
the  molecule. 

The  theory  of  the  internal  kinatic  energy  of  gases  had  made  it  possi¬ 
ble  to  state  that  :  The  pressure  per  unit  of  surface  in  unit  time  is  equal 
to  two-thirds  of  the  internal  kinetic  energy  fox  unit  volume. 

Then  Boltzmann  established  the  universal  gas  constant  and  Avogadro't 
hypothesis  was  confirmed. 

Loschmidt  defined  the  constant  number  of  molecules  of  any  gas,  in  the 
same  conditions  of  pressure  and  temperature.  In  I  cc.  of  gas. 

Later,  the  number  of  molecules  'n  one  molecule-gram  was  called  the 
Avogadro  number  and  in  I  cc.  the  Loschmidt  number. 

These  numbers  were  verified  by  analogy  with  electrolytic  phenomena. 


./. 
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C*f  ont  4ti  WrlfNt  p«r  anaJcg!*  »vc  f/h4rm^tw  <l*ctro- 

lyqu*t  •!)  p»rt*nt  <tj  fait  qua  !*•*>  eannalttalt  la  nea^ra  d'untt^a  ^laclr>> 
na^tlquaa  n^eaftalraa  pour  brltar  tflactrolytlquatont  uno  aaata  do  aubo* 
tanca  quolconquo  rapr^aontant  uno  ■ol/evlo^rMMO*  Gael  faltf  on  aat  arrlutf 
4  la  eonclutlcn  qua  dans  l*atmoaohlrro  qul  ^toura  notro  tarro  lo  noabro  doa 
nol/culaa  da  I'air  <^tait  do  l*erd:’o  do  ot  quo  lot  Mol/eulaa  a*y  d4* 

h  notra  altltudOf  h  uno  vitoaao  Idqbraeont  inftfriauro  I  500  ob* 
tras  par  socondo,  h  la  tonp/raturo  laoyonno* 

Malt  I'on  ast  rasttf  incapablo  d'tftabllr  th^orlquocont  lo  rapport  ontro 
las  chalaurs  ap^clflquaa  da  l^alr.  Certao,  la  diff^ranca  dot  dour  chalauro 
ap^cifiquatf  da  calla  k  prattion  cor.atanto  at  da  collo  1  volune  conatantf 
rasta  toujours  Constanta  pour  chaqua  gaz»  malt  pour  lot  qaz  dlatomlquas  ou 
polyatonlc.uat  la  th^orio  no  corratpond  plus  aux  tnoturat.  II  faut  done  ad- 
mattra  qua  la  diff^ranca  constat^o  ptoviant  du  fait  qua  dana  la  mol^cula  il 
y  3  absorp'tlon  d'^nargla* 

Et  coiTTO  l*tfrarqia  clndtiqua  irtarna  qul  aa  iranifeate  corratpond  aux 
dagr*^s  da  libart^  tuivant  trols  dlriantiona  at  qua  la  diff^ranca  trouv^a  cor— 
r*tsp3nd'iit  er.  fsit  1  daux  autras  doqr^t  da  llbart^  pour  la  moltlcula  da  1* 
air,  on  arrive  i  la  conception  d*un  movivanant  de  rotation  autour  d'un  axa  da 
syrr/trle  da  ladita  mol^cula. 

Nous  pouvons  maintanant  entrevolr  ca  qua  pourralt  Itro  catta  rnol^cula  t 
une  asp^ce  de  corps  de  r*^voIuticn  en  trouverent  rotaticnnal  contlnu  qul  ra- 
pr<^santo  peut-4tre  la  zftne  d'ir.fluence  at  qul  sa  d^placa  suivant  la  direc¬ 
tion  Cf'nt'rale  de  son  mouvement,  un  pau  corm  un  coriiuscule  sur  son  oncle  pi¬ 
lots.  Et  la  trajectoire  de  ca  rayon-rol^cula  da  gar  diatonic, ua  ta  pr^-aante- 
rait  corrre  une  double  splra  dont  la  nature  physique  resta  corpl^terent  Ir- 
connue. 

Mals  11  raste  aussl  ^  examiner  la  question  da  1 '^lastlcitc?  parfeita  ou 
non  de  la  molecule. 

Lortqu'on  chercha  h  calcular  I'aspaca  libra  antra  las  molecules  at  lo 
dian'^tre  hypoth^tiq,ua  da  la  z6ne  d'influer.ce  da  calles-cl,  11  ast  bian  Evi¬ 
dent  qu'il  ast  Iriipossibla  da  consid^rer  la  mol^cula  cor.me  une  tph^ra  4lat- 
tlque,  Toutas  las  axp^riencas  at  masurat  faltas  dans  ca  but  sont  an  contra- 

dlCtXvM  avtrw  io  unuuriO* 

Mals  si  la  mol^cula  n'est  pas  une  sphere  parfnltarlient  ^laatlquc,  conv- 
ment  peut-on  axpllcuar  la  rabondissamant  das  molecules  contra  laa  parols  d* 
une  capacity  7 

Tout  sirr.planent,  h  notre  avis,  par  la  raison  qu’il  n'y  a  pat  rebondit- 
sement..  Les  experiences  da  Knuttdan  at  turtout  cal  las  da  Lanqrulr,  mon- 
trent  d'ailleurt  qu'sffactivamant  las  reoieculas  na  rebondissent  pas, 

Ellas  sont,  spr^s  1* impact,  absorbeas  par  laa  parola  at  ansuita  ejee- 
teas  hors  4i  callei-cl  at  ca’a  dsns  uno  direction  qualconqua  dua  au  hasard 
at  qul  n’a  plus  aucuna  relation  avac  la  direction  qu'alles  avalant  avant 
le  choc. 

La  irol^cule  saitbla  pardra  aa  via  de  fflcniveoiant  lorsqu'aila  viant  an  con¬ 
tact  avac  la  parol  at  apr^s  un  certain  Intarvalla  de  tempt  alia  commence 


©n  tr.»  t:«tU  of  tr.#  f*ct  that  numft  of  •I*ctroo*»9»»*tle  unlit 
roqulrod  to  brook  up  by  oloctroJytU  •  oots  roprotonting  uno  ■cJocul#- 
grttm  of  ony  tubstonco  i»«t  known.  Thi*  lod  to  tho  conclusltn  that  tbo 
nunbor  of  r*ol#cuJo*  of  olr  In  tho  otMspboro  turroundlrg  our  oorth  Mitt 
bo  of  tho  ordtr  of  10^,  and  that,  tt  our  oltltudo,  thoto  noltcuitt 
•ro  iBovlng  at  a  tpood  of  slightly  lot*  than  W  motor*  por  *ocond,  at 
normal  tomporaturo. 

Out  wo  woro  ttill  unablo  to  ottabllsh  tho  thoorotical  ratio  bot- 
wocn  tho  spocific  hoat*  of  air.  Tho  difforonco  batween  tho  two  spoci- 
flc  boat*,  that  at  constant  prossuro  and  that  at  constant  voluino,  al¬ 
ways  ronaint  tho  tamo  for  oach  gat,  but  in  tho  ca*o  of  diatomic  or 
polyotomic  gatas  tho  thoorotical  valuot  for  tho  ratio  betwoon  tho 
specific  boats  no  longor  corrotpond  to  tho  moaturononts.  It  nwst  tho- 
reforo  be  assumed  that  the  resulting  difference  is  duo  to  the  fact  that 
there  is  absorption  of  energy  in  the  molecule. 

And  as  tho  internal  kinetic  energy  which  reveals  itself  corres¬ 
ponds  to  tho  degrees  of  liberty  in  three  dirriensions,  and  the  difference 
found  corresponds  to  two  more  degrees  of  liberty  for  tho  molecule  of 
air,  wo  are  led  to  tho  conception  of  a  rotational  movement  about  an 
axis  of  symretry  of  the  molecule, 

We  can  now  perceive  what  this  molecule  might  bo  :  a  sort  of  body 
of  revolution  In  continuous  rotational  movoment  which  may  represent  the 
zone  of  influence  and  which  moves  in  its  general  direction  of  motion 
rather  like  a  particle  on  its  pilot  wave.  And  the  trajectory  of  this 
molecule-ray  of  diatomic  gas  resembles  a  double  spiral,  the  physical 
nature  of  which  is  as  yet  entirely  unknown. 

Yet  another  very  Important  point  requires  investigation.  It  is  the 
question  of  whether  the  molecule  is  perfectly  elastic  or  not. 

When  we  seek  to  calculate  the  free  path  between  the  molecules  and 
the  hypothetical  diameter  of  their  zone  of  influence,  it  is  obvious 
that  the  molecule  cannot  possibly  be  considered  as  an  elastic  sphere. 

All  experlmentt  and  measurements  made  with  this  object  are  in  contra- 
diction  to  the  theory. 

But  if  the  molecule  is  not  a  perfectly  elastic  sphere,  how  can  one 
explain  that  molecules  rebound  off  the  walls  of  a  closed  vessel  ? 

Quite  slaply.  In  our  opinion,  by  the  fact  that  they  do  not  rebound. 
Knudsen's  experiments  and  especially  those  of  Langmuir  confirm  that 
molecules  really  do  not  rebound. 

On  impact,  they  are  absorbed  by  the  wails  ind  later  expelled  from 
them  in  some  direction  which  has  no  connection  at  all  with  the  direc¬ 
tion  they  had  before  impact. 


Tho  molecule  appears  to  lose  its  life  of  motion  when  it  comes  into 
contact  with  the  wall  and  after  a  certain  Interval  of  time  it  starts 


MW  Mitr*  vl*  dMM  MW4  dSrMCl*fi  q«#lconqu*  <|ul  par  It 

quillt#  da  la  ptrvi  at  la  alllau  art>ltnt* 

11  y  a  analogta  antra  ea  pMnookna  at  la  aanlfaatatlon  da  la  eoulaur 
d'un  eorpa  tout  I'aetlon  da  la  lumi^ra* 

I 

Dana  Involution  da  la  phyalqvia,  baaucoup  d'hypothkaaa  aa  aont  dva- 
noutaa,  d’autraa  dlaparaftront  ancora,  cooma  11  an  aat  da  not  Joura  da 
la  notion  da  parltd  dana  laa  phdnoo^naa  nucldalrat.  II  an  aara  eartai- 
namant  alnal  dana  mcoularnant  daa  gat  pour  la  notion  da  frottataant  aur 

laa  parols. 

L'lntarvalla  da  tampa  qui  a*dcoula  antra  I'lmpaet  at  I'djactlon  d'un 
gat  par  una  parol  Indiqua  qua  I'on  aat  an  prdsanca  d'un  phdnoni^na  distinct 
da  oalui  du  rabondiaaamant  da  la  moldcula. 

I 

Cat  intarvalla  garda  una  valaur  conatanta  pour  chaqua  eonatltuant 
formant  la  parol  at  na  varla  qu'avae  las  dlmanslons  da  la  moldcula  gatausa. 

Si  I'abaorptioi)  par  la  parol  varla  dans  daa  limitas  asaat  dtanduaa 
tout  an  dtant  fonctlon  da  la  surfaca  da  contact)  la  tamfa  ndeaasalra  h  1' 
djaction  varla  par  contra  dsns  daa  llmltas  baaucoup  plua  raatralntaa  at 
an  fonctlon  d'un  voluma  ayant  una  dpalsaaur  tr^s  falbla,  praaqua  moldcu* 
lair*. 


II  an  r«au.  .  auasitdt  qu'un*  surfaca  ruguausa  poi.rra  abtorbar  plus 
qu'allt  ne  peut  djectar  dans  I'unitd  da  t*mpa|  11  y  aura  d^s  lora  tmmaga- 
slnag*  d'dnargit)  done  dldvatlon  da  tampdratura. 

Alnal I  I'djaction  par  una  surfaca  rugu^uaa  glnara  blan  plus  considd- 
rablainant  I'dcoulament  qua  si  alia  avait  llau  par  una  surfaca  llssa. 

Mala  da  tout#  fagon.  I'djaction  sa  faisant  au  hasard  das  positions 
at  das  mouvamants  das  moldculas  axlstant  dans  la  corps  formant  parol)  11 
fcxi stars  antra  ca  corps  at  la  gar.  propramant  dlt  una  coucha  trks  psrtlcu- 
li^ra  qul  ast  Is^coucha  llmlta".  Catta  coucha  ast  composda  i  das  moldeu- 
las  vanant  du  gaz  pour  rdaliser  A  una  vitassa  ddtannlnda  I'lmpaet  sur  la 
parol,  at  das  moldculas  djaetdas  avac  tin  oartain  ratard  at  i  una  vltasfa 
d'djaction  diffdranta.  Catta  coucho  parosltalra  constltua  cornrw  una  as¬ 
pics  da  matalas  antra  la  massa  fluida  an  mouvamant  at  la  parol  fixa. 

En  quittant  catta  couch#)  las  moldculas  qui  s' introdulaant  h  nouvaau  dans 
la  gaz  an  mouvament  dolvent  aa  pilar  ausaltOt  aux  lols  da  la  vlscosltd  at 
da  la  diffusion. 

Car  ai  h  I'lntdrlaur  d'un  gaz  on  paut  parler  da  coafflclant  da  vla- 
cositd  at  mima  da  coafflclant  da  vlscosltd  dynamlqua  (coafflclant  da  dif¬ 
fusion  da  Mayar)  11  n'ast  pas  possibla  da  parlar  das  mimas  valaurs  dsns 
la  comportamant  das  corpusculas  da  la  coucha  llmlta. 

La  coafflclant  da  vlscosltd  Intama  ast  fonctlon  dlracta  da  Is  qusrv- 
tltd  da  mouvament  attachda  ^  chaqua  moldcul#)  at  Indlracta  du  carrd  da 
la  dimension  du  dlamljtra  hypothdtlqua  da  la  z6na  d'lnfluanca  da  ladita 
rtoldcula. 


•f»«th«r  lift  In  •9m  •thnr  4lr«etlon  ■hleh  It  dtt«r«ln«4  by  th«  iwtur* 
tff  tht  Mil  nnd  mt  tht  tabltr.t  Mdlu*. 

Thtrt  it  tntltyy  b«tM«n  thlt  phtnoMn«n  tnd  th#  tppttrtnet  nf 
color  of  •  body  under  tho  action  of  ll9ht« 

In  tho  evolution  of  physlct  eeny  hypothetet  have  vanlahed  and  othera 
■rill  alto  dlaappear»  auch  at  for  Inatance,  in  our  tlae,  the  notion  cf  pa¬ 
rity  In  rMJclaar  pherroaerM.  The  aaaa  will  aurely  happen  to  the  notion  of 
friction  againat  Mila  in  the  cate  of  gaaeoua  flow. 

The  interval  of  tiaa  which  peaaea  betMon  the  impact  of  a  gaa  on 
the  Mil  and  ita  expulsion  indicates  that  m  are  here  faced  with  a  pheiio- 
merum  which  is  quite  distlrtct  from  the  Mre  rebounding  of  the  moleculet. 

This  interval  has  a  constant  value  for  each  substance  constituting 
the  wall  and  only  varies  with  the  dimenalona  of  the  gas  molecule. 

Whereas  absorption  by  the  wall  varies  within  feirly  wide  limita* 
while  beirtg  a  function  of  the  contact  area,  the  time  required  for  expul¬ 
sion  varies  within  much  narroMr  limits  and  as  function  of  a  space  of 
very  little  thickness,  almost  molecular. 

As  a  result  of  this,  a  rough  surface  will  absorb  sore  than  it  can 
expel  in  unit  time,  so  that  energy  will  be  stored  up,  accompanied  by  a 
rise  in  temperature. 

•t 

Hence  expulsion  by  a  rough  surface  will  be  a  much  greater  hindrance 
to  flow  than  expulsion  by  a  smooth  surface. 

In  any  case,  since  expulsion  occurs  entirely  according  to  tha  posi¬ 
tion  and  movement  of  the  molecules  in  the  body  forming  the  Mil,  there 
will  be,  betMen  this  body  and  the  gas  proper,  a  very  special  layer 
which  is  the  "boundary  layer".  This  layer  is  composed  of  molecules  co¬ 
ming  from  the  gas  and  on  their  way  to  strike  the  wall  at  a  fixed  velocity 
and  molecules  expelled  after  a  certain  interval  and  at  a  different  velo¬ 
city.  This  parasitic  layer  forms  a  sort  of  mattress  between  the  fluid 
mesa  in  motion  and  tha  fixed  Mil.  On  leaving  this  layar,  the  molecules 
reentering  the  gee  in  motion  aust  Immedietely  conform  to  the  xewa  of 
viacoeity  and  diffusion. 


For  although  in  the  interior  of  a  gas  m  can  speak  of  e  viscosity 
coafflciant  and  avan  of  a  dynamic  viacoalty  coefficient  (Meyer's  diffu¬ 
sion  coaf f iclant),  m  cannot  speak  of  the  tame  vsluea  whan  m  art  dea¬ 
ling  with  the  behavior  of  particles  in  the  boundary  layar.  Tha  intarnal 
viscosity  coafflciant  is  a  direct  function  of  the  momentum  attached  to 
each  molacule,  and  an  Indirect  function  of  the  square  of  the  hypothetical 
diameter  of  the  zone  of  Influence  of  the  molecule. 

This  coefficient  la  indspendent  of  the  number  of  moleoules  in  a 
fixed  volume,  end  therefore  independent  of  density. 


tfficlut  du  nOTbr*  d*  ••I4cuUt  d«n«  un  vol 


f>ar  contr*,  U  coefficient  do  diffution  do  Moyor  (coofflelont  do  vlo- 
coslttf  dynamiquo),  ott  lo  rapport  ontro  la  coofflelont  do  vlteoslt4  ot  la 
dsnslt^  du  gaz. 


On  pout  dlro  ilora  qu*4  l^lnti'rlaur  du  aaz  lo  coofflelont  dai  diffu¬ 
sion  to  rapport#  au  transport  do  la  mjalit^  (valour  Mol^culairo  Intomo), 
alors  quo  lo  coofflelont  do  vlseosito  so  rapport#  k  la  g\^antlt<  (nodbro  dot 
mol^culos) . 


O'ou  on  volt  ainti  qu'l  I'int^riour  d’un  gaz  la  quality  no  change  pas 
apr^s  lot  chocs,  alors  quo  la  quantity  pout  changer*  La  quality  rosto  fonc- 
tion  do  l'o<ipaco  libra  loquol,  k  tampe'raturo  ^galo,  varla  invorsositnt  pro- 
portlonnol  lorront  avoc  la  prostion  ot  lo  volumo*  Cot  ospaca  libra  h  tamp<- 
ratufe  at  volume  constants  varlera  par  cons^uont  de  fsgon  inver^'i ament  pro- 
portionnelle  h  la  pression* 


Avant  d'allar  plus  loin  dans  cat  expot^,  rappelons  co  qu'est  un  4cou- 
lement  gazaux* 


Las  mol^culas  do  deux  gaz  an  presence  s'intorp^n^trent,  at  s'il  y  a 
4coulement  visible  de  I'un  vers  I'autr#  c’ast  qua  le  premiar  poss^da  una 
inargie  i'ltorne  sup^rieure  au  sacond.  Or,  nous  rappalons  qua  dans  I'unittf 
da  toffipi’  ot  pour  I'unit^  de  volumo,  la  protsion  oxsre^o  cur  I'unlttf  da  sur¬ 
face  par  lo  gaz  ost  ^galo  aux  doux  tiers  do  son  ^nergio  Intorno.  Si  lot 
deux  ga ’  an  presence  sont  h  Is  mime  temperature,  la  superiority  ynorg^tlquo 
de  I'un  par  rapport  h  I'autra  msnifastera  qu'il  posted#  dans  I'unlty  da  vo¬ 
lume  un  iionbra  da  moiypulas  tupyriaur  h  callas  da  I'autra* 

* 

Ainsi  ca  qua  I'on  constat#  dans  1 'ycoulamant  e'est  unlquamant  la  mou- 
vement  da  diffusion  du  nombra  axeydantaira  da  moiyculas  d'un  gaz  vars  un 
autra,  car  pendant  la  mine  tamps  I'on  na  peuc  dlscarnar  le  mouvoment  du 
gaz  qui  sa  trouvant  an  aval  ramonta  vars  celui  qui  sa  trouva  an  amont  ds 
1 'ycou lament* 


par  un  meyen  qualconque,  par  example  par  I'actlcn  d'una  parol  da 


forme  approprids,  on  pouvait  arriver  k  un  endroit  ddtermlnd  et  sans  dypenst 
suppiymentaire  d'ynergic  extdrieure,  k  rdduire  I'ynergie  interne  du  gaz  re¬ 
montant,  e'est  ^  dire  h  diminuer  le  nombre  des  rayont-moiycules  se  trouvant 
h  c«t  endroit,  on  y  conststeralt  slors  une  sccdiyrstion  da  I'ycoulement. 
C'est  ce  qui  se  passo  pour  un  dcoulement  k  travers  uno  tuyere  de  section 
circulaire  lorsqu'on  introdult  un  passage  convergent--divvrgent»  Le  dlvais. 
nent  a  pour  r6le  de  conjuguer  I'actlon  da  sa  parol  avac  la  coafficiant  da 
viscosity  du  gaz  aval  at  d'amplchar  ainsi  celui-cl  dans  una  cartaina  masu- 
re  d'agir  sur  le  gaz  amont* 


De  cette  fagon,  au  col  qui  relle  le  eonvorgent  au  divergent  le  nombre 
de  moiycules  du  gaz  aval  sere  rdduit,  et  ytant  donny  que  la  diffusion  est 
Invsrsenent  proportlonnelle  k  la  density  on  asslstora  Ji  una  rapid#  diffu¬ 
sion  1  travers  ledlt  col  des  moiycules  plus  noinbreuses  venant  du  gaz  amont* 


/ 


On  th#  o*.h#r  hand,  Mtyar't  coefficient  of  diffu«ion  (dynamic  vis¬ 
cosity  coefficient)  Is  th«  ratio  of  the  coefficient  of  viscosity  to  the 
density  of  the  gas. 

One  can  therefore  say  that  in  the  interior  of  a  gas  the  diffusion 
coefficient  refers  to  the  transport  of  quality  (internal  molecular  value), 
whereas  the  viscosity  coefficient  refers  to  quantity  (number  of  mole¬ 
cules)  • 

Thus  we  see  that  in  the  interior  of  a  gas  there  is  no  change  of 
quality  after  collisions,  whereas  quantity  can  change.  Tlie  quality  re¬ 
mains  a  function  of  the  free  space  which,  at  constant  temperature,  varies 
in  inverse  proportion  to  pressure  and  volume. 

This  free  space  at  constant  temperature  an  nlume  will  therefore 
vary  in  inverse  proportion  to  the  pressure. 

Before  continuing  this  survey,  let  us  recall  the  nature  of  a  gaseous 

flow. 


The  molecules  of  two  gases  in  contact  intermingle  and  if  there  is 
a  visible  flow  from  one  to  the  other  it  Is  because  the  first  one  has  a 
greater  intrinsic  energy  than  the  other.  However,  let  us  remember  that 
in  unit  time  and  for  unit  volume  the  pressure  exerted  by  the  gas  on  unit 
area  is  equal  to  two-thirds  of  its  intrinsic  energy  ,  If  the  two  gases  in 
contact  are  at  the  same  temperature,  a  higher  energy  level  in  one  than  In 
the  other  will  Indicate  that  the  former  contains  a  larger  number  of  mole¬ 
cules  per  unit  volume. 

Thus  what  we  observe  in  a  flow  is  simply  the  movement  of  diffusion 
of  the  excess  molecules  from  one  gas  to  the  other,  for  we  cannot  discern 
at  the  same  time  the  movement  of  the  gas  downstream  which  is  rising  to¬ 
wards  the  gas  upstream  of  the  flow. 


If  by  some  means,  for  instance  by  the  action  of  a  suitably  shaped 
wall,  we  could,  without  using  any  additional  outside  energy,  succeed  in 
reducing  the  intrinsic  energy  of  the  rising  gas  at  a  certain  point,  that 
is  to  say  In  reducing  the  number  of  molecule-rays  there,  an  acceleration 
of  flow  would  be  produced  at  that  points  This  is  what  happens  In  the 
case  of  a  flow  through  a  nozzle  of  circular  section  if  one  Introduces  a 
convergent-divergent  passage.  The  role  of  the  diverqent  is  to  couple 
the  action  of  its  wall  with  the  viscosity  coefficient  of  the  gas  down¬ 
stream, thus  to  a  certain  extent  preventing  the  latter  from  exerting  an 
action  on  the  gas  upstream. 


By  this  means  the  number  of  molecules  of  downstream  gas  at  the 
throat  connecting  the  convergent  to  the  dl.vergent  is  reduced  and,  since 
diffusion  is  in  inverse  proportion  to  density,  w©  then  have  rapid  diffu¬ 
sion  through  the  throat  of  the  excess  molecules  coming  from  the  gas 
upstream. 


C*9%t  c#  pMrw^n#  qo#  l*©n  ob««rv«  p*f¥l«n?  la  elreulatlo«  d*u«  fai 
k  travars  un«  tuy>r«  dlta  da  *VcNTURI*. 

II  y  a  done  localawnt  un  accroltaaiiant  da  l*inargla  eln^tlqua  da  1* 
^coularnant  at  cat  accroiaaanant  aa  Mnlfaatara  par  una  ehuta  provltoira  da 
I'^nargia  potantlalla  du  g»t,  e*aat  >  dlra  qua  l*on  pourra  awturar  h  cat 
androit  una  chuta  da  tanp^ratura  at  una  chuta  da  prasslon*  Par  conarfq’jant# 
an  smont  du  col,  done  dans  la  convargant,  11  y  aura  chuta  da  tamp^raiura 
ca  qul  dolt  eorraspondra  una  diminution  da  la  vitasaa  intarna  daa  i»ol4- 

culas,  done  h  una  rc^duction  da  la  valaur  du  rayon-tnol^cula  (quantity  da 
mouvetnant  da  la  molecula)  at  par  cons4quant,  d*una  part  i  una  reduction  pro¬ 
gressiva  do  la  valaur  da  la  viscosity  at,  d'autra  part,  k  una  diminution 
progressive  da  la  coucha  limlia  par  reduction  da  la  valaur  daa  impacts* 

Cola  deviant  da  plus  an  plus  sonsibla  lortqua  I'on  s'approcha  du  col* 

Etant  donn^  la  lol  das  gr-inds  nombres,  on  congolt  quo  la  direction 
movonne  da  1 'Ejection  par  la  parol  das  molecules  d*un  gaz  soit  normala  h 
la  tangent'}  en  un  point  au  profil  da  la  parol* 

Si  done  pour  fad  liter  1  •<?coulament  de  I’amont  vers  I'aval  on  trace 
le  profil  de  1h  parol  du  convergent  afin  que  las  molecules  ^Ject^as  soiant 
forte™nt  dispers'^es,  on  dolt  arrlver  i  aug:nantar  encore  I'^coulemant  ma- 
surable  de  l*amcint  vers  I’aval  S  tr.avars  un  col* 

Line  s^ria  de  travaux  fort  int^ressonts  ont  ^t^  faita  par  Krdner, 

Siffort,  Marti not-Laqarde,  Vederir.lVof f ,  Donek,  h'argoulls,  etc*.*,  sur  les 
t'couloments  partant  d’un  col  h  travers  un  divargant.  La  constatation  da 
tous  cas  chercheurs,  c'ast  que  IMcoulemant  sa  fait  la  mlauK  dans  dat  tuye¬ 
res  dlveigentas  de  section  clrculalre,  Gael  rftalt  L  pr^volr*  Pour  masurer 
la  valeur  du  ph‘'nonnhne  at  ^tobllr  ce  qu'lls  appellant  un  rendamant,  lls  ma» 
surai.snt  la  prassion  dynamique  au  col  ot  la  comparalant  k  la  prassion  sta- 
tique  a  la  sortie  du  divergent* 

Kroner  s'ast  donn4  v rapport  d«  section  t  Celia  du  col  par  rapport 
^  calle  de  la  sortie  du  divergent  d*anviron  3,7  avac  un#  pante  da  diver¬ 
gence,  c'ast  h  dire  un  angle  d’ouvertura,  da  II®  environ. 

II  a  masur4  las  diff4rantas  prassions  statiquas  sur  las  parols  an  par- 
tant  de  la  prsssion  statique  «u  coi  prise  pour  rero  at  las  s  rspport4aa  k 
la  prassion  dynamiqua  au  col  calcul4a  k  partir  ds  la  vitassa  moyanna*  II  a 
ainsl  obtanu  un  quotient* 

Pour  une  vitassa  au  col  da  30  m./eac.,  11  a  obtanu  k  la  sortie  du  di¬ 
vergent  un  quoi^iant  qui  avait  une  valaur  da  lOb  %  ! 

Biffort,  lui,  a  cherch4  surtout  1' augmentation  da  la  quality  an  tra¬ 
vel  llant  las  angles  d'ouvartura.  II  a  obtanu  pour  das  vitassas  moyannas 
au  ccl  da  100  m./sae*  at  un  angle  d'ouvartura  dt  7*  at  an  4vltant  surtout 
tout#  dispersion  das  molecules  4jact4as  par  la  parol  k  la  sortie  du  diver¬ 
gent,  c'ast  k  dire  an  4vltsnt  tout  4vssamant  k  ca  point,  das  randamants  d4- 
pass<Tiit  90  cas  randa-wnts  4tant  pour  lul  la  rapport  antra  la  travail 

r«pr4sant4  par  l'4nnrgia  cln4tlqua  au  col  at  calul  qul  ctrraspondralt  k 
la  compression  qui  amknerait  In  masse  qui  passe  par  taconda  an  ca  ool  da 
la  prassion  statique  axistant  au  col  k  call#  axlstant  k  la  sortie  du  di¬ 
vergent. 
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Thlt  It  tht  ph#oo«»r«n  which  wt  obttrvt  Airing  tht  fltw  tf  •  §•• 
through  •  to-calltd  *Vtnturl*  nose It* 

Thtrt  la  thui  a  local  Incrtttt  In  th#  klnttlc  tntrgy  of  tht  flow 
and  thlt  Incrtatt  will  ahow  Itttlf  by  t  ttwporary  drop  In  th#  potential 
tntrgy  of  tht  gta,  that  la  to  aayt  a  drop  In  both  tawparaturt  and  prtaau- 
rt  can  ba  BMtaurtd  at  that  point.  At  a  rtault,  abeva  tha  throat#  In  tha 
convargant,  thara  it  a  drop  In  tawparaturt  which  auat  corraapond  to  a 
raductlon  of  tha  intarnal  valoclty  of  tha  tnolaculaa#  hanca  to  a  reduc¬ 
tion  of  tha  valua  of  tha  nolacula-ray  (woawntuw  of  tha  wolacula^  and  ron- 
aaquantly  on  ona  hand  to  a  prograaalva  raductlon  of  tha  vlacoalty  valua 
and  on  tha  other  to  a  prograaalva  reduction  of  tha  boundary  layer  alnca 
tha  colllaion  valuta  art  raducad.  Thla  bacoawa  wore  and  wort  marked  at 
ona  approachaa  tha  throat* 

In  view  of  tha  law  of  large  numbara  wa  asauna  that  tha  mean  dirac- 
tlon  In  which  tha  molaculaa  of  a  gaa  are  axpallad  from  tha  wall  la  nor¬ 
mal  to  tha  tangant  at  a  point  on  tha  profile  of  tha  wall* 

If#  thwrafora#  in  order  to  facilitate  flow  In  tha  downatraam  di¬ 
rect  ion#  wa  give  tha  wall  of  tha  convargant  a  profile  auch  that  tha 
axpallad  molaculaa  art  widely  diaparaad#  wa  ahould  ba  able  to  incraaaa 
atm  further  tha  inaaaurabla  flow  through  a  throat  in  tha  downatraam 
direction. 

Soma  vary  intaraating  work  waa  dona  by  Krb'nar#  Blffort#  Martinot- 
Lagarda#  Vadarnikoff#  Donak#  Margoulla#  ate  *  * • *  #  on  flow  through  a 
throat  followed  by  a  divergent.  All  thaaa  axparimantara  found  that  tha 
beat  flow  waa  obtained  with  divergent  norzlaa  of  circular  aaction* 

Thia  was  to  ba  expected.  In  order  to  maaaura  tha  valua  of  tha  phenome¬ 
non  and  to  aatabllah  what  they  called  tha  efficiency#  they  measured  tha 
dynamic  pressure  at  tha  throat  and  compared  it  with  tha  static  pressure 
at  tha  exit  of  tha  divergent. 

Kroner  took  a  sectional  ratio  x  tha  throat  section  to  that  of  the 
divergent#  of  approximately  3*7#  with  a  divergent  slope#  that  is  an 
angle  of  divergence  of  appioxinMtely  II**. 

Ha  maasurad  tha  different  static  pressures  on  tha  walls#  starting 
from  tha  static  pressure  at  tha  throat  as  zero#  and  compared  them  with 
tha  dynamic  pressure  at  the  throat  calculated  from  tha  mean  velocity* 

By  this  means  ha  obtained  a  quotient. 

For  a  velocity  of  30  m/sec.  at  the  throat  he  obtained#  at  the  exit 
of  tha  divergent#  a  quotient  with  a  valua  of  10^  %  . 

Biffort  concentrated  particularly  on  improving  tha  quality  by 
working  on  the  angles  of  divergence.  For  mean  velocities  of  100  ro/sae. 
at  tha  throat  and  an  angle  of  divergence  of  7*  and  above  all  avoiding 
all  dispersion  of  the  molecules  expelled  from  tha  wall  at  tha  exit  of 
tha  divergent#  that  is  to  say  avoiding  all  widening  of  tha  nozzle  at 
that  point#  ha  obtained  efficiencies  exceeding  90  %#  tha  efficiency  being 
for  him  the  ratio  between  the  work  represented  by  the  kinetic  energy 
at  the  throat  and  that  corresponding  to  the  compression  which  would  raise 
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91  f fort  «  tr#v*ni^  *ur  <*•»  convor^oni*-^! l«r»- 

qu*i!  vrtl«v«  !•  conv#ro'>nt,  »on  roftdo-'on*  Ic.'La'  I  loln^  d#  hi  %• 

»ia  »  luy*  r«  ccf'*  tflof  tc  do  pr»c^dor  i  •"*  \f<i9t  /tror*0l*” 

wont  apri*!  1*  tott5o  du  div't-rnoot  dan*  uno  fettle  eyllnflrlnuo  qu’ll  avt»lt 
aJcut'V,  CO  qu’il  appol*  1<  rondoront  ap^r:iC^aIt  filers  d*  ICC  ?*• 

fc'.^i  tlnot-L;gar<J#  a  ^tudi/  plus  partlcu)  I  J*rof  pnt  les  offot*  quo  pour- 
ralt  avoir  sur  1 '^ccjulafi^nt  1* introduction  d*un  col  cylindrltiue  plus  ou 
twins  lone,  entre  lo  convorgont  «t  lo  dlvergant. 

Los  resultats  dc  toutes  cos  •xpt'riences  ont  prouv^  d’abord  qu**n  r<^» 
gitpo  rubscni(,uo  r^ur  qu'un  divercent  fonctionne  bi#*n  il  feut  qu’il  sol  t  pr^- 
ct'dc*  d'un  convergent  et  que  dors  ce  cas  on  peut  trouver  i  la  sortie  du  di¬ 
vergent  une  presslon  statique  <?levee  par  rappoit  k  cello  du  col  prise  pour 
z6xg» 


II  V  a  donc^j\,t.^jiX Py*S.  JJLn^JStfl  ity-S<^I>tPH  .CJLfc- 
te  pression  statitiue  j|U ,  col  ijej ijt_ AvA?. AAtfeiJ • 

Ad4ry«ttons  rrialntenafit  qu'en  amont  coiTie  er.  aval  d'un*  tuytro  conver- 
gento-diveioente,  nous  ayons  affaire  i  deux  gat  absolunent  Identiques  (par 
exer.pio,  tant  *n  aront  qu'en  aval,  nous  avons  do  I'air  ambient)*  Nous  ap- 
portons  *n  anont  une  certain*  ^neici*  represented*  par  un  jet  gazeux  ayent 
une  (Ineigl*  clrtUiqu*  importante  pour  un*  falbJo  mast*.  Cette  ^nergi* 
peut  ?tre  transpose*  avec  un  certain  rendornent  i  I'oir  ambient  et  lui  Imprl- 
mer  d*  ce  fait  une  certaine  vitesse* 

Plusieurs  moyens  peuver.t  Ityo  enplcy^s  pour  r^aliser  1*  plus  haut  ren- 
denent,  c'ast  k  dire  pour  nair.tenir  au  moxinum  le  rapport  entre  I'^nergit 
finale  d*  I'a'r  ^  la  sortie  du  divergent  et  cello  qui  exist*  dans  le  Jet 
gazeux. 

On  peut  aglr  soil  *n  r^duisant  la  d^pena*  d'^nergl*  qui  a  pemls  d' 
obtenir  le  jet,  soit  *n  augmentant  I'^nergi*  potentiell*  de  la  mats*  d'sir 
mise  en  mouvcn«nt  oar  ledit  Jet,  soit  encore  agir  sur  les  deux  Energies  k 
la  foie* 

Dans  lo  prerior  cas,  on  peut  itnaginer  un  jet  gazeux  aglssent  d*  fsgon 
intern Ittente  lequel  pemlant.  son  fonctionnenent  et  par  interaction  du  gas 
imprin*  \  une  mass*  d'air  ambient  une  certain*  vitesse,  rifalis^  d*  fagon 
tell*  que  lorsque  le  jot  cess*  de  fonctionner,  la  mass*  d'air  lancet  con¬ 
tinue  son  mouvement  pendant  un  certain  laps  do  tomps  tuut  an  entralnant 
uno  certain*  quart! te  supplencntaire  d'sir*  Aprbs  c*  laps  de  temps  on  pro- 
voquera  une  secod*  bouff^e  du  jet  et  par  su.t*  un*  second*  impulsion  I  1* 
air  qui  s'<icoulerH  d*  la  mine  fagon,  et  sirsi  de  ei.it*  ..*,  La  presslon 
au  col  serait  de  cett*  mani^r*  r^tabli*  entro  cheque  action  du  jet  gazeux 
et  le  rendertent  d*  I'enserble  encore  faible  se  trouverait  cependant  forte- 
ment  am^llor^  par  rapport  i  1 'action  d'un  jot  continu. 

Dans  1*  second  cas,  on  peut  imagir.er  un  processus  augmentant  I'lnorgio 
do  l3  mass*  d'air  amblant  k  entratner,  en  r^alisant  par  exemple  un  qui 
serait  lui-fslme  en  d^pr»*ssion  par  rapport  a  I'anbianc*.  Dans  c*  cas,  11  y 
aurait  un  fort  appcl  d'air  et  une  augmentation  de  I'action  d*  cet  air 
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th«  pr«»»ur«  of  tho  Mtt  throwfti  tho  throat  par  aacontf  fra*  tha 

static  praasura  rai9nln9  at  tha  thraat  ta  that  ralQnlng  at  tha  aalt  af 
tha  dtvargant* 

Blffort  ivorkad  on  convarpant-d  1  vargant  davlcaa.  Nhan  ha  raiaovad 
tha  convargant  his  afflclancy  droppad  to  lata  than  67  %,  IBtan,  with  a 
convaryant-divargant  noatla,  ha  triad  Making  a  slight  constriction  aftar 
tha  axit  of  tha  divarg«nt  In  a  cylindrical  part  i»hicn  ha  had  addad»  Nhat 
ha  tansad  tha  afflclancy  approachad  100  %, 

Msrtlnot-Lagarda  davotad  his  attantlon  particularly  to  tha  affact 
producad  on  tha  flow  by  tha  introduction  of  a  cylindrical  throat  of 
graatar  or  lassar  langth*  introduead  batwaan  tha  convargant  and  tha  di> 
vargant* 

Tha  rasults  of  all  thasa  axparimants  provad»  in  tha  first  plaea, 
that  for  a  divargant  to  function  proparly  in  tha  subsonic  ragima  it  must 
ba  pracadad  by  a  convargant,  and  in  that  casa  tha  static  praasura  notad 
at  tha  axit  of  tha  divargant  may  ba  high  comparad  with  that  at  tha 
throat  taken  as  zaro. 

U  is  tharafora  of  intaraat  to  aaak  hew,  with  tha  IniamB  ajicatw 
dituxa  pf  anargy.  this  static  praasura  at  tha  throat  can  ba  kapt  as  high 
as  pQssibla« 

Lat  us  now  assuma  that  both  upstraam  and  downstraam  pf  a  convergent- 
divargant  wo  ara  dealing  with  absolutely  identical  gases  (for  instance 
with  surrounding  air  both  upstream  and  downstraam).  Upstream  wo  supply 
a  certain  quantity  of  energy  in  the  form  of  a  jot  which  possesses  high 
kinetic  energy  for  a  small  mass.  This  energy  can  ba  transposed  with  a 
certain  efficiency  to  tho  surrounding  air,  thus  imparting  to  the  latter 
a  certain  velocity. 

Various  means  can  be  used  to  obtain  the  highest  efficiency,  that  is, 
to  rialntaln  tho  highest  possible  ratio  between  the  final  energy  of  the 
air  on  exit  from  tha  divargant  and  that  existing  In  tha  jet. 

Our  action  can  take  the  form  either  of  reducing  the  energy  expanded 
to  produce  the  Jet,  or  of  increasing  the  potential  energy  of  tha  mass  of 
air  sat  in  motion  by  the  said  Jet,  or  again  wa  can  act  on  both  at  once. 

In  tha  first  case  we  can  imagine  a  jet  functioning  intermittently  t 
while  it  is  flowing  and  by  interaction  of  the  gases  it  imparts  a  certain 
velocity  to  tha  surrounding  air;  whan  it  ceases  to  function  tha  mass  of 
air  sat  in  motion  continues  to  move  for  a  certain  time,  while  inducing 
an  additional  quantity  of  air.  After  this  lapse  of  time  there  will  be 
a  second  blast  from  tha  jet  and  tha  air  will  receive  a  second  impulse 
with  the  sar-a  results  as  before,  and  so  on  ....  By  this  means  the  pressu¬ 
re  at  the  throat  will  be  reestablished  between  each  blast  of  the  jet  and 
the  relatively  low  afflclancy  of  the  whole  unit  will  still  be  very  much 
Improved  by  comparison  with  what  it  would  ba  if  a  continuous  jet  were  used. 

In  the  second  case  we  can  imagine  a  procedure  which  would  Increase 
the  energy  of  the  mass  of  surrounding  air  to  ba  induced  by,  for  instance, 
producing  a  jet  which  is  itself  at  a  lower  pressure  than  the  surrounding 
air.  In  this  case  a  strong  suction  effect  would  ba  exerted  on  tha 
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•rfciint  •»*  jmt  ion  lnUr«#.  C»l«  p«:«ft  d*  prl««  Abord 

lihpesdtU  A  r<'*llf#ri  e*#*t  c«p»fKl«nt  c#  qu#  noui  •vcf.f  eh«reM  h  r^»- 

Oins  U  troitl^  cat,  on  pout  lao^iror  uno  coafcinoUon  ontro  lo 
prf'rlor  proc^d^  ot  lo  oocond* 

Bien  quo  ^irdont  oncoro  uno  !ddo  attoz  confuse  do  l4  structure  ffdn« 
do  1a  r<o1»cu!o,  nois  sysnt  toutofoie  ui>c  Id^o  ssfcoz  clairo  du  comporto^ 
mont  de  I'sir  pric  dans  son  onsorblo,  nous  pouvons  nous  attsquoz  su  pro- 
bl^mo  qua  nous  voulcns  r^soudro  ot  quo  nous  potons  ainsi  t  Cocrwnt  aqlr 
sur  un  j*t  qazaux  pour  quo  tout  on  lui  consorvant  un#  <^norqio  cin^tiquo 
^lavao  on  puissa  lo  fairo  p^n^tror  dans  I'anbianco  dans  das  conditions 
d*/tat  fortomant  depress lonnairo  ?  Co  qui  roviont  done  k  r^soudro  lo 
douxiano  cas  ci-dossus  mentionn^* 

Nous  ^tudiarons  ult^rlourotront  s'll  y  a  possibility  do  roodra  lo  Jot 
intermittant  ot  s'il  y  a  au  surplus  avantage  ^  lo  fairs* 

Aifisi  qua  nous  I'avons  pryclsy*  lorsqu'un  jot  gazaux  p^n^tra  dana  un 
autra  mlliau  gazaux»  il  y  a  diffusion  tant  das  moKculas  du  Jat  vars  la 
miliau  ambiant  qua  da  callos  du  irillafu  ambiant  vars  la  Jat* 

Las  moiyculas  qui  sortant  du  Jot  pour  entrar  dans  I'ambianco  ent  una 
oriantetion  da  diffusion  dirigya  suivant  la  rysultanta  antra  lour  mouvo- 
:?«nt  intarna  propra  ot  calui  du  Jot,  e*08t  h  diro  uno  oriantation  da  dif¬ 
fusion  voislna  du  sans  da  nxHivarnant  du  Jatl  callas  du  miliau  ambiant,  par 
contra,  p^natrent  dans  la  Jat  suivant  la  dlraction  da  laurs  impacts,  c* 
est  h  dira  qua  laur  diraction  moyanna  ast  oriantya  normalamant  ^  la  tan- 
oenta  au  contour  lirite  du  Jat* 

Par  1*  Jeu  das  combinaitons  das  vitessas  ralativas  at  da  laur  orian¬ 
tation,  on  constata  das  modifications  da  saction  dans  la  Jat* 

Las  vitassas  da  translation  k  la  pyriphyrla  da  la  sortia  du  Jat  sont 
nullas  at  la  maximum  da  vitassa  sa  trouva  au  cantra,  par  consyquunt  sous 
I'antion  das  impacts  das  moiyculas  do  I'ambianco  on  notara  dans  Its  soc- 
tions  succofsivss  du  Jot  tout  d'obord  uno  lygkro  diminution  accompagnyo 
d'una  lygkro  surprossion,  puis  uno  ospkco  d’yclstomant  trks  progrossif  du 
Jot,  car  los  moiyeulos  do  I'ambianco  qui  y  ontront  soront  aussitdt  ontraf- 
n^os  par  collos  du  Jot|  ainsi,  su  fur  ot  k  mosuro  la  Jat  ralantit  son  mou- 
cairant  st  augmonta  son  voluna*  Cotta  action  d^pond  nsturallarant  da  Is 
masse  du  Jat  par  rapport  k  Is  surface  da  sa  pyriphyrit* 

SI  la  Jat  ast  homogkno  at  da  section  circulaira,  plus  lo  rayon  do  sa 
section  ast  grand  at  moins  los  phynorknos  qui  I'accompagnont  soront  son- 
slblas* 

Supposons  quo  I’On  alt  pu  s'arrangat  pour  quo  I'lnfluonco  do  I'an^ 
bianco  n'agisbo  qua  sur  la  moltiy  du  Jot  ot  quo  sur  I'sutro  switiy  cotto 
influence  soil  annuiyo  ou  nJmo  quo  I'on  ait  trouvy  lo  moyon  d'agir  do 
tollo  fagon  qu'll  y  alt  d*un  cit4  uno  ospkco  d'lnvorsion  du  phynornkno  do 
I'action  do  I'ambianco  i  I'allurt  du  Jot  sera  alors  antlkranant  modlfiyo* 
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turro«»ndln9  *1^  nhot*  ACtloA  aowld  thut  f  brlNftng  int«  pity 

lt»  Intrlrttlc  totrgy.  At  flrtt  sight  tMs  vould  appssr  l^postibls  ts 
schisvsi  it  is,  bSMvsr*  Mhst  «s  triad  tc  ds* 

In  ths  third  csss  m  can  iaaglna  a  coaiblnaticn  of  tha  first  and 
•acond  procadurat. 

Although  wa  still  hava  only  a  rathar  confuaad  Idas  of  tha  actual 
structura  of  a  Mlacula,  «a  now  hava  a  fairly  claar  viaw  of  tha  bahavior 
of  air  takan  as  a  whola  and  ara  in  a  position  to  attack  tha  problaai  which 
wa  wish  to  solva,  and  which  wa  dafina  aa  follmta  t  how  to  traat  a  oaiaoua 
Itt  to  that  whlia  ratainAno  a  hiflU  MAnaUc.  antroY  it  my  PtnatraU  tha 
iurroundlnq  atmoiPhara  In  a  stata  of  contldarsbla  undaroraatura.  This 
would  raprasant  tha  solution  of  tha  sacond  cast  laantionad  abova. 

Wo  shall  study  tha  possibility  of  craatin^j  an  intarmittant  jat, 
and  whathar  thara  would  ba  any  advantsga  in  ddirtg  so,  latar. 

As  wa  hava  statad,  whan  a  gasaous  Jat  penatratas  into  anothar  gasaous 
siadiuBi  thara  is  diffusion  of  sMlaculas  from  tha  Jat  into  tha  surrounding 
madiuffi  as  wall  as  from  tha  surrounding  madlum  into  ths  Jat* 

Tha  molaculas  which  laava  tha  Jat  to  antar  tha  surrounding  madium 
diffusa  in  a  diraction  which  follows  tha  rasultant  of  thair  own  intarnal 
movamant  and  that  of  tha  Jat,  i*a*  thair  diffusion  is  orientad  roughly  in 
tha  sama  diraction  as  tha  movamant  of  tha  Jat.  Tha  molaculas  of  tha 
surrounding  madium,  howavar,  antar  tha  Jet  following  tha  diraction  of 
impact,  i.a*  tha  oriantation  of  thair  avarsg?  diraction  is  normal  to  tha 
tangant  to  tha  limiting  contour  of  tha  Jat. 

As  a  rasult  of  tha  diffarant  combinations  of  ralativa  valocitias 
and  thair  oriantation  wa  nota  changas  in  tha  Jat  saction. 

The  translational  valocitias  at  tha  pariphary  of  the  Jat  exit  ara  nil 
and  tha  maximum  valocitias  ara  to  ba  found  in  tha  centre,  therefore  under 
the  influence  of  the  impinging  molaculas  from  tha  surrounding  medium 
successive  jet  aeciions  will  show  first  a  slight  faduc-tion  accouipanled 
by  s  small  overpressure  and  then  something  like  a  vary  gradual  expansion 
of  tha  Jat,  for  tha  molaculas  of  surrounding  air  entering  it  will  iinna- 
diataly  ba  drawn  along  by  those  of  tha  Jat;  thus  tha  Jet  will  slow  down 
more  and  more,  while  its  volume  will  increase*  This  reaction  of  course 
depends  on  the  ratio  between  the  mass  of  the  Jet  and  its  peripheral 
surface* 

If  the  jet  is  homogeneous  and  of  circular  section,  the  larger  the 
sectional  radius  the  less  the  accompanying  phenomena  will  be  felt. 


Let  us  assume  that  we  have  been  able  to  create  a  jet  such  that  only 
one  half  of  it  Is  subject  to  the  Influence  of  the  surrounding  mediUi'R, 
the  other  half  being  entirely  unaffected  by  it,  or  even  that  we  have 
succeeded  in  reversing  the  phenomenon  caused  by  the  action  of  the  surroun¬ 
ding  medium.  In  this  case  the  character  of  the  jet  will  be  completely 
changed* 


.  1} 


L* Action  de  p»'n«*tr2tion  l*4»ti.ifico  dins  I#  J*l  n^  ••  fAl»*nt 
d*un  Aoul  k  pr*nl>rr  vuo  I *entr*fno»*nt  devr«*lt  ltr»  r'^dult  d**u- 

tAnt*  Noui  v»rrcn»  qu*  1*  coffortewent  p*ut  Itro  toot  Autr^  i!,  blen  An- 
tondUf  on  Arrivo  >  tsclti  cOw.pl^t«aAnt  d*  I'AmblancA  !•  cfit^  opfx>»«  4  c*- 
lul  ou  son  Action  ASt  diroctA* 

11  no  p<?ut  plus  ftre  question  naturel  lAr:'ent  d'un  jet  pltln  et  do 
AActicn  plus  ou  moins  circulAlre*  II  fsut  choislr  un  Jet  do  section  tu- 
bulAire  At  ennulaire  inintenoepu,  et  slors  une  des  surfaces  du  jet  de 
section  tubulaire  et  annuleire  peut  Itre  s<ipar^e  de  1 'ambiance  par  ure  pa¬ 
rol  solide. 

II  faut  ensuite  quA  1 'action  de  cette  parol  destim^e  4  prot^^ger  une 
partie  de  la  surface  du  jet  de  I'action  directe  des  impacts  de  1 'ambiance, 
se  fasse  sentlr  Jusqu'au  moment  ou  ladlte  action  de  I'arJjiance  est  moins 
Importante.  Er  d'sutrec  terras,  si  psr  sxsr^pli  li  J«t  tie 

tubulaire  et  annulaire  devait  sulvre  le  profil  d'un  convergent  dans  un 
systems  convergent-divergent,  11  faudralt  que  la  parol  qui  d'un  c6t^  dolt 
I'lsoler  de  I'amblance  se  pourtuive  jusqu'4  la  sortie  dudlt  syst4me» 

Alors,  par  le  profil  et  par  I'allure  de  cette  parol  on  pourralt  con- 
tinuellement  agir  sur  I'action  du  jet  et,  par  consequent,  sur  I'amblance 
mlse  en  mouvement  par  celul-el« 

II  s'aglt  blen  par  consequent  d'un  ecoulement  gazeux  dans  une  tuyere 
asymdtrique,  e'est  k  dire  dont  une  paioi  est  solide  et  I'autre  flctlve 
car  die  est  futtnee  par  I'amblance, 

On  volt  ainsi  tous  les  avantages  que  I'on  peut  tlrer  d'une  telle  con« 
ception,  qu'll  s'agisse  d'hypercirculatlon  autour  d'un  profil  d'aile  con- 
sldere  coriTie  la  parol  d'un  syst^me  convergent-divergent  de  rayon  Inflni, 
ou  qu'll  s'agisse  de  tuyeres  de  rayons  finis  et  pour  tous  usages, 

Comnent  dolt  fonctlonner  un  tel  ensemble  7 

La  premlAre  partlc  aura  pour  but  d'acc/lt^rer  1 'Ecoulement  du  Jet  en 
le  maintenant  dE pres sionna Ire  de  fagon  que  son  action  solt  violent#  sur 
I'eriblance,  «t  !■  second#  pariie  sera  consacrEe  a  rEtabllr  en  Energle  po- 
tsntielle  ce  que  I'on  svalt  obtenu  sous  fornte  d'Energle  cinEtlque  dans  la 
premiere,  ■ 

Cast  done  la  premiere  partie  qui  est  de  beaucoup  la  plus  Importante 
et  qui  caractErlsera  Is  pbEnom4ne, 

ConsidErons  alors  une  coupe  k  travers  un  jet  de  section  ennulaire 
sortant  ininterrompu  d'un  canal  de  section  annulaire,  nature  1 lament,  Ad- 
mettons  qu'une  des  l^vres  de  I'embouchure  do  la  sortie  du  canal  d'amenEe 
solt  prolongEe,  elle  servira  de  ce  c6tE  du  jet  d'Ecran  de  protection  cen¬ 
tre  I'amblance,  Supposons  encore  que  cette  I4vre  prolongEe  alt  une  direc¬ 
tion  qui  s'Ecarte  continuel len^nt  de  la  direction  Inltiale  du  Jet,  Que 
se  passera-t-il  7 

On  comprend  alsEment  qu'll  peut,  dans  certaines  conditions,  se  pro- 
dulre  un  dEsEqui libra  sensible  entre  It  nombre  d' impacts  des  nelEcules  de 


•  is  ^ 

tf*#  surioofidlng  air  only  irto  tho  ,1*t  on  onr  %ic%,  on« 

Moulo  «t  firtt  sight  irduction  to  bo  roducotf  prr>fH  r  Ci  on»Uy  •  a# 

shwlJ  son  that  tho  bohavlor  obstrvod  can  bo  ont. roly  difforont,  on  ccrdi- 
tlon  of  courso  t^at  wo  havo  roally  succoodod  if  co'"plotoJy  isolating 
fror.»  tho  surrountiir.g  T.odiun  that  part  of  tho  Jot  which  is  not  oxposod  to 
its  dlrn-*t  action. 

Of  courso  wo  can  no  longer  considor  a  full  Jot  of  .Toro  or  less  clr- 
culfr  section.  We  rrust  choose  a  Jet  of  uninterrupted  tubular  and  annular 
section,  one  of  whoso  surfaces  can  then  bo  soparatod  froD  the  surrounding 
fried i urn  by  a  solid  wall. 

The  action  of  this  wall  destined  to  protect  part  of  the  surface  of 
the  jet  from  the  direct  action  of  the  surrounding  medium  must  then  conti¬ 
nue  to  make  itself  felt  up  to  the  point  where  the  said  action  of  the 
surrcur.dir.g  .msdiur.  bccG.''£C  lest  Tn  other  words,  if  for  instance 

the  jot  of  tubular  and  annular  section  were  to  follow  the  profile  of  a 
convergent  in  a  eonvergent-dl 'percent  device,  the  wall  isolating  one  side 
of  it  from  the  suriounding  medium  would  have  to  extend  right  up  to  the 
exit  of  the  said  device. 

Then  by  means  of  the  profile  and  the  form  of  this  wall  we  could 
exert  a  continuous  action  on  the  Jet  and  consequently  on  the  surrounding 
air  Induced  by  it. 

It  is  therefore  really  a  case  of  gaseous  flow  through  an  asyirretric 
nozzle,  that  is  to  say  a  nozzle  of  which  one  wall  is  solid  and  the  other 
fictitious,  being  formed  by  the  surrounding  medium. 

It  Is  evident  that  such  a  conception  can  be  of  advantage  in  many  ways, 
be  it  to  obtain  increased  circulation  around  a  wing  profile  considered 
as  the  wall  of  a  convergent-divergent  device  of  infinite  radius,  or  in 
connection  with  nozzles  of  finite  radii  and  for  all  purposes. 

How  Is  such  a  device  going  to  function  ? 

The  object  of  the  first  portion  Is  to  accelerate  the  flow  of  the  jet 
while  maintaining  the  underprv'ssure  in  it,  so  that  its  action  on  the 
surrounding  medium  shall  be  very  strong,  and  the  second  portion  is  des¬ 
tined  to  restore  in  potential  energy  what  was  obtained  in  the  form  of 
kinetic  energy  in  the  first  part. 

Hence  it  is  the  first  part  which  Is  by  far  the  most  im.portant  and 
which  will  characterize  the  phenomenon. 

l.et  us  consider  a  section  of  annular  jet  emerging  uninterruptedly 
from  a  channel  of  annular  section.  i.©t  us  assume  that  one  of  the  lips 
of  the  exit  orifice  of  the  feed  channel  Is  extended;  on  that  side  of 
the  jet  It  will  serve  as  a  protective  screen  against  the  surrounding  air. 
Let  us  also  assume  that  the  direction  of  this  lip  continuously  diverges 
from  tho  initial  direction  of  the  jet.  What  will  happen  7 

It  Is  evident  that  In  certain  conditions  there  will  be  unstable 
equilibrium  between  the  number  of  molecules  of  surrounding  air  striking 
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NOTICE:  WREN  GOVERNMENT  OR  OTHER  DRAWINGS.  SPECinCATlONS  OR  OTHER  DATA 

ARt:  YISEd  for  any  purpose  other  than  in  connection  with  a  definitely  related 

GOVERNMENT  PROCUREMENT  OPERATION,  THE  U.  S.  GOVERNMENT  THEREBY  INCURS 
NO  RESPONSIBILmr,  NOR  ANY  OBLIGATION  WHATSOEVER;  AND  THE  FACT  THAT  THE 
GOVERNMENT  MAY  HAVE  I>t>RMULATED,  FURNISHED,  OR  IN  ANY  WAY  SUPPLIED  THE 
SAID  DRAWINGS,  SPECIHCATIONS,  OR  OTHER  DATA  IS  NOT  TO  BE  REGARDED  BY 
IMPLICATION  OR  OTHERWISE  AS  IN  ANY  MANNER  UCENSING  THE  HOLDER  OR  ANY  OTHER 
PERSON  OR  CORPORATION,  OR  CONVEYING  ANY  RIGHTS  OR  PERMISSION  TO  MANUFACTURE, 
USE  OR  SELL  ANY  PATENTED  INVENTION  THAT  MAY  IN  ANY  WAY  BE  RELATED  THERETO. 
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*1  UU  non  obrlt^  4u  Jot  ot  I'outro  edU  obritrf  por  lo  1>vto 
pinlony^.  C#  d^oiquilibro  ogiro  #ur  lo  Jot  ot  lo  ropouttora  yoM  lo 
J>vro  prolong^  e*oit  h  dlro  lo  porclt  ot  do  eo  folt  lo  ddo^qul  llbro  t 
occrottra  oneoro  plot  ot  prosquo  lo»tontoo^«ont  lo  jot  ehorehoro  a  oo  col¬ 
lar  4  lo  parol.  Don*  ton  onoaohlo  11  oulvra  aloro  uno  oop^o  do  courbo 
bollntlqvot  dor.t  lo  trocd  ii»yon  taro  uno  courbo  forrtlon  do  lo  vltoooo  ^ 
jot  ot  do  I'aetion  oit/rlooro  do  l*aa^loneo.  Si  la  parol  oo  trouvolt  aloro 
•tro  l^irooont  on  rotroit  par  rapport  k  cotta  courbo  ot  q*t'an  pl«»  * 
cortaln  polr*  nluo  ^lolgnd  un  contact  du  Jot  ot  do  la  parol  alt  lioUf  II 
y  aurait  ur  i  'omont  do  l*otpaco  io  trouvant  ontro  lo  jot  ot  la  parol  (lo 
point  do  C‘  du  jot  et  do  la  parol  fonctionnant  como  un  joint).  Cot 

oapaco  to  t  /oralt  rapidontont  vldd  dot  noldeuloa  qul  a*y  trouvalont  ot 
h  partir  do  co  momont  la  vitcaao  do  l*<coulot>ont  do  co  c8td  du  Jot  ao  trou- 
vorait  trlfS  fortomont  accruo  puiaquo  rlon  no  viont  do  co  e6t4  rotardor  aon 
mouvoniont . 

Do  CO  fait  auaal,  la  moyonno  do  la  vltaaao  do  I'onaonblo  du  jot  ao 
trouvorait  accruo  car  do  I'autro  cftt<?  du  jot  la  vltosao  d*^couloiaont  roato 
la  mino  quo  collo  d'un  jot  norir.al. 

Los  moWculot  do  I'amblanco  so  pr^cipltoralont  h  travora  las  mol^cu*^ 
loa  du  Jot  pour  conblor  l*e$pacc  i  tr^a  baaso  prossion  qui  so  trouvo  pri>a 
do  la  parol  et  au  fur  ot  h  nwsuro  qu'ollos  ontroront  dans  lo  jot»  loa 
culoa  do  colui-ci  lour  Imprin^runt  uno  direction  confomo  h  la  direction 
nouvollo  du  jot  et  puisquo  son  j^coulomont  ost  do  plus  on  plus  rapido  plus 
on  approcho  do  la  parol  Its  mol^culoa  de  I’air  anibiant  dtront  ontratr.^os 
h  leur  tour  do  plus  on  plus  vito,  plus  olios  spprochoront  do  I'otpoeo  for- 
temont  deprosaionnalro  qui  oxlato  ontro  lo  jot  ot  la  parol. 

Etant  dcnn4  qu**  la  surface  do  contact  avoc  I’arrJilanco  d'un  jot  do  soc- 
ticn  annulairo  ost  bosucoup  plus  grande  pour  uno  mlrio  masse  quo  collo  d’un 
jot  do  section  circulairo.  ot  quo  1 'action  do  la  forte  d<$prossion  pr8s  do 
la  parol  sa  fait  fortomont  sentir  sur  I'amblanco  h  travvrs  lo  jot.  on  cons- 
tatera  quo  la  masse  d'air  ontratr.^o  ost  consld^rablomont  augmont^o  par  rsp> 
port  h  cello  pouvant  Itro  ontrafn^o  par  un  jot  ordinaire,  quo  sa  vitasso 
do  penetration  dans  un  jot  annulairo  ost  fortomont  accrue,  et  qu'll  y  a 
done  ou  un  apport  d'enorgio.  cot  apport  provonant  do  I'enorgie  potentiollo 
de  I'air  lul-TT’Ino  nui  dolt  stublr  un  abaisso(r«nt  de  la  tonperaturo, 

31  au  point  do  contact,  qui  fait  offica  do  Joint,  on  ('carte  k  nouveau 
la  parol  par  rapport  h  la  nouvollo  direction  du  Jot  ot  cod  sur  uno  cor- 
taino  distance  nouvollo,  lo  memo  phenom^no  so  roprodulra  mais  da  faqon  plus 
faiblo.  et  ainsi  do  suite  Jusqu'au  morr^ent  ou  toutos  les  enoz'gios  on  presen¬ 
ce  sorent  transmisos  h  I'onsorrblo  du  nouveau  m^lango  jot  et  ambiance. 

SI  ccnimo  nous  I'avons  envisage  cl-dossus  lo  jot  annulairo  suit  pen¬ 
dant  tout  son  trajot  lo  pzofll  d'un  syst^mo  convergent  ot  dans  los  condi¬ 
tions  do  trace  quo  nous  vonons  de  decriro,  I'alr  arrblant,  qul  so  trouvo 
h  uno  pression  ot  une  temperature  plus  eioveos  quo  cellos  dg  jot.  dolt  alors 
necossaiiomont  fairo  apfX)rt  d'enorgio.  On  dolt  pouvolr  representor  grapl^i— 
quomont  son  rftlo  soit  par  un  diagromr*  TS  lolt  par  un  dlagrafmo  JS,  .  En 
of  fat. on  censtatora  tout  d'obord  pendant  lo  promlor  temps  oii  I'alr  so  pre- 
clpito  vers  lo  Jet,  une  chute  do  tonperaturo,  la  tonperaturo  finale  rostant 


./ 
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9MP—94  tltf*  •f  th#  j«t  •ikJ  thM«  •«  th4  §1^  prf<t04  ^  th« 
d«d  li^.  Thit  i«ek  •f  •quilibrlM  will  affect  th?  J«t.  drivinf  it  t»- 
Mrdt  th«  MUnd^d  lip  ahlch  fem*  th«  Mil,  Mid  at  a  ratult  af  thla  tha 
lack  of  oqulllbriMi  irlll  bocoM  atlll  aoro  aarkod  and,  alaoat  inotanta- 
noouaiy,  tho  Jot  will  try  to  adhoro  to  th-*'Mll.  Aa  a  otiolo,  tfio  Jot  will 
than  bo  followlno  a  kind  of  ballittic  curvo,  Miooo  aoan  path  will  bo  a 
eurvo,  function  of  tho  voloclty  of  tho  Jot  and  tho  oxtomal  action  of  tho 
surrounding  aodiu*.  If  tho  wall  la  than  alightly  aot  back  In  rolation 
to  this  curvo  whilo  at  a  cortain  point  furthor  along  tho  Jot  again  Mkoa 
contact  with  tho  wall,  tho  apoco  botwaon  tho  Jot  and  tho  wall  will  bo 
iaolatod(tho  point  of  contact  botwaon  tho  Jot  and  tho  wall  acting  liko 
a  Join).  Thia  apaco  will  rapidly  bo  owptiod  of  tho  weloculoa  sdiich  wtro 
in  it  and  from  that  womant  tho  velocity  of  flow  on  that  aido  of  tho  Jot 
will  bo  vory  groatly  incroxsod  since  there  will  bo  nothing  to  alow  down 
its  BKivoawnt  on  that  side. 

For  tho  aasw  reason  tho  swan  velocity  of  tho  whole  Jot  will  bo 
incraaaod  since  tho  rata  of  flow  on  tho  other  side  roaiains  tho  saaw  as 
that  of  a  normal  jat> 

Tho  awloculoa  urrounding  air  will  rush  in  through  tha  Moloeulaa 
of  tho  Jot  in  order  to  try  to  fill  tho  vory  low-proaauro  area  existing 
next  to  tho  wall,  and  as  they  ontar  the  Jot  tho  woloculos  of  tho  latter 
will  iaipart  to  thoai  a  direction  In  accordance  srith  tho  now  dlfoctlon 
taken  by  tho  Jot;  and  since  tha  flow  bocoaws  sure  and  wore  rapid  as  one 
approaches  tho  wall,  the  axiloculos  of  surrounding  air  will  in  turn  bo 
aecoloratod  wore  and  atoro  tho  c loser  they  approach  to  tho  aros  of  vory 
low  prossuro  oxi sting  botwaon  tho  jot  and  tho  wall. 

Since  a  Jot  of  annular  section  has  a  much  greater  surface  of  contact 
with  tho  surrounding  Mdiusi  in  proportion  to  its  mass  than  has  a  Jot  of 
circular  section,  and  tho  influence  of  tho  low-pressure  zone  near  tho 
wall  makes  itself  strongly  felt,  through  tho  Jot,  on  tho  surrounding 
atmosphere,  wo  shall  find  that  tho  swas  of  air  induced  is  considerably 
greater  than  that  which  could  bo  induced  by  an  ordinary  Jot,  that  it 
ponetratos  into  an  annular  Jot  vory  much  more  rapidly,  and  that  additional 
energy  has  therefore  been  provided,  taken  from  the  potential  energy  of 
the  air  itself  which  musi  undergo  ■  drop  in  t#uifie7«ture. 

If  at  the  point  of  contact  'which  acts  as  a  Join  we  once  again  make 
the  wall  diverge  from  the  new  direction  of  the  Jet  over  a  certain  distance, 
the  satTio  phenomenon  will  reoccur  although  a  little  less  strongly,  and  so 
on  until  all  the  energies  present  have  been  transferred  to  the  new  mixture 
formed  by  the  Jet  and  the  surrounding  air. 

If,  as  we  considered  above,  the  annular  Jet  continuously  follows  the 
profile  of  a  convergent  device,  its  path  being  as  described  before,  then 
the  surrounding  air  which  is  at  higher  pressure  an^^  temperatux-e  than  the 
jet  must  necessarily  contribute  additional  energy.  It  should  be  possi¬ 
ble  to  represent  graphically  the  part  played  by  this  surrounding  air, 
either  by  a  TS  or  a  JS  diagram.  During  the  first  stage,  in  which  the  air 
rushes  towards  the  jet,  we  do  in  fact  notice  a  drop  in  temperature,  the 
final  temperature,  however,  still  remaining  higher  than  that  of  the  jet; 
during  the  second  stage  there  is  transfer  of  heat  from  the  surrounding 
air,  raising  the  temperature  of  the  jet.  At  the  end  of  the  second  stage 


k  evil#  du  puit  pvnd*nt  !•  t#cood  t4*pf  uo#  ^ittloo  d# 

chalMir  &t  l*«lr  indblant  qul  dl^vtra  1*  t#!n^r«tur#  du  J*t.  A  1*  fin  Ai 
••cond  t9f>p9  !•  t#*p^r*tur#  d#  tvtlir  Inf^ricvr^  ^  l**«6i*oc# 

alort  qua  pandant  la  trolal^aia  tarpa^  o(i  coa^anca  la  eoaipratiioA  dynawi* 
qua,  11  y  aura  ^l^vation  da  tar*p/r#tura,  at  pandant  la  quatrl>«a  tar>pa 
rapriaa  da  chalaur  ^  l*a*ribianca« 

Pour  ^tablir  la  profil  da  la  parol  du  convarqant  du  ayati«a  eonvar« 
gant-di variant  qul  doit  posa^dar  das  points  da  contact  avac  la  jat  afln 
d'isolar  las  uns  das  autras  las  aspacas  ayant  plus  ou  moins  la  m#oa  da- 
gr^  da  d^prassion,  on  a  ^t^  aman^  h  la  r^allsar  an  lui  donnant  un  trac^ 
poly^driqua,  dont  las  facattas  qul  rapr^santant  das  cordas  da  partiat 
bian  d^tanr.in^as  da  la  courba  d*^coulaa«nt  du  jat  ont  das  dlmanslons  par- 
faitarrant  d<(limiUas.  Cas  facattas  davront  faira  antra  alias  das  anglaa 
da  plus  an  plus  faiblas  at  da  valaurs  blan  d<tarir.in^>as,  aux  aussi* 

La  dlvargant  du  syst^nw  convargant-dlvargant  aura  pour  objat  da 
transfomar  iMnargla  ci^^'tiqua  du  m«^langa  au  col  an  <^nargla  potontlalla 
h  la  sortla. 


Cast  an  partant  da  toutas  cas  considerations  qua  nous  avons  trouv^ 
at  mis  au  point  ca  qua  I'on  d4signa  aujourd'hul  an  (^yslqua  du  non  d* 

"  Effst  COANDA  ■ 


Dans  ca  qui  va  suivra,  on  etudiara  la  theoria  mathematiqua  du  ph^- 
nod^na,  an  co!nnveni;ant  par  I'etuda  du  comportainant  du  Jat, 

Etant  donne  la  patlta  section  du  canal  d'ananea  du  Jat  par  rapport 
a  l*anse:nbla  du  syst^me  convargant-dlvergant,  on  paut  Justifiar  qua  1* 
etude  bi«<li:nensionnal le  de  I'^coulsmant  sa  rapprocha  enornemant  da  la  so¬ 
lution  da  I'^coul^fnent  tridlmensionnel. 

Par  alllaurs,  on  envis-igera  tout  d'abord  un  fluids  incotnprasslbla 

«t  non  visqueux. 

On  peut  se  de:.i3nder,  blan  entandu,  Jusqu’4  qual  point  un  fluids  cor.>- 
pressibla  sous  unt  pression  ralatlvaMiant  faibla  paut  Itre  etudie  par  dot 
foniules  do  la  thediie  das  fluidas  incomprasslblas.  La  lol  da  la  dyna- 
miqua  das  fluidas  pr^voit  que  lorsqu'un  fluids  incornprassibla  sUeoula 
autour  d'una  ar*ta  viva  sa  vitassa  an  ca  point  deviant  infinla  at  cad 
Indepandennent  de  la  prassian  axistant  dans  la  reservoir  dont  la  fiuldq 
s'4chappa. 

Cartas,  11  ast  Inpossibla  da  realiser  una  arlta  viva,  car  chsqua 
arata  possbda  physiquan^ent  un  rayon  finl,  quallc  qua  solt  la  patitassa 
da  ca  rayon.  II  ast  done  certain  qua  la  fluids  rastara  dans  un  regime 
subsonlqua  si  las  prassions  an  amont  da  1 ' atobouchura  sont  suff lsam;iant 
basses  at  par  consequent  on  paut,  an  praml^ra  approximation  tout  au  moins, 
partir  da  la  solution  donnea  par  la  Theorla  generals  da  la  dynamlqua  dot 
fluidas  inconprassiblas. 


•  lb  • 


mt  th#  .holt  U  *tlll  b#lo*  that  of  tho 

uhll#  during  th#  third  ttogo,  in  ohieh  dynorlc  co«ipr#«»l^  otor  , 
tho  tonfioroturo  rl»o»  ond  in  tho  fourth  thoro  !•  ogoln  tronofor  of  hoot 
from  tho  surrounding  »odiu«. 

To  glvo  tho  woll  of  tho  eonvorgont  o  profllo  providing  tho  po Into 
of  contact  with  tho  Jot  roquirod  to  soporoto  froot  ono  *®"* 

of  roughly  oqual  undorproosuro,  wo  dotlgnod  o  polyhodrol  outllr»  ^ 
focoto,  which  roprooont  chords  subtonding  wolWoflnod  arcs  of  tho  f 
curvo  of  tho  Jot,  hovo  fl*od  diwonslono.  Thooo  focots  wust  for*  botwoon 
thorn  ovor  docrosslng  snglos  whoso  valuos  aro  also  closrly  dofinod. 


Tho  rolo  of  tho  dlvorgont  of  tho  convorgont-divorgont  dovico  is  to 
transfonn  tho  klnotlc  onorgy  of  tho  mixturo  at  tho  throat  Into  potontiol 
onorgy  at  the  oxlt. 


Thoso  wore  the  considerations  which  led  us  to  tho  discovery  and 
perfection  of  what  is  today  designated  In  physics  as  tho  x 

•  CQANDA  EFFI  CT  " 


In  the  following  chapter  wo  shall  study  tho  mather^tical  theory  of 
tho  phenonenon,  starting  with  an  Investigation  of  tho  behavior  of  tho 

J«t. 

In  view  of  tho  fact  that  tho  section  of  the  feed  channel  of  the  Jot 
is  small  in  comparison  with  the  whole  convergent-divergent  system  ono  Is 
Justified  in  assuming  thr*  a  bidiTnenslonal  study  of  the  flow  approximates 
very  closely  indeed  to  the  solution  for  tridimensional  flow. 

In  addition,  we  shall  start  by  considering  an  incompressible  and 
non-viscous  fluid. 

It  may  of  course  be  asked  up  to  what  point,  in  stuu-ylng  a  compressi¬ 
ble  fluid  at  relatively  low  pressure,  one  may  apply  the  forrnulae  of  the 
theory  of  incompressible  fluids.  According  to  the  law  of  fluid  dynamics, 
when  an  incompressible  fluid  flows  round  a  sharp  edge  its  velocity  at 
that  point  becomes  infinite,  regardless  of  the  pressure  existing  in  the 
reservoir  from  which  the  fluid  is  flowing. 

Of  course  it  is  impossible  to  obtain  a  sharp  edge  because  every 
edge  must,  physically,  have  a  finite  radius,  however  small  this  may  be. 

It  Is  therefore  certain  that  the  fluid  will  remain  In  a  subsonic  regime 
if  the  pressures  upstream  of  the  exit  orifice  are  sufficientlv  low  and 
consequently  we  may,  at  least  as  a  first  approximation,  base  ourselves 
on  the  solution  provided  by  the  genercil  theory  of  fluid  dynamics,  which 
concerns  Incompres' ibie  fluids. 
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Mu«  I  dll  cowpvrtvmnt  J«t  i*  t*nt 
fluid*  cMpruttlbl*  k  d**  rd^l***  *«it>«r«enlqu*«« 

Ufw  f*is  l*#tud«  du  j«t  4tabll*y  nous  4tudl«ront  ion  action  tur  1* 
anbi*nc*  at,  I  ea ‘danant,  naua  dtudlarona  aaa  poasibtHt^a  aux  appllea* 
tlona  adrodynanlquaa« 

Nous  finlrona  l*4tuda  par  l*tftabllasaiMnt  d'un  avant-projat  d'AENC^ 
DWH  LcMTICUUIRE, 

Dana  catta  4tuda,  nous  varrona  aussi  conmant  11  faudralt,  k  notr* 
avia,  tftabllr  son  tfllpaorda  d*ln*rtla,  at  par  suita  la  lyst^  da  cosk 
manda  qua  nous  pr^eonisarons* 


a  a 
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7h*ft  m  thall  90  on  to  study  tho  bohovlor  of  tho  jot  00  0  cooiprotsl* 
bio  fluid  In  suporsonlc  roglaoo. 

Hovlng  eonplotod  our  study  of  tho  jot,  wo  shsll  go  on  to  study  Its 
sction  on  tho  surrounding  swdiun  ond  at  tho  somo  tltoo  no  shall  oxssiino 
its  possibilitlos  of  oppllcstion  in  tho  fiold  of  sorodynssilcs* 

Wo  shall  ond  our  study  with  o  draft  pro j act  for  a  LHMTICULAR  AERODYNE* 

In  this  projoct  wo  shall  «l*e  stats  how.  In  our  opinion,  its  olliptoid 
of  inortia  should  bo  ostablishod,  and  wo  shall  doscribo  tho  systoai  of  con¬ 
trols  which  wo  sdvocato. 


g  wwfissiiiiiin 


ii!ggT 

mPOKTAICE  pg  U  OQtlPKESSIilLin. 


L'<ltud«  th^oriqu*  d« 

COANOA  conduit  diroctonwntk  un  probl^M 
do  couch*  limit*  ats*z  complox*.  Lot 
conn«issanc*s  actual l*t  ne  p*rin*tt«nt 
pas  d*  traitor  un  tcl  problem*  k  fond 
dans  tout*  sa  complexity.  Mais  la  pro- 
miir*  ytap*  d'un*  ^tud*  d*  couch*  limi- 
t*  ost  toujours  la  d^tonri nation  d*  1* 
AcoulctTHsnt  pot«nti«l  correspondant*  C’ 
ast  CO  qui  nous  a  conduit  h  ccs  thyo- 
ri*s«  pur*m*nt  analytiques  dans  le  cas 
d'un  ycoulement  plan,  analytiques  *t 
numyriques  dans  le  cas  d'un  ycoulement 
tridimentionnel  ^  symytrie  axial*. 


A  thoorotical  study  of  th« 
COANOA  Effoct  loads  dir*ctly  to  quit* 
an  intricate  boundary  layer  problMS. 

Th*  knowledge  w*  have  at  present  is  not 
sufficient  to  allow  us  to  mak*  a  tho¬ 
rough  study  of  th*  question  in  all  its 
complexity.  However,  th*  first  stag* 
in  a  boundary  layer  problem  is  always 
the  determination  of  th*  correspogding 
potential  flow.  This  is  what  led  us  to 
establish  these  theories,  which  are  pu¬ 
rely  analytic  in  the  ease  of  plane  flow, 
analytic  and  numerical  in  th*  case  of 
axially  symmetric,  tridimensional  flow. 


-  NOTAriOMS 


Th#  fKMbtrt  In  elrelM  nfmr  !•  tn«  dibllography* 


h 

a 

L 

o( 

U,lf 

Tr.T, 

T. 

f 

* 

f 

A 

A 

i.VT 

V“*‘» 

ta  t«. 

If 


w 


Wlf«»h  of  tho  ehannol. 

Unjth  of  th#  uppor  Up  of  tho  ehonnol. 

Longth  of  tho  flop. 

Anglo  botwoon  tho  flop  ond  tho  oxio  of  tho  ehonnol. 
^•P^Uon  logorithrOf  docimol  logorithao. 

Stagnotion  prooouro,  otognation  tonporoturo. 

Dotvnotrooin  proosuro* 

Oonoity. 

Voloeity  potontiol. 

Strooffl  function. 

Modulus  of  tho  voloeity;  volo^;J.ty  compononts  along  tho  axoo 
Upstroam  velocity. 

DowTis'crtam  voloeity. 


Physical  plant. 


Coa^lox  potantial  piano. 
Hodographic  piano. 


Auxiliary  plsnot 


Schwartz  piano. 

Ratio  of  sptcific  hoats. 
Local  sound  speod. 
Critical  velocity. 
Maximum  velocity. 


Modulus  of  the  velocity;  velocity  components 
radius  and  perpendicular  to  the  vector  radius 


along  the  vector 
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3. 


I.  P»<yLflg  fcWVIS/»GE  t 

■  Etudi«r  1*  Mouvtnwnt  d*un  fluids  I'^oulant  d*un#  r^lon  d«  prsttlon  d**rr#t 
"  vtrt  unt  r^ion  d«  prstsion  ^  ^  Pi  par  un  cansi  rsetlllgns  d«  longusur 
"  inf  inis,  ds  largsur  k  dont  I’uns  dss  psrols  as  tsmins  psr  un  volst  ds  Isngvtsur 
"  L  faitsnt  un  sngls  svse  l*cixs  du  canal,  I'autrs  ps.'‘oi  cMpaaaant  I'arfts 
”  d'artlculation  du  volst  d*uns  lontjusur  Ck  ,  sous  Isa  hypoth^asa  auivantss  t 
”  -Is  mouvsmsnt  sat  plan,  psmansnt,  irrotationnsl, 

"  -Is  fluids  sat  incomprsasibls,  non  psaant,  non  viaqusux. 

”  -  Isa  paroia  du  canal  aont  pa/faitsnsnt  liaasa* 


Figurs  I 


Avant  ds  conmsncsr  la  resolution  proprsmsnt  dits  ds  cs  problems,  nous  allona 
pr4clasr  Isa  donn4s8  st  snviaagsr  Iss  consequsncsa  innedlatsa  qu’sllss  conportsnt. 
Pout  csla,  nous  cofimencsrona  par  d^finir  dans  Is  plan  ds  1 'ecoulsmsnt  (ou  plan 
physiqus)  un  systems  d'axs  psrmsttant  ds  rspersr  tout  point  au  moysn  ds  la  varia- 
bis  complexs  z  >ab-»k^  *  f^jls  nous  definlrons  is  potsntisl  cornplsxs  regiisifit 
I'ecoulsmsnt.  Enfln,  nous  snvlaagsrons  Is  plan  dss  vltssasa  (ou  plan  hodogrfiphl- 
qus).  Csci  fait,  nous  pourrons  sxpossr  la  methods  psrmsttant  ds  resoudrs  snti^rs- 
msnt  Is  problems. 


II.  LE  PLAN  PHYSI'JUE  .  (Flo.  l) 

L'origins  dss  axss  sat  prias  sn  A  ,  point  d'artlculation.  L'axs  Ox 

la  partis  inferisurs  du  canal.  L'axs  Oy  sat  psrpsndiculairs  ^  Oa  sn  A 

Dans  cs  systems  d'axsa,  Iss  points  limitant  Is  canal  aont  i 

-  pour  la  paroi  auperisurs  :  B’  ( 

A*  (a.fc) 

B  (.-.o) 

A  (  o  .  o) 

C  (L  csa«  ,  -  L  Ait*.  *  ) 


sat 


•  pour  lo  parol  inferisurs  i 
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L. 


PROBLEM  TO  BE  CO»SID£REP  t 

"  Study  of  tho  Motion  of  a  fluid  flowing  fro«  an  aroo  of  stagnation  prassura  P\  * 
"  towards  a  araa  of  prassura  Pi  ^  ^  through  a  ractilinaar  channal  of  infinita  " 
"  langthf  of  width  b  and  of  which  ona  wall  ands  in  a  flap  of  langth  L  making  " 
"  an  angla  -•<  with  tha  axis  of  tha  channal»  tha  othar  wall  axtanding  bayond  " 
*  tha  adga  of  tha  flap  by  a  langth  o,  ,  undar  tha  following  h/p^thasas  t  " 

"  -  tha  motion  is  plana,  panaanant,  irrotational.  " 

”  -  tha  fluid  is  inconprassibla,  without  waight,  non-viscous.  " 

"  -  tha  walls  of  tho  channel  are  parfactly  smooth.  " 


a 


Figura  I 
X  plane  s  x  ^  i.  ^ 


— ^  X 


Before  starting  on  the  actual  solution  of  this  problem  ws  shall  set  forth  tha 
data  and  consider  the  immediate  consequences  involved.  To  do  this,  wa  shall 
begin  by  defining  in  tho  plana  of  flow  (or  physical  plane)  an  system  of  axes 
allowing  us  to  deteoulnw  the  position  of  any  point  by  means  of  the  complex  va¬ 
riable  Then  we  shall  define  tho  complex  potential  governing  the  flow. 

Finally,  we  shall  consider  the  plane  of  speeds  (or  hodographic  plane).  Having 
done  this,  we  shall  bo  able  to  expound  the  method  which  will  allow  of  a  complete 
solution  to  the  problem. 


II.  THE  PHYSICAL  PUNi:  x «  x  ♦  L  (FIq.  I) 

The  origin  of  the  axes  is  taken  at  H  ,  tha  point  of  articulatif 
is  the  lower  part  of  the  channel.  Tha  e«|  axis  is  perpendicular  to  th.. 
at  A  .  In  this  system  of  axes,  the  points  limiting  the  channel  lire 


-  for 

tho  upper 

wall  : 

5' 

A' 

(OL  .  b) 

-  for 

the  lower 

wall  1 

(.00,  0) 

A 

(  0.  0) 

c 

(  L  co»  •<  , 

The  ox  axis 
/X  axis 
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U  flull*  fMM  u«  }•%  49mt  Ut  UsIU*  ••AC»  4*J»»#  p*rt,  P*rdt» 

cmmI,  d*«utr«  p*rt  4«ui  MfrAC^t  ll!>r««*  •  priori  ln44torol»»4oi,  cnBrf^;o«t 

on  A'  ot  C,  00  torolnont  h  l*lnflnl  on  O*  ot  D . 

Los  conditions  oux  llmitos  sont  t 

-  h  rinflni  onont  (on  6  ot  5' )  t  tfcouloswnt  unlforso  do  vltosso  v; . 

-  h  l*orticulstion  (on  A  )  t  lo  fluido  contourno  un  snglo  vlfi  dtsnt  Incooprot- 
fliblo,  il  prond  done  uno  vitosso  inflnlo* 

-  done  lo  long  do  Is  psrol  BA  .  It  vitosso  crolt  do  o;  k  I'lnflnl. 

-  Is  th^orW  do  conssrvation  do  Is  mssso  oxlgo  done  quo  lo  long  do  la  psrol 

B'A'  la  vitosso  dderoisso  dotCA>4  (vitosso  d^finis  plus  loin). 

-  lo  long  du  volst  AC  i  lo  fluido  ost  supposd  adhdror  L  la  psroi  (hypothfcso 
proviso! ro). 

-  sur  los  surfscos  libros  t  Is  mouvomont  ost  pomsnont,  Iss  surfacos  librss 
sont  done  fixos  st  esla  oxigo  I'^uilibro  dos  prsssions  dans  lo  Jot  ot  L  1* 
oxt^rlour  du  Jot.  La  prossion  ost  done  ^als  h  ^  sur  Iss  surfacos  iibros. 
D'apr^s  lo  thtfor^  do  Bornoulli,  la  vitosso  ost  done  constants  on  modulo  ot 
vaut  i 


(  formulo  oCi  f  designs  la  mssso  specif Iquo  du  fluido  consid<r4). 

-  k  I'infini  aval  (on  O'  otO)  t  los  surfscos  Iibros  sont  p«rall^lss»  distsn- 
tos  do  ^  }  la  vitosso  dans  lo  Jot  ost  unifomo  ot  vaut  oncoro  t 


f 


III. 


LE  PLAN  DU  POTENTIEL  COr.'.?L£XE  W,  4  .  (fig.  2) 

Lo  mouvomont  tftsnt  irrotationnol*  on  salt  qu*il  oxiats  uno  fonction  hamo- 
niqus  i  dont  los  d^riv^os  on  un  point  font  connaltro  los  composantos  do 

la  vitosso  on  co  point.  On  sait  aussi  quo  l*on  pout  associsr  li  ^  uno  fonc¬ 
tion  harmoniquo  conjugu^o  y(  *0,^)  tolls  quo  I'^quation 

d^finisso  uno  ligno  do  courant  du  Jot.  Etant  harmoniquos  conjugu^os,  ^  ot  ^ 
d^finissont  uno  fonction  analytiqu?  do  Is  variablo  s.  t  lo  potontlol 

comploxo  t  W  (a)> 

La  vitosso  a  alors  pour  composantos  t 


V  -  - 

^  .  i3L 

Vj,  -- 
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7K«  fluid  fervi  «  j«t  abdi*  Jivltt  •r«»  tn  h»n0,  Uw  Milt  df  tli4 

chdftfMl,  dfid  tn  thd  ethdft  fr#«  durfscdSf  m  prldrl  InivCdfvlndtdt  bdglnrtfnf 
•t  A*  and  C  ,  doding  «t  irfinity  at  D*  Mtrf  D  • 

Thd  condltiont  at  thd  llaitt  ar*  t 

-  at  infinity  upatraaa  (at  S  and  ft' )  t  unifom  flav  of  volocity  v>. 

-  at  tha  adgt  (at  A  )  t  tha  fluid  ftoara  round  a  aharp  angla;  baing  incoayMraaaibla 
it  tharafcra  acquirat  infinita  valocity. 

-  tharafcra  along  tha  wall  ft  A  t  tha  valocity  incraaaaa  froai  v;  to  infinity* 

>  tha  thaoraai  of  eonsarvation  of  inaai  tharcfora  damanda  that  along  tha  wall  ft  A* 
tha  valocity  should  dacraasa  fron  to  vr«  (valocity  daflnad  further  on). 

-  along  tha  flap  AC  t  tha  fluid  it  attunad  to  adhara  tc  tha  wall  (provisionnal 
hypothasis) . 

-  on  tha  fraa  surfaces  t  tha  aotion  is  parmanant  which  aiaant  that  tha  free  surfaces 
are  fixed  and  this  necessitates  equilibrium  of  tha  pressures  within  tha  Jet  and 
outside  it.  The  pressure  on  tha  fraa  surfaces  is  therefore  eqi'jl  to  P*  • 
According  to  Bernoulli's  theorem,  the  velocity  is  thus  constant  in  module  and 

hat  tha  value  { 


(  formula  in  which  p  indicates  the  density  of  tha  fluid  under  consideration). 

-  at  infinity  downstream  (at  d'  and  D  )  i  the  free  surfaces  are  parallel,  at  a 
distance  of  d  t  tha  velocity  in  tha  Jet  is  constant  and  still  has  tha  value  : 

..  =v*  ^ 

11.  THE  PU-.NE  OF  THE  COf'.PLEX  POTENTIAL  w  .  #  ♦  v  t _ .(Fio.  2) 

Since  tho  motion  is  irrotational,  wa  know  that  there  exists  a  harmonic  func¬ 
tion  f  '"hose  derivatives  at  a  px>int  determine  tha  components  of  the  valo¬ 

city  at  that  point.  We  also  know  that  we  can  associate  with  ^  a  conjugate  harmo¬ 
nic  function  such  that  the  equatior  s  Constant  defines 

stream  line  of  the  jet.  Being  conjugate  harmorilcs,  ^  and  Y  define  an  analytic 
function  of  the  v^iriable  aiix.elu  :  the  complex  potential 

W(z)  =  I  (*.«*) 

The  components  of  the  velcclty  are  then  t 


MflMlt  1«  vltMt*  em^l0M0,  0li0  Mittl  fMCttan  40  «  • 

OiM  !•  flMi  fHytiqiMf  1«  j«t  ••!  I1«1U  par  rfaua  llsnaa  40  cau.tAt  i 
•  l*una  f0tm40  par  la  parai  fnf^rlaura  du  canal,  la  valat  at  la  aarfaca  libra  CO  , 
aat  ddfinla  par  i  'f  •  Vi 

-  l*autra  farada  par  la  parol  aupdrlaura  du  canal  at  la  aurfaca  libra  ^  »  aat 

ddfinla  par  i  y*  y« 

£n  outra,  al  on  aa  plaea  h  I'lnfinl  aval  du  jot  (on  D  at  O'  ),  on  ao  trouvo 
on  prdaanca  d'un  dcoulaaaant  uniforM  at  on  pout  done  dcrlra  i 


^  aolt  I  y>  ’  y*  -  (rfvw 

Done,  dana  1«  plan  w  ■  f  ^  Y  la  docaaina  eorraapondant  au  jat  aara  11> 

*  . 

aitd  par  laa  daux  droltaa  parallblaa  h  I'axa  daa  j  t  w*  f-^^Ydt 
w’ «  f  i"  %  dlatantaa  da  • 

Pour  simpllflar  laa  calcula,  noua  aupposarona  qua  >4  >  I  *11  aat  blan 
^vidant  qua  catta  hypothkaa  n'anlbvo  rian  h  la  gdndralltd  du  problkaM  car  on  aonao 
alia  raviant  1  prandra  >4  conna  unitd  da  vltaaaa*  SI  vrfa^aat  la  potantlol 
eorraapondant  1  >4  «  1  ,  la  fonction  t 


aat  la  potential  eorraapondant  b  : 


>4  i 


La  donaiiia  eorraapondant  au  Jat  dana  la  plan  vr  aat  done  limltd  par  doux 
droltai  parall^laa  diatanioa  da  </  • 

On  a  ancora  la  cholx  da  I'orlgina  daa  axaa  dana  la  plan  ar  .  }jous  Xa  pran^ 
drona  talla  qua  »  Y.  r  ^  A*,  «  -  i  ^ 


(  A'l  ddaignant  I'noaiologua  dana  la  plan  w  du  point  A'  dana  la  plan  * 

On  a  alora  la  fig.  2  qul  donna  I'aapact  du  doauilna  du  potential  cwoplaxa. 

IV 


A. 


Figura  2 
Plan  daa 


* 


w  ,  f  ♦  i.  Y 


) 


•» 


0. 


•»vJ  tr^  <l»riv«tlv*  •f  tf>«  CMpI*«  |«ot««tUl  ‘  ri) 

t^^  eo^-pl*»  v*lecity,  •^leh  l»  xlto  •«  •nxlytie  fu*»ctlc«»  •f  s.  • 

In  th#  physical  pJ*n«,  ihm  J#t  It  bounded  by  tmc  itfm  lln«p  i 

-  on#,  provided  by  Ih#  Iow#r  w#!!  of  chtnn#l,  tfi#  flap  and  th#  fr##  turfaca  CD  » 
it  d#fln#d  by  t  Y m 

-  th#  oth#r,  for^d  by  th#  uppmr  m-jll  of  the  chann#!  and  th#  fr##  turfac#  AD  * 

It  d*fin#d  by  t  Y  m  Yz 

In  addition,  if  w#  plac#  ourt#lv#t  at  Infinity  downttraa*  of  th#  J#t  (  at  D 
and  )»  th#  flow  it  unifonr,  and  w#  can  th#r#fcr#  writ#  t 


f.- 

d 


i.#.  Yi  -Ti  =. 


Th#r#fore,  in  th#  plan#  w  *  ^  ♦  I  Y  ,  th#  doTain  corr#sponding  to  th#  J#t  will 
b#  limit#d  by  the  two  Straight  lines  parallel  to  th#  ^  axis  :  Ws  4^1  and 

Wr  t  Y&  whose  distance  apart  is 

To  simplify  the  calculations  we  shall  assume  that  vh*  m  1  .  It  is  obvious 

that  this  hypothesis  in  no  way  effects  th#  general  nature  of  the  problem,  for  it 
sirply  amounts  to  taUng  as  the  unit  of  velocity.  If  w  is  the  potential 
corresponding  to  v-*  s  1  »  the  function  : 


W(r) 


is  the  potential  corresponding  to 


Px  -P> 

P 


The  dorain  corresponding  to  the  jet  in  the  w  plane  is  thus  limited  by  two 
parallel  straicht  lines  whose  distance  apart  is  d 

he  still  have  the  choice  of  origins  for  the  axes  in  the  w  plane.  We  shall 

take  the  oriain  such  that  !  Ti  ~  ^  Y\  *  “*4-  A  n  =  -  i.  "4” 

Z  *  * 


(  At  designating  the  point  in  the  vs/  plane  homologous  to  point  A  in  th.e  «.  plane). 
Ae  then  have  fig.  2  which  shows  the  aspect  of  the  domain  of  the  complex  potential. 
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(  3  ) 

corr«spor)dtnt 


r 

Nous  allons  d^tcrolnor  1*  doaulno  du  plan  "f  z  S  tm 
■u  Jot  dans  1«  plan  physiquo  •  • 

Nous  r«:.i3rquofts  d'abord  qut  !•  long  dot  turfacot  llbroa  du  jat  la  vitassa  a  un  ‘so* 
dula  constant  ^gal  k  «C  « /  .11  laur  corraspond  done,  dans  la  plan  daa  S  . 

la  clrconferanca  cantr^a  1  I'origina  da  rayon  unittf. 

En  A'  at  C  la  vitassa  a  pour  siodula  ^  /  at  pour  di Factions  raspactivaa 

I'axa  ox  at  la  volat  AC  .  Lag  points  homologuas  A'^  at  du 

plan  !f  sont  done  parfaitamant  d^tarmin^a  t  Ca  aont  t 


•  (  ' .  ® )  ^a  *  C  “"a  •»  ,  -  ain  a  ) 

£n  A  la  vitassa  ast  inflnit  at  la  point  A^  honologua  sa  trouva  done  k  I'origina 
das  axas  du  plan  T  , 

Quand  on  passe  da  A  ^  B  .  la  vitassa  ast  constaimant  dirig^a  suivant  I'axa  Oat, 
at  d^crott  da  I'infini  ^  v;  *  1  j  done,  dans  la  plan  ^  ,  il  corraspond 

^  A  B  un  sagment  Ag  .  B«  tftant  situ4  antra  A^  at  Ag  . 

Quand  on  passa  da  B‘  ^  A*  .  la  vitassa  ast  da  a4ma  cons.annant.  dirigea  dans  la 
diraction  da  I'axa  O  x  at  continue  k  d^croltra  da  vr  k  v;  .  La  point  B'^  ho.-no- 
logua  da  B  ast  confondu  avac  9th  B’  A*  correspond  la  sagment 

A^  du  plan  S  .11  ast  alors  Evident  qua  la  domaina  corraspondant  au  jat 
dans  la  plan  'f  ast  la  sactaur  circulaira  dt^fini  pjir  i 

c  <1  ^l<>  <  e  <  o 

En  .ff.tf  la  fonction  ^  tftant  analytiqua  an  «  »  alia  aatura  la  r.- 

d'tf 

presentation  conforma  du  Jat  dans  la  plan  m  sur  la  plan  3  .  Done,  an  particuliar. 
le  sans  dans  laqual  on  decrit  la  contour  du  Jat  dans  la  plan  m  doit  Itra  la  mAraa 
qua  calui  dans  laqual  on  decrit  la  contour  honologua  dans  la  plan  S  .  Gael  mon- 
tra  qua  las  points  hooiologuas  .  D,  (par  aillaurs  confondus)  das  points  D  at 

D*  du  plan  X  doivant  sa  trouvar  sur  I'arc  da  clrconferanca  A',  ,  Car, 

sinon,  at  D*  davant  sa  trouvar  sur  la  clrconferanca  cantrea  h  I'origina  at 
da  rayon  unite,  pour  passer  da  A*  h  C,  par  .  D*  ,  on  davrait  dderira  un 

arc  da  cercle  deux  fols  at  la  transformation  na  saralt  plus  conform*!  puisqua  plus 
biunivoque. 

La  domaina  corraspondant  au  Jat  dans  la  plan  5*  ast  done  blan  la  sactaur  clrcu- 
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lit-  M  fIM  ^  =  -ST  «*  (£ASj-i) 

Ltt  us  denote  the  x.odu2e  ty  end  ttte  erduewnt  of  the  velocity  et  one  point  Dy  0  • 

i.e.  •  •  Aw  JA 

The  potential  w  (e)  being  analytic  of  *.  »  the  seifie  applies  to  the  function  : 


We  shall  deterr  ine  the  dorain  of  the  plane  *.•*  0*1^  vm#  coriesponding  to  the 

Jet  in  the  physical  plane  x 

First  we  shall  note  that  along  the  free  surfaces  of  the  jet  the  velocity  has  a  constant 
module  equal  to  ^  e  1  .  What  corresponds  to  them  is,  therefore,  in  the  ^  plane, 

the  circumference  centred  at  the  origin,  of  unit  radius. 

At  A'  and  C  the  module  of  the  speed  is  sh*  a  I  and  its  respective  directions  are 
the  axis  oJc  and  the  flap  AC  .  The  horologous  points  and  of  the  f  plane 

are  therefore  exactly  deterrrdred.  They  are  : 

A'i  0/®)  -  (coso*.  ,  -  smw*) 

At  A  the  velocity  is  infinite  and  the  honologous  point  Ai  is  therefore  located  at 
the  origin  of  the  axes  of  the  ^  plane. 

When  we  pass  from  A  to  B  ,  the  velocity  constantly  follows  the  direction  of  the 
axis  ox  and  decreases  from  Infinity  toN^,^'»’*  =  I  ;  thus,  in  the  S  plane,  what 
corresponds  to  AB  is  a  segment  A  j  ^  Bj  ioc®ted  between  Ai  and  . 

W’hen  we  pass  from  B  ^  to  A*  »  the  velocity  similarly  follows  the  direction  of  the 
axis  ox  and  continues  to  decrease  from  Nh,  to  v.  •  The  point  »  hoDologous  to 

B*  coincides  with  and  what  corresponds  to  B  A'’  is  the  segment  BjA^of  the  S 
plane.  It  is  then  evident  that  the  domain  corresponding  to  the  jet  in  the  plane  is 
the  circular  sector  defined  by  : 


°4/  ' 


The  function 

d  w 

plane  of  the  jet  on  the 


being  analytic  of  t 
■f  plane.  Tnerefcre 


-  •<  4  ®  4  ° 

it  fixes  the  conforn.dl  mapping  in  the  ^ 
In  particular,  the  contour  of  the  jet  in 


the  z.  plane  must  be  described  the  same  way  round  as  the  homcloaous  contour  in  the  -f 
plane.  This  shows  that  the  points  Li  ;  Dt  (which  incidentally  coincide),  homologous 
to  the  points  3)  and  D^of  the  z  plane  must  te  located  cr.  the  arc  of  circumference 
Aj  Cl  .  For  otherv^ise,  since  Di  and  ^ust  be  on  the  c  i  J  cumference  rentied  at  the 
origin,  of  unit  radius,  to  pass  from  to  C  j  by  X)j  ,  .we  should  have  to  describe 


one  arc  of  the  circle  twice  and  the  mapping  would  no  longer  be  conferral,  since  no 


longer  one  to  one. 

The  do'inin  con  e>- pencil  ng  to  tie  ji>t  In  tne  pi ’-nc  is  therefore  defir.itclv  t.hr 
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liir#  A,  C*  9t  I'ho«olo9u«  du  point  \  1*  Inf  Ini  4v«l  du  Jtt  (•n  D  .  D  ) 

*st  le  point  Dg  .  Dg  d^fini  p«r  t 
c  ei 


IV^C 


.•»  <  et  <  o  (  4  ) 


Fijur*  3 

Pl»n  d«s  T  ;  -L  • 


V.  f.'£THOD£  DH  RESOLUTION  -  Plan  ^ 

lo  mothc'lp  qi!i?  nous  allons  utillser  dst  la  m<?thod*  g«?n^ral«  de  Helmoltz- 
Kirchhoff.  E'as^e  sur  la  transformation  conformo,  ell«  consist*  ^  introduir*  un* 

variable  complexe  auxillair*  t  ^  i.  t  quj  va  pennettre  d*  paran/trer  1* 

probl^me.  Par  transfonriation  conform*,  on  applique  les  domalnes  correspondants  au 
jet  des  plans  w  et  sur  le  demi-plan  .  f\ils,  en  partant  d*  I'^qua- 

tlon  de  la  vitesse  complexe  qul  11*  wr.  T.  x  ^  on  *xprlm*  *  sous  form*  d' Inte¬ 
gral*  ne  di-pendant  plus  que  d*  t  .  L'lntegratlon  *t  I'ldentlficatlon  des  dlff^- 
rentes  constant**  Introduites  permettra  d'achever  le  problem*  t  h  tout  point  du  plan 

physique  on  pourra  assocler  un  point  du  deml-plan  tt,  d*  Ihp  passer  aux 

points  homologues  des  plans  5*  *t  w  . 


VI.  RELATION  ENTRE  LES  DCWA1NE5  S  ET  t  ,  (  Fig.  4  #t  5) . 

On  transform*  d'abord  le.secteur  clrculalr*  en  d*mi-c*rcl*  par  la  transfer- 

mation  conform*  t  ^  *  5  (  5  ) 


C*tt*  transfonnation  revient  h  multiplier  les  arguments  par  *t  k  Cle¬ 
ver  les  modules  ^  la  puissance  ^  .11  est  alor*  evident  que  dans  1*  plan 

« •  i.  A 

j  *  on  obtlent  un  deml-cercl*  centre  h  I'orlglne,  d*  rayon  unite,  sltue 
dans  le  deml-plan  :  ^ 


o  </' 


7. 


clrrui«r  lector  Ay  Ay  Cy  th#  h©«K>Jogu#  of  point  «t  infinity  dow>»tr#o« 


From  which  figure  3  : 


)  ,  o'  )  Is  tfte  point 

0^  ,  Df  defined  by  i 

:  0. 

with 

-  ^  o 

^  • 

(  Figure  3 

(  plane 

ft't 

a; _ ^ 

N:. 

_i—  C*)k  0 

L 

o^t 

V.  Mr-THOF  OF  SOLUTION  -  t  plane  «  , 

The  method  we  are  going  to  use  is  the  general  method  of  HelmholtZ'-Kirch hof f ,  Based 
on  conforrrial  mapping,  it  consists  in  introducing  an  auxiliary  complex  variable  t 

^  ^ 'i’  which  allows  us  to  try  to  solve  the  problem  by  using  »  parameter.  By  con¬ 
formal  mapping,  we  map  the  domains  corresponding  to  the  jet  in  the  w  and  planes 
in  the  half-plane  O  .  Then,  starting  from  the  equation  of  complex  veloci  ty 

which  links  w,  and  st  ,  we  express  k  in  the  form  of  an  integral  which  then  only 
depends  on  t  ,  The  integration  and  identification  of  the  different  constants  in¬ 
troduced  will  give  the  complete  solution  to  the  problem  :  we  shall  be  able  to  asso¬ 
ciate  any  point  In  the  physical  plane  with  a  point  in  the  half-plane  ®  and, 

from  there,  pass  on  to  the  homologous  points  in  the  'f  and  w  planes. 


VI.RELATICN  OF  THE  AND  b  (Fio.  4  and  5) 

First  we  trar.sfom  the  circular  sector  into  a  seri-circle  by  the  conformal 
mapping  :  'f  *  =  'f* 


This  transformation  amounts  to  multiplying  the  arguments  by  and  raising  the 

modules  to  the  power  .  It  is  then  evident  that  in  the  plane  we 

obtain  a  ser.lclrcle  centred  at  the  origin,  of  unit  radius,  located  In  the  half¬ 
plane  : 


.><,x 

o4  A 


II  suffit  alcrs  d'appliquer  la  transfcru ation  confcnr*  de  Joukowski  pour  pas¬ 
ser  du  derii  cercle  au  deni  plan,  soit  : 

t  r ^  y“']  ( 6  ) 

On  verifie  bien  que  cett.e  trcinr-fcnraticn  donne  un  der.i  plan.  En  effet,  en  intro- 
duisant  le  module  et  1 'argument  de  Jf  *  ,  on  obtient  : 


t  r.  ,  c  t 


*-L  c-‘"l  ... 

/  a  j./  ^  J  a  >- 


I  ^  .1 

<<  ♦  t.  ' - 


Corre  sur  la  frnntl^re  du  deni  cercle  du  plan  ,  on  a,  soit  ^  »  O  ou  tf 

soit  yi'  *  !  t  on  voit  que  dans  le  plan  t  ,  le  donaine  correspondent  est  limits 
par  la  droite  *  O  ,  D'autre  part,  en  un  point  quelconque  h  I'int^riejr  du 

deri-cercle  du  plan  ,  on  a  A  ^  a  ^  •  done  le  point  homo- 

logue  du  plan  t  est  done  toujours  tel  que  :  -  ^  t ^  *1  o 

Le  dor.aine  correspondant  du  plan  t  est  done  blen  le  dc*r  i  plan 
En  definitive,  la  trans fonr.atioti  confcm.e  : 

5  [5^  .  (  7  ) 

assure  la  representation  du  secteur  clrculaire  du  plan  U  sur  le  deni  plan  6.^  o 

jh 


I  Figure  5 
(  Plan  des  t  l  ^ 


Then  it  1$  only  necessary  to  apply  Joukowskl *s  confomal  mapping  tc  pass  from  the 
semi^circle  to  the  half>plane,  i.e.  t  t  (6) 


We  can  easily  verify  that  this  transfonnation  gives  a  half-plane.  By  introducting 
the  module  and  the  argument  of  we  do,  in  fact,  obtain  i 


k  a  4  1 


tea  A  •e  u 


As  on  the  boundary  of  the  semicircle  of  the  ^plane  we  have  either  XtO  or  Tf  or  ^*1, 
we  see  that  in  the  t  plane,  the  corresponding  domain  is  limited  by  the  straight 
lino  B  0  *  On  the  other  hand,  at  any  point  inside  the  semicircle  of  the  "f'  plane, 
we  have  -  It  4r,4  0^fr^  1  j  thus  the  homologous  point  in  the  t  plane  is 

always  such  that  a*«ai^^O.The  corresponding  domain  of  the  t  plane  is 

therefore  proved  to  be  ^  O  • 

It  is  thus  established  that  the  conformal  mapping  : 


‘  =T 


*  f/i) 


(7) 


gives  us  the  mapping  of  the  circular  sector  of  the  f  plane  in  the  half-plane 


(  Figure  b. 

( 

(  t  plane  =  C-x  v 

'  k»  , 

( 

i>  V 
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v:i.  R£LAnOi  03  DQ»<AIK£S  ^  £T  t  . 

II  f«ut  n«irt»n«nt  r«pr^«*nt*r  la  b*rvl«  plan  ^  (Fig.  2)  tur  Ic  daol  plan 
o  .  C«tta  band#  rapr^aant*  un  ractangla  dont  dcui  edttfa  parall^laa  aont  ln> 
finis.  II  viant  natural lar^nt  A  Tatprli  d'appllquar  la  th4or^  da  Schwartz  qua 
nous  al Ions  rappalar  t 

Soit  dans  plan  Z<  X*t./  un  polygona  P  dont  las  anglaa  aux  aoaaMts  aont 
d^sigr.^s  par  I'—  at  las  affixaa  das  socrata  par  t  A,  ft,  C 


C?" 


If 


Figura  6* 


e 

*V 


X  y 


♦  ft 


"  La  transformation  conforma  qui  appliqua  la  polyuona  P  du  plan  Z.  aur  la  danl 
"  plan  »  ^  O  du  plan  «  <  est  donn^a  par  i 

V-' 

"  oil 


^  ^ 


f 

r 


tt-,  t.a . sont  las  affixas  dans  la  plan  «  das  hoDologuaa  das  points 

^tB,C....du  plan  Z  at  ^  at  M.  sont  daux  points  homologuas,  K  dtant  una 
Constanta. 


Dans  la  cas  qui  nous  int4rcssa,  las  anglas  au  sonr«t  sont  au  nombra  da  daux  at 
sont  tous  las  daux  nuls.  D’autra  part,  il  faut  ^vldaimiant  qua  las  points  ,  ft*,  at 

!>.  t  Ot  aiant  las  mfras  homologuas  dans  la  plan  das  t  qua  las  points  , ft^at 

»  ^4.  du  plan  das  .  Done,  la  transformation  conforma  charch^a  ast  donnda 

par  : 

xnT  -  wT  -  K 


_ 


II  ast  conaroda  da  prendra  c'ast  h  dlra  da  sa  placar  an  A’,  dans  la 

plan  das  w  (Fig.  2).  La  point  corraspondant  du  plan  das  J  ast  (Fig.  3) 

done  ^4  dans  la  plan  das  ^  (Fig.  4)  at  anfin  Ag  dans  la  plan  das  t 
(fig.  5)  i  done  t  t  m  I 

En  remaiquant  an  outra  qua  t 


t.t. 


t.t. 


f. 


Vll.  ftEUTICW  OF  m  w^nd  t 

Nt  Mu»t  now  roprotont  tho  tftrlp  of  w  pl«n«  (FI9.  2)  on  tho  h«lf»pl«n«  • 

T>iit  strip  rsprossnts  s  rsctsnglo  of  miich  tivo  pcrsliol  tidos  sro  infinits.  Nt  nstu- 
rtlly  think  of  applying  Schwartz's  thtortt,  which  i*t  will  ststt  again  : 

In  a  plant  ZsXtiVltt  thtrt  bt  a  polygon  P  ,  tht  angles  at  Its  aplcts  being  " 
designated  as  and  the  affixes  of  the  apices  as  A,  & 


yf 


(p) 


L 


O 


Z  sX^cY 


b 

ji 


m  71  3C^  L 


c 

_x. 


The  confonr.al  mapping  by  which  the  polygon  P  of  the  "Z.  plane  is  mapped  in  the 
„  half-plane  x^Oof  the  a(«3c.ei^  plane  is  given  by  t 

Z-Z  IS  K  (  fas-a  )  f*-b;  -  ....  d, 


where  a,  b,c  .  are  the  affixes  in  the  x  plane  of  the  homologues  of  the 

fl  •* 

points  A,  B,  C...of  the  Z  plane,  where  Z  and 

ff 

K  is  a  constant. 


are  two  homologous  points  and 


In  the  case  in  question  the  angles  at  the  apex  are  two  in  number  and  both  of 
them  are  zero.  On  the  other  hand,  it  is  evident  that  the  points  e.,  ,B  ,  and  D » 
must  have  the  same  homologues  in  the  k  plane  as  tiie  points  B4  ,  6>  ^  aridDi,)D^  of 
the  'f  plane.  Hence  the  required  conformal  mapping  is  given  by  : 


w  -  w 


=  K  /”*  - it - 


) 


It  is  convenient  to  take  w=-t^  ,  that  is,  to  place  oneself  at  A|  in  the  w  plane 

(Fig.  2).  The  corresponding  point  of  the  'f  plane  is  Aj  (Fig.  3),  and  there¬ 
fore  A’l,  in  the  ^  plane  (Fig.  4)  and  A(j  in  the  t  plane  (Fig.  b). 
hence  k  *:  I 
Noting  also  that  : 


t.-l. 


t-k. 


t-  t, 


on  ottlont  I 


10, 


VIII 


U  fonctlon  h  int^gror  pr^ionto  un  pOlo  tiiipU  pour  t*  t.  ,  do  r^iidu  tfgal  k  - 
Ouand  lo  chonin  d* Intrfgrotion  poooo  par  t,  ,  11  foot  tfvltor  co  p6lo  on  Integrant 
str  un  der,i«crrclo  do  rayon  £  quo  l*on  folt  tondrft  vor»  tiro. 


I  . 


Flguro  7. 


La  th^orio  dos  r^sidus  montro  olors  quo  I'int^gralc  augrnonto  do  ^  ^  on  paasant 

I# 

par  t,  ,  c.a.d.  quo  lo  socond  monbro  do  I'^uation  8  augmonto  do  i  - — - — 

a  K  • 

D'autro  part,  passor  do  t  ^  C,  ♦  £  rovlont,  quand  £  k  pastor  do 

bi  h  B.  dans  lo  plan  dot  ur  (Figuro  2)  dorc  lo  promior  monbro  do  1  Equation  6 
augnente  do  .  On  a  done  t 


L* Integration  ost  oiemontalra  at  donno  t 


_W 

n 

dk 


On  a  done  enfln  i 


w  . 

• 

.  ^  *  d  Ln  ^  ^  i.  d 

^  k.  t,  w  rX  a 

(  9  ) 

ol  t,  - 

(10) 

La  formula  9  d4flnit  la  transfoniation  eenfomo  oppliquant  la  bando  du  plan  dot  ^ 
sur  lo  domi  plan  kj  >  o  . 


.  RELATION  ENTRE  LES  DOMAINES  «  at  t  . 

Pour  trouvor  la  rolation  pormottant  do  pastor  du  plan  dot  a  au  plan  dot  t  *t 
reelproquomont,  nous  partons  do  la  formulo  d4flnlttant  la  variablo  'S  (Equation  3)  i 


3 


oct4ln  z 


10. 


! 

w  i  f  /  — i - L_  ) 

^  J,  \  *.  t.t.  / 


dt 


(•) 


The  function  tc  be  Integrated  presents  a  sliple  pole  for  t  =  k,  »  with  a  residue 
equal  to  -  /  .  Ahen  the  path  of  integration  passes  through  ,  this  pole  must  be 

avoided  by  integration  on  a  serricircle  of  radius  £  which  is  rrade  to  tend  towards 
zero.  ^ 

r.,  7 


e 


t. 

The  theory  of  residues  then  shows  that  the  integral  increases  by  lTT  passing  through 

vc 

ki  i.e.  the  second  rr.erriber  of  equation  8  increases  by  :  1 1»  -- — r  Also*  passing 

I , 

from  t,-£  to  k|4  £  ,  when  €  O  t  amounts  to  passing  from  ft',  to  in  the  w 

plane  (Fig.  2),  hence  the  first  member  of  equation  8  Increases  by  i.  di  .  Ae  there¬ 
fore  have  : 


ard  : 


L  d  =  l  ir 

K 

—  or 

K  _  d 

t,-  k 

1 

k*-k,  "h- 

* 

•  .  cl 

_  d 

f‘  (  ' 

« 

—  "1  dk 

w  L,  ^ 

/  \  C-to 

t  - 

t.  / 

integration  is  elementary 

and  gives  : 

W4.  i.  4- 

.-Aft. 

_  ± 

[lw  -till 

2 

k  »fc. 

i.t.J 

% 

• 

•hi> 

1 

u 

^  M  Lm 

k,-l 

=  Ln 

k,-| 

t  Ih’  ) 

i.r.  [ 

U  k. 

J 

»-ko 

— 


t..  i 
i-t. 


t  ^ 


Thus  we  end  with  : 

W 


k-k. 


^  *  \.± 
”  i.r.  * 


and 


d  w 
di  t 


k,  -k, 


iv 


('«) 


-  (e.N)fl.l:,) 

Formula  9  defines  the  confornal  mapping  by  which  the  strip  of  the  w  plane  is 
mapped  in  the  half-plane 


hbLATlON  OF  THE  «.  and  k  DOVAINb. 

In  order  to  find  the  relation  allov/ing  us  to  pass  from  the  plane  to  ttie  k  plane 
and  vice  versa,  we  start  from  the  fornula  defining  the  v-iriable  'f  (Equation  3)  : 

dw  • 


VIII. 


Crx  9n  tn  d/»lfln«nt  k.  ^  d#»  point*  hoaologi'o*  do*  plans 

jr  «  *  s  /  -  Ji<W  s 


O'apr^t  I'^uation  6,  on  a  t 


done  : 


on 

a  t 

r  } 

i  ^ 

L.  3'  .Lny' 

I 

2 

\r.r-] 

"  2 

i 

X  -3SL  d  t 
dt 


fl. 

do*  *,  t  *k  w  I 

(II) 


t.ckur  (6‘) 

Pour  inversor  cotto  fonrulo,  il  faut  so  rappolor  quo,  dans  le  domalno  repr<^sont»nt  lo 
Jot  dans  1*  plan  do*  X"  »  on  a  constamnent  t  I  ^  1  C  ^  •  II  faut  done  prendr*  t 

^  *  (yr.  f»  )  [.  Art  ck  t] 

ou  (’y  Am  ck^  ropr^sonto  la  valour  prineipalo  do  cotta  foncticn,  c*ast  k  dir* 
celle  dont  I’argumont  ost  comprls  ontro  o  ot  ir  . 

On  a  done  enfin  : 

(13) 

L'^quation  II  s'^crlt  alors,  on  tenant  cotrpt*  dos  Equations  10  ot  13  t 

^  Am  ekk 


r  t 

o-i  ,  flL  I 

^  Ji 


t,.  k» 


(H) 


Coiriir.o  les  points  critiques  do  la  fonction  k  Int^grer  sont  sur  la  frontlkra  (  co 
sont  et  t,  )  at  quo  cotta  fonction  tand,  on  modulo,  plus  vita  vers  z^ro  quo  1^  I 
quand  Ikl  augr.-.anto  ind(5f Inir.ant,  1' Integration  paut  so  faire  suivant  n'lmporto  quel 
chamin  k  condition  d'appliquer  la  theorkmo  dos  r^sidus  au  voisir.ago  dos  points  criti¬ 
ques  si  I'on  attaint  la  frontikro. 

Pour  affectuer  1  *  integration,  il  ost  plus  comoda  da  ravenir  k  la  variabla  X  *  •  On 
a  done  : 

L  -  j.  y  *  y  4*tic  dt-j.  i_5 

'a  L  J  'a  c  J 

D’autro  part,  il  ast  corrode  do  prondra  »  »  o  c'ast  k  dira  da  sa  placar  on  A 
dans  lo  plan  physlqua.  On  ast  alors  an  A,  dans  la  plan  da*  k  (Figure  5)  ot 
li  \  t  mo  ;  on  ost  done  on  dans  lo  plan  de*  X'  X' t  o  •  L'kquation  14 

s‘4crit  done  i 

i  _  (15) 

•t  fr*. 

••  JL  J 


(15) 


Fro«  th|»  i*r  rt*»l9r,*tin9  *s  &,t.w  hccolo^ous  point*  In  th#  a,  t  and  w 

.  X”  'j['-  ’’sT 


According  to  equation  6,  we  have  t 


hence  i  t  s  th  Ln  f  (T) 

« 

To  reverse  this  fomiuia,  we  must  remember  that  in  the  domain  representing  the  Jet  in  the  "f 

plane,  we  have  all  the  time  :  | 'f  |  ^  I  .We  must  therefore  take  : 

[-Arccixt^  (12) 

where  ('►.p]  [-Ak  chjjrepresents  the  principal  value  of  this  function,  that  is  to  say  the 
one  whose  araument  is  included  between  O  and  tr 


Thus  we  finally  have  : 


A»c  thfc 


Equation  II  can  then  be  written,  taking  into  account  equations  10  and  13  : 


a  -  z. 


■S  ii-’ 


t  .  Of  Arc  cK  k 


dk 


Since  the  critical  pcints  of  the  function  to  be  integrated  are  on  the  boundary  (ti.ey 
are  k^  and  k,  )  and  this  function  tends  in  module  more  rapidly  towards  zero  than 
|bj~*  when  lt|  increases  indefinitely,  integration  can  be  accomplished  by  following 
any  path  provided  that  the  calculus  of  residues  is  apf-lled  In  the  neighborhood  of  tre 
critical  points  if  the  boundary  is  jx^ached. 

To  effect  the  integration  it  is  more  convenient  to  return  to  the  variauie  'f*  . 


iUg  then  have  : 


'.2  1 


d  f' 


f'-’]  ncncc-  j 

Further,  it  is  convenif^nt  to  take  z.  s.  O  ,  i.e.  to  placr  uiselves  at  A  in  the 
physical  plane.  Then  we  are  at  Aj  in  the  t  plane  (Fig.  t')  ar.d  /  k / s:  co 

it  A4,  in  the  plane  and  'f'z:  O  .  Eijuition  I-'  is  therrfora  written  : 


^  2  *-0 


:  we  are 


tJ 


L»i  t4Tct  (hi  <}«no»in-it»ur  d# 

T,.  I,  ./*; . 


1a  fonctlon  k  lrit«gr#r  sent  i 

Jj  .  1.  ./t?  •' 
i,.t.  /(.*-• 


Ren.irquons  bien  qu«?  I'on  a  entr^  ces  valaurs 

'3: 3^ ./ 

X'-* 


l«s  relations  t 

ml 

'S^  *  5  4  1  i  ti 


(re) 


(17) 


On  ptfut  docomposer  la  fraction  rationnelle  sous  le  signe  sorre  «n  *^l<^ner.t6  sirrpl^s* 
Posons  : 


_ 5'*  -  I _ ^ 

[T^.  2fc. 


5'*-  » 


j.  )f  5  -  5;)rr.  'S'A 


r.  s  . 


y.  5;  s  .  S  i  j 


On  a,  pour  deter' iner  A  ,  1 'Equation  : 


-  y, )( y.'- j,){  x'.  fc) 

En  utilisant  les  relations  17,  on  obtient  success iverrent  t 


A 


-  3:  3; 


(  s;-  3^)13'  Si)('Si'-3*) 

s: 


y, 

(X'-  t,)f  t;- 


Des  calculs  analogues  permettent  de  calculer  alnsl  b,  C.  D  ,  On  obtient  fina- 
lerent  t 

A  -  b  ^  _ ‘ 


2  fk.-t.) 

La  foiTiule  lb  s'4crit  done  t 


i(  i.-t.) 


^  r.  r.  J,  r.  j;  X  j  »  - 


Pour  <^viter  toute  i-rnfur.ion  entre  X  ;  borne  d' lnt<^grstion  et  75*  j  variable 
d’ integration,  nous  retrplacerons  3’  ,  variable  d' inttgration,  par  A 


oo 


Th#  i«rat  of  Ifv#  d#no^ln»tor  of  Iho  function  to  uo  lnto9r«tod  oro  i 

Lot  US  noto  that  tho  rol^tions  botwoen  thoso  valuos  aro  t 

Wo  can  docofnposo  tho  rational  fraction  undor  tho  sign  of  intograticn  into  simplo 
olemonts  :  Let  us  take  : 


O’) 


_  A 


f.r, 


B  *  -  T> 

r.  fi  f  1  f;  t'.  r; 


To  determine  A  f  we  have  the  equation  : 

A  -  I 


fi) 

Using  tfie  relations  shown  in  17,  we  obtain  successively  ; 

^  -f -  f ;  -ft _  ^  -f', 


f,' _ 1  I _ ; 


2  k, 


f.' 2  h  2(k.-t,) 


Analogous  calculations  allow  us  to  work  out  in  tnis  way.  '/.e  finaly 

obtain  : 


A  =  ^ 


Honce  fornula  Ib  can  he  written  ! 


c  -  D  = 


r  'f'  'f'  V 

z  =  -  -  f  a f  _  f  ^  a'?' 


^5  1 


To  avoid  all  confusion  between  T  ,  Integration  limit  and  integration  variable, 
we  shall  replace  the  integration  variable  hy  A  , 


13. 


On  «  alors  i 


(I«) 


^  ...»  i  O  .t  <  .  nous  forons  !•  ch»nQ#w«nt  do  v*- 

Pour  ramonor  Us  bornes  d' lntr>gratlon  i  O  ot  1 

rlabU  t  -4.-  44  .  ^ 

On  a  .lor.,  .n  apr.l»nt  K  un  indie*  variant  antra  I  at  ♦  ■ 

.i  ft  r'  J 


i  4-4ji  I 


v4Il 


/'  ¥ 

4u_ 
4.  3'- 

4fc. 


(19) 


Ponr  achavar  !• integration.  11  ast  alora  neoasaaira  d-lntrodulra  la  fonctlon  hypar- 

On  «alt  cje  celU-cl  peut  notammont  se  d^finir  sous  formo 
g4omotrlque  de  Gauss.  On  salt  c,ue  celie-ci  pe 


d'int^graU  par: 

0.x): 

j 


r(^) 


r(,)rO-/>) 


_  r  ("i.t)  f I- 1*)  4t 

l  /)  I 


(20) 


En  identifiant  Us  Equations  19  at  20,  on  obtiant  . 


i 


4  ^  dA 
4 


rf,.  !♦..***.  a;  ) 

"iT"  rfsa^) 


Mala,  d'aprts  la  theorla  daa  fonctlona  Eularlannaa.  on  aait  qua  l 
On  a  done  flna lament  i 


I  dl  A 

J  -4-  4/^ 


5  ♦' 

•  /  W 


aL.y  i 


LUquation  18  sUcrit  done  anfin  : 


2  ; 


'S' 


tr 


a.  a*  • 
tr 


h.i 


avac  t 


a  a  5'  »  t  ' 


(21) 


LUquation  21  jolnte  aux  Equations  7  at  9  r^soud  compUtament  la  probUme.  II  ne 
resta  plus  qu'i  d^terrlnar  las  eonstantas  t.  ,  t, ,  4  ,  c’ast  h  dire  d4tenr,lner  let 
hnnologoat  door  1*  plan  t  da.  point.  B  .  B’  at  D  .  D’  dan.  la  plan  phyalqu. 

et  h  calcular  l'4paisseur  du  jat  \  I’lnflnl  aval. 


P 

/ 


13 


Th«n  tfp  hjv*  I 


M.  % 


-4  ^  ^ 


To  reduce  the  linlt»  of  integr-ition  to  O  *nd  |  shall  make  a  change  In  the 

variable  :  ^  «  d4  = 


We  then  njvv. 


f’ 


4^  d  4 
4-4,^ 


denoting  by  k  en  index  varying  beteeon 


and  4)  : 


u  ^  du 


To  conplete  the  i nt»;grat ton  it  is  then  necessary  to  introduce  Gauss's  hypergeome- 
trical  function.  We  knov/  that  this  can  be  defined  in  the  form  of  an  Integral 
by® 

F  Cutx)''^dk  f2o) 


Identifying  equations  19  and  20,  we  obtain  i 

r[uf)r(p_^  ^  ,  f’  ) 

>0  TTTK  yik  / 


However,  according  to  the  theory  of  Eulerian  functions,  we  know  that  ; 


Thus  we  finally  have  : 

[''A 

...h 


£  ) 

ah  J 


Equation  IH  can  thert'fore  be  written  ; 


t. 

er 


I 


I 


_L  ^ 

ah 


wi  th  : 


II 

4h 


4 


Equation  21  together  with  equations  7  and  9  completely  solves  the  problem.  The 
only  thing  loft  to  do  Is  do  determine  the  constants  ,  b ,  ,  d  that  is  to  say  to 

determine  the  hot-uloques  in  the  fe  plane  of  the  points  6>  *  and  'D ,  ^  ^  in  the 
physical  plane  and  calculate  the  thickness  of  the  jet  at  infinity  downstream'. 


14 


IX.  aLTtRl.lHAnCH  ri  A  L»Ah. 


cLiXi’j  JHiJUiL. 


b) 


Avant  de  p^s'vr  i  1j  deterwiniit  >on  de  cei  conManles,  il  nrruo  f.»ut  qu«fl- 

ques  rertariucs  pour  <5viter  toute  confusion  par  la  suite  i 

a)  Ncjs  n'avons  pas  exprim«'  le  th<'orerr.e  fondamintal  de  conservation  de  la  nasse  d’ 
une  fa^on  explicit#  (car  il  est  exprim^  i~;pHc i ter<?nt  dans  la  d»'flnition  de  la 
fonction  de  courant).  I'application  de  ce  tii*-oi{.-n,e  d’un**  ra<,on  qloLale  ure  sec¬ 
tion  du  jet  est  particul  ierenent  sir^ple  lorsque  1 'ocouJer.ent  est  unifonre  s  c'est 
le  CoS  a  I'infini  amont  et  ^  I'infini  aval  de  1 'dcoulement .  On  dbtient  I'equa- 
tion  supplf^mentaire  suivante,  traduisant  une  ^gaJitf'  de  debits  t 

fcv.  .  A  (22) 

Nous  retrouvercns  cette  equation  analytiquement  par  la  suite. 

Il  represente  I'abscisse  de  B,  .  b;  done  coriecponc'  u  point  i  du 
plan  des  ^5  ,  point  parfaitement  deterring  par  la  dor  de  la  vitesse  . 

Connaissant  V7  ,  on  connalt  done  t,  par  la  forntult  (et  r'-ciproquement) 
et  on  atteint  ^  par  la  fomule  22.  Le  notnbre  de  constantes  ^  determiner  se 
rt-duit  done  a  deux  :  t,  ,  t ,  .  La  vitosso  VT  reote  un  paranotre  du  prubli!»me 

tandli  que  A  est  parfiitonent  deter  ine  dbs  quo  I'on  s'est  fixe  b  . 
c)  Nous  avjnr.  provi  soi  re 'ent  sup,K)3.<  que  le  jet  adhc'riit  au  volet  AC  (f  H). 

Hn  fait,  cette  hypothese  restrictive  pout  §tre  abandonix-e .  Nous  so.-ifnes  en  mesure 
de  rtsoudre  I'un  des  prabl^mas  suivjnts  : 

-  le  volet  deflecteur  otant  de  longueur  inflnie,  d''terniner,  pour  des  valours 
de  a,  b.«  et  v;  donnees,  la  direction  finale  du  jet  et  la  distance  L  du 
point  de  d'-col  lenent  C  du  jet  i  I'arete  A  . 

-  etant  donnas  a.  b ,  L  ,  •<  ,  deter  iner  la  valeur  a  donner  i  \r,  pour  que 

le  jet  ne  d«*colle  pas  du  volet  et  la  direction  finale  du  jet. 

-  ;5tarit  donr.es  vq  ,  b  .  •  ,  u-Heniner  u.  et  la  ionqueur  L  du  volet  pour 

que  le  jet  ait  une  direction  finale  parall??le  au  volet. 

-  etc  .... 


Ces  remar 4ues  4tant  faltes,  nous  pouvons  df'terniner  t,  et  t,  par  la  formu- 
!e  21  en  donnant  ^  x  des  valaurs  telles  que  les  valeurs  correspondantes  de  'it* 
(done  de  la  vitesse)  solent  connues.  Il  appiralt  l.w'diatement  que  les  seulea  va¬ 
leurs  possibles  sont  les  valeurs  de  *  en  A'  et  C  dans  le  plan  r«5el. 

En  C  an  a  2  &  L  c 

_-i.Tr 


-  t.a< 

a  A  £  u  e 

done  S  -  -  '  ~ 

.  cM  ,  ,  .Wir\  ^  ♦ 

L  *  .  (e  ) 


;  la  vitesse  dirlg^e  sulvmt  le  volet  vaut  vi  «  / 
d '  oh  I 


et 


I 


K.  2 


V — —  ».  e  t 

)  J.  i  .  elL  )  _  ^  ±F(l.l»^.^ 


ir 
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lA^  DfcTtKMJSAU^Jt  Uf  l-i£  COL^lAMr^  d  allH  ThL  rtku  g  f^T>. 

B«for«  going  on  to  th«  de:«min«tion  of  th«s«  con^t<<ntt,  m  must  Mko  •  fo« 
ron^rks  in  ordor  to  «vold  confjslon  litor  t 

a)  W#  hav«  not  «xpr«$s*d  •xpllcltly  the  fundar.ental  theorert  of  *-h»  consorvation  of 
mass  (for  it  is  expressed  implicitly  in  the  definition  of  tne  stream  function). 
The  application  of  this  theoreir.  in  an  overell  way  to  a  section  of  the  Jet  is 
particularly  siTipI#  when  the  flow  is  uniform.:  this  is  the  case  at  infinity 
upstream  and  at  infinity  downstream  of  the  flow.  We  obtain  the  following  supple 
mentary  equation,  revealing  an  equal  output:  6  -  d  (z?) 


We  shall  find  this  equation  again  analytically  later. 

b)  represents  the  abscissa  of  and  thus  corresponds  to  the  point 

£>2  I  of  the  'f  plane,  point  which  is  perfectly  determined  by  the  given  velo¬ 
city  .  Knowing  0-,  ,  we  know  end  therefore  t  by  fornula  7  (and  vice 

versa)  and  we  find  <i  by  means  of  formula  22.  The  number  of  constants  to  be 
deternined  Is  thus  reduced  to  two  :  te,  ti  .  The  velocity  v2-,  remains  a  para¬ 
meter  of  the  problem  whereas  d  is  perfectly  deternined  as  soon  as  we  have 
fixed  b 

c)  We  assumed  provisionally  that  the  Jet  adhered  to  th»  flap  A  C  .  Actually, 

this  restrictive  hypothesis  can  be  abandoned.  We  are  in  a  position  to  solve  one 
of  the  following  problems  : 

-  ttie  deflecting  flap  being  of  infinite  length,  to  determine,  for  given  values 
of  a  ,  b  SnS V', »  the  final  direction  of  the  jet  and  the  distance  L  of  the 
point  C  at  which  the  jet  breaks  away  from  the  flap,  from  the  edge  A  . 

-  for  given  values  of  a.,b,L,«A  ,  to  deternine  the  value  to  be  given  to 

so  that  the  jet  shall  not  break  away  from  the  flap,  and  the  final  direction 
of  the  jet. 

-  for  given  values  of  ,  b  to  deternine  a  and  the  length  L  of  the  flap 

so  that  the  final  direction  of  the  jet  may  be  parallel  to  the  flap. 

-  etc  . . . 

Having  made  these  remarks,  we  can  determine  and  k,  by  means  of  formula  21 

and  giving  to  z.  valuer  such  that  the  correspondinq  values  of  '9'  (hence  of  the 
veloc L  ty)  are  known.  It  is  immediately  obvious  that  the  only  possible  values  are 
those  of  X.  at  A  and  C  in  the  real  plane. 

At  C  we  have  ;  the  velocity  oriented  along  the  flap  is  n  I  and 

tliuG  'f  “  t  ^  ;  from  which  we  have  : 


L« 
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•».  -  c 

I 

L 


■«K 


5olt  -»pr'*  ii-pltfl-«tion^  t 

J  I  - 

L  :  - 


d 

if  ♦  It 


frri4  '  '  ^4 


(?i) 


Ln  A  on  1  «  •  A.  *  k  t  vlt<»s*;«  p»irdll*fl»  i  l*4x«  du  c>inal  v<iut  ^ 

At  nn  1  done  "S'  t  t  I  d'ou  i 


.  «  b  ^  : 


A  * 


(24) 


Les  ^quitionri  2'j  et  24  deterninent  k,  et  k.,  »n  fonction  des  donn<5os  goofn»^triiu«s 
du  probjVne,  h  savoir  a.  ^  L,  •* 

Pour  r-frrJrt^  les  fornules  21,  23,  24,  utilisables  pratique  nent,  H  est  comroode  d' 
introd'jlre  les  d*'veloppernents  en  series  de  la  fonction  hypergeon*'trique  do  Gauss, 
11  est  essentiel  de  rappeler  que  { 

'*  *  Li  fonction  hypergeom '^triquo  de  Gauss:  f  (  *)  pr'^sodte  le  point  " 

"  critique  i  >!  .  II  sera  done  possible  de  d^velopper  ,  4^,  t^,«)sott  3U  volsi-" 

"  nage  de  I'oriqlno  et  lo  d'^veloppetnent  ne  sera  valable  que  pour  l*K'  ;  soit  " 
"  au  volsinage  de  1' inf  ini  et  le  developpement  ne  sera  valable  que  pour  j  »|^l 
Dans  notre  cas,  on  aura  done  t 


"  Sttt-  'a*/ 


ti 


X' 


f(i,  ^ 

yr  ^  Ajt  J  y  r' 


—  H 

lie«  1  y’i 


.1* 


-  1 


.  - 

*•  If-  j 


(^i) 


(26) 


1^1  >' 

Pour  appli^uer  ces  deux  diiveloppements  h  la  fornule  gi5nerale  21,  il  sera  nocoss-alre 


pou '  ebaque  valeur  de  de  discuter  les  valeurs  de 

lours  reinarquer  quo  t 


S’ 


.  On  peut  d'all- 


-  |k,|  4  /  et  t,  eat  r4el.  II  s’ansuit  que  eat  ndgatif  et  lea 

fornules  16  montrent  que  If,’  et  c.a.d.  et  aont  Imaginairea  conjugj(5a 

et  sont  en  module  ^gaux  h  I  .  Done,  il  exist#  un  angle  YJ  tel  que  t  X  ^ 
et  tol  que  : 

^  .  k,  ♦  i  -  t*  s  e  ^ 

(27) 

A  *  I  « 


It. 


that  ift«<  sippl I  f  tcatiofi  t 

*  r  ? 

L=  .± 

«<♦> 


trr"' 


(2i; 


At  A^w*  h3v*  atsso^tb  •  the  velocity  parallal  to  th«  axis  of  the  channel  Is 
'^0s.\  and  we  therefore  have  "f  V  I  ;  fron  wf.ich  i 


Q  4  i  b  :i 


•<«  *ir 


4r 


fz^) 


I  '  A  *  ^ 

Equations  23  and  24  deternlne  and  as  function  of  the  geonetrical  data  of 
the  probler,  i.e,  a,b,L,»< 

To  render  fornulae  21,  23  and  24  practicable  for  use,  it  is  convenient  to  introduce 
ttie  developments  in  series  of  Gauss's  hypergeometrical  function.  It  is  essential 
to  renember  that  : 

"  Gauss's  hypergoonetr lea  1  function  :  presents  the  critical  point 

"  Jta  /  .  Tnus  it  will  be  possible  to  develop  ,  a^either  in  the  neigh-  " 

"  porhood  of  the  origin  where  the  development  will  only  be  valid  lor  Jzf^  I  ;  or 

"  in  the  neighborhood  of  infinity  in  which  case  It  will  only  be  valid  for  /  ^ 

In  our  case,  w©  shall  then  have  : 


To  apply  these  two  deve 1 opnents  to  the  general  formula  21,  it  will  be  necessary,  for 
each  Value  of  'f  ^  to  discuss  the  values  of  \  _f?_ \  .  Incidentally  if  may  be 

noted  that  :  ’ 

-  cind  is  real.  It  follows  that  t^-l  is  negative  and  for¬ 
mulae  10  show  that  "^1  and  i.e.  4,  and  4^^  are  imaginary  and  conjugate  and 

are  In  nodule  equal  to  \  .  Therefore  an  angle  “f,  exists  such  that  :  ir 

and  sucli  that  t 

t  f. 


=  K  t  i\frr 


■=.  e. 


_  t 


(2?; 


=  e 


16 


-  fc*  ^  I  *1  t.  0%t  done  1*5  tormj0»  16  montront  qu#  ot 

c.a.d.  ,4^  ot  4^  tont  i^ol*  ot  t#U  quo  t 

■*  t.  -■  /t*-  *  >  t  ^28) 

4^  .  t,  *  /6**  -7 <  / 

Pour  appllquer  l*i  fornulai  2b  mt  26  «ux  fomul*B  23  ot  24,  i}  suffit  alors  da  ra- 
narquer  qua  dans  las  daux  cas  on  a  i  |  Isj  =.1  none,  pour  k  »  5  ,  il  fau- 

dra  d^veloppar  au  volsinaqa  de  I'oriqina  (formula  2fj)  tandis  qua  pour  ^  ,11 

faudra  dcveloppar  au  voisinaga  da  1* inf Ini  (formula  26).  La  calcul  ast  imm>idlat  at 

donna  apr^s  simplification  t 


La  separation  das  partias  raellas  at  imaginairas  dans  catta  darnl^re  Equation  ast 
Immediate  :  11  suffit  an  affet  da  ramarquar  qua  la  sorrme  das  daux  premibres  series 
ast  realla  (serla  de  cosinus),  las  deux  autras  series  sont  real  las  at  la  tarne  ras- 
tant  se  decomposs  an  t 


m 


m 


On  obtient  finalement,  an  raiplagant  par 


(  fonnulas  17)  i 


It 


-  t.>l 
4 1  arvJ  4^ 


and  t,  is  real,  henc#  fomula*  16  »f>ow  that 
art  real  and  such  that  : 


'fj  and  'fi 


(Cfi) 


1  .a. 


To  apply  for.nulae  2b  and  26  to  fortfiulae  23  and  24,  one  need  only  note  that  in  both 
casta  wt  have  J  IH**]  I  •  Therefore,  fof  k  =  ^  2  ,  we  rmjst  develop  in  the 
neighborhood  of  the  origin  (formula  25)  whereas  for  we  must  develop  in  the 

neighborhood  of  infinity  (foriiula  26). 

The  calculation  can  be  done  imnediately  and  gives  us,  after  simplification  : 


The  separation  of  the  real  and  the  imaginary  parts  in  this  last  equation  can  be 
effected  immediately  :  it  is  sufficient  to  note  tliat  the  sum  of  the  two  first  series 
Is  real  (cosine  series)  the  two  other  series  are  real  and  the  lemaining  term  can  be 


decomposed  into  i 


S  i»\  •< 


.  t  w 

e  = 


F i Tic*  1 1  y  vve  obtain,  replacing  4j 


-  I 


(formulae  17)  : 
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(29) 


<x  ■  d 
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C« 
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»«  !  o  uTT  ~  * 


)tr 


(30) 


b  :  d 


(31) 


Ces  trois  Equations  jointes  aux  formulas  27  »t  28  deternin*nt  l*s  constant*! 
^ei  .  Le  probiWie  ast  done  r<#solu» 


Ai. 


ELI.VINATIOH  DES  COtJjTANTES  fc.  .  L  .  T,  A  L*AID(i  DES  DONMEES  CINEMATI QUbS. 

11  est  possible  d'4llmin*r  la  variable  t  dans  les  Equations  21,  29,  30,  31,  ^  1' 
aide  de  la  vitesse  v;"  ^  I'lnfini  amont  et  de  la  direction  6,  du  jet  i  l*lnfinl  aval. 
Dans  le  plan  des  'S  on  a  done,  pour  £>,  > 

L  ©.  _  i  els  t. 


7  c 


On  en  d4duit  i 


t  ^  _  i  ^rc  *1.  k. 


soit  t 


ir 


t.  :  <.k(  ..  J  <«('.  J«.)  = 

Mais  d'apr^s  les  fornules  17,  on  a  : 


CO*  zr  fit. 

at 


-d ,  ♦  ^ 


et  1*5  fornules  27  donnent  done  s 

t 


“*  r. 


d'ou  I 


IT  •.  •t  •<’.  «  -i  - 

at  * 

L' ambiguity  du  double  sign*  peut  fitre  lev*’*  en  rswirquant  que  I'on  a  pris  'f»  tel 
que  ;  o  ^  ^  ^  et  que  I'on  dolt  avoir  i  ^  .  On  a  done  i 

t  j  s  ~  ^  ■'i  (32) 

D'autre  part,  on  salt  que  t,  est  r4el  et  sup^rleur  i  I  .  A  t.  du  plan  des  b  cor¬ 
respond  du  plan  des  c.a.d.  :  =.  J_  <  » 


n 


Lmd  \  «  - - A  t - >  ±± - 1 - - - 

4 _  ^ _  «*4(f4*.|)lr  _  •<4(r44t)‘lT 

v^sO  ^:o  f\sO 


^liKV  •* 


«  i 

n1»  —  **■ 


-d  y=  4^ 

n^O  rt'*©  hro  ' 


»\  r  ao 


Au  '*■ 


:ofc^^  - 


r\  s  o 


K'Tt  -  •<. 


b  =  d  4^^ 


(^♦0  If 


f*') 


(Soj 


Those  three  equations  corrJbined  with  formulae  27  and  28  determine  the  constants 
,  tj  ,  d  .  The  problem  is  therefore  solved. 


X.  ELIV.INATIGN'  OF  THE  CO!i5T/vNTS  .  t,  ,  *fa  WITH  TH£  AID  OF  THE  KINEMATIC  DATA, 

It  Is  possible  to  eliminate  the  variable  t  in  the  equations  21,  29,  30,  31,  with 
tho  aid  of  the  velocity  vT,  at  infinity  upstream  and  the  direction  6^  of  the  jet 
at  infinity  do\vnstream. 

In  the  plane  vie  thus  have,  for  T)  j  ^  2 


f,  =  « 


Arc  ck 


i  .e .  : 


t8.  =. 


Arc  cK  t. 


t„=cl,  (.C>  e.)=c.»('-J.6.)  =  c..^e, 

Fiut  according  to  formulae  17,  we  have  : 

■^1  ■♦'  «  2. 

and  fomulao  27  therefore  give  us  : 


r  c  -V  e 


r=,  c-o , 


from  which  : 


cos  I*,  =  COS2L.  ^r>d  f,=  ±2L.©. 

The  ambiguity  of  the  double  sign  car.  be  removed  by  noting  that  we  have  taken  such 
that  :  '^4  ^ 'Tr  and  that  we  must  have  :  —  ^  ^  O  .  We  therefore  have: 


e  =  -  f 


un  til-  other  hand,  we  know  that  t  is  real  and  greater  than  j  .  In  the  t  plane 

t,  corresponds  to  of  the  plane,  i.e.  :  'f  -  ^  ) 


b  *  d  v; 


(37) 


Remarquons  qu^  l*4quation  37  n'est  autre  que  I'equation  'n  d4  a  trouv«?r.  an  para 
graphe  IX, 


Accor to  e^u^tlor.  7,  m  h^vt  i 


Th»*r«foro  It  the  tolutlon  of  i 


-  ^  1 


xl 


h' 

♦ 

2 

5- 

2t, 

>  ® 

I  =  O 


The  product  of  the  roots  It  t  ^  ^  ® 

Hence  the  two  root!  are  positive  but  on]/  ono  of  then  is  greater  than  I. 
Fron  this  we  deduc*  i 


Vi  -  =  ] 

nr  .JL. 

And  4  j  =  vr,  •< 

Ins'.Tting  these  values  into  equations  21,  29,  30,  31,  we  obtain  i 


_ ! Ffl,  - tl — — 
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(3  5) 


r»''»  t('r^4()Je©  ^JLE£-  -c{n^»)2L©G  ,,!l£-2.  -  2L  r\  ^ 

=  a  \  .« _ fe  \  (^'  y 
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(34) 


b  =  d  vr. 


- 1 


♦) 


Lot  us  note  that  equation  37  is  nofiina  other  th-m  eouUion 
found  in  piriurtph  I<, 


wh i ch  we  a  1 r 0  ^ iy 


A  I  . 


19. 

fT^^clTions  rjpidt*  «n*  1^'  pir'»'ti^tr«*s  it  Ivurs  t 

a.  Vjrie  r1<!  noin-.  I'infini  k  plun  I'infir.i,  c.a.d.  qu*  la  parol  sup^rlaur* 
du  can.il  pijLit  s*irr<*t»’i  solt  an  arront,  solt  an  aval  d#  I'ar^ta. 

-  b  est,  •5trlct‘*'»?nt,  pooitif  (sinon  il  n'y  auralt  pas  d '^coulamant) . 

-  L  est  fHDsitif  ou  fiul. 

-  o<  vjri'f  pntr»*  O  et  ^ 

-  ^  Vd'i*?  en‘re  o  et  . 

-  est  S’jpor  ieur  ou  au  mo  in'".  *'gal  ^  •  . 

II  s'ensuit  irrct'di  aterujnt  que  : 

-  d  est  sjp*-rieur  ou  ►''gal  a  b  •  L'^quation  37  montra  qua  d  varla  dans 


Ip  rro-,e  sens  que  b  pour 

b.c“-  . 


v:  =  c 


ii* 


at  dans  Ic  meme  sans  qua  /T  pour 


t,  ^st  sup-'rieur  ou  egil  a  I  .  De  1 'equation  7,  on  d^duit  t 


et  done  : 
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(38) 


et  VT  varient  dins  le  memo  sens. 


varie  entre  -I  et  ♦!  .  On  a  de  rreme  : 


r  -L 
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d '  oij 


L  9- 

lA 


dt. 

iO,, 


=  «o*  H.  8, 

a( 


It 


tin  li  0. 


>  o 


(39) 


Done  et  varient  dins  le  meme  sons. 

Comne  f  « ^  J*!  0,  ( formule  i^’),  on  volt  ciue  fc©  at  variant  an  sans  invars#. 

Remarquons  en  outre  que  : 

”  1  C  3  j  0^  »  O  I  Lio  est  sans  Intf'-ret  pour  nous,  las  vitassas  n'^tant  plus 
infinies  en  A  , 

-  !>'  CHS  0(1  TT  est  un  cas  p.irticuller  pour  laqual  certains  tarmas  sont  Infl- 
nis  dins  les  for  lules  3*5  et  36.  En  fait,  ca  cas  ne  necasslta  plus  I'lntarvan- 
tion  des  fonrtions  hyperqdomotriques  pour  1 '  int''gratlon  de  la  formula  15* 

Notjs  le  laisserons  de  cote. 

-  le  C35  1  T!  o  est  tel  que  n<  est  alors  indetarrnln^ . 


*>#  jr 


19. 


If,  oF  .niL  ftwyiL.* 

i«C  !»•  briaflr  •pvctfy  th«  «nd  th«lr  limits  i 

«  <t  V4rl»t  fr«i  Infinity  to  plus  Infinity^  that  1«  to  s«y  that 

th«  uppor  wall  of  th«  channol  can  and  althar  upstraan  or  downstraan 
of  thf>  adga  (point  of  arttcul  4tl  nn) . 

is  strictly ‘positive  (otharwlsa  thara  woiild  ha  no  flow). 

Is  positive  or  zero, 
vjrlss  botwoon  0  and  TT  . 
virlas  between  O  and  —  Of  . 

-  is  cire.it‘*r  than  or  at  least  aqtjal  to  !  • 

Fron  this  It  follows  l-sm^dl  ately  that  ! 

-  d  is  qr'ifiter  than  or  equal  to  ^  >  Equation  37  shows  that  ^  varies 

In  the  s '"e  sensear.  Jd  for  *  constant  and  in  the  sa'ae  sense 

a*-.  for  ia  =  constant. 

is  greater  tlian  or  equal  to  i  .  Fror.  equation  7  we  deduce  i 

tr 
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(30) 


Thus, 


and  vary  in  the  sawi  direction. 

-  b,  varies  between  -I  and  +1  .  In  the  sane  way  we  have 


2 


ot  rf  • 

e  4-  € 


s  CosTL 


froo.  .v'nlch  ; 


Sill  r  _  IL  Iin31-  ^0 


ol  O’, 

Hence  and  vary  in  the  sane  direction. 

As  'f,  3  -  ~  (forntjla  32),  we  see  that  t*  and  Y*  vary  In  opposite  directions. 

'  «r 

Let  us  note  in  addition  that  x 

-  the  case  of  o(.0,  L^3  is  of  no  interest  to  us,  since  the  velocities  are  no 
longer  infinite  at  A 

-  the  case  of  oCaETT"  is  a  particular  case  In  which  certain  terns  are  infinite 
in  fornularj  3‘j  and  36.  In  fact,  this  case  no  longer  requires  the  Interven¬ 
tion  of  the  hyp.>rgeon«tr leal  functions  for  the  integration  of  fornula  15'. 

rte  shall  leave  it  aslJe. 

-  the  case  of  LvO  is  such  that  cC  is  then  indeterninate. 


Pour  diicutor  *•  nxn  p^rtlroni  i**  »»  it  qu#  nou^  ^•prl^»ron» 

•0U9  lour  form#  non  Int^^r^o  i  Maido  do  l'#qu«tlon  14. 

Pour  I'^quation  35,  cn  to  placo  on  C  dans  io  plan  physlquo  done  :  *«•  Le  . 

La  bomo  d'lnt^qratlor  aup^rlouro  ott  alort  t,-i  ,  La  borne  d' int»<grati  on  ir.f#<- 
riouro  dolt  Itro  toll#  quo  Ifcl  *  -«  ,  On  pout  la  prendra  :  fc  .  -  -o  <je  faron 

k  Intt^qror  lo  long  do  I'axo  n^ol  .  CSi  a  done  : 

A*  -  1  cL  k 


L  a 


n 


i.-K 


dk 


Faisons  lo  changorient  da  variable  d*  Integration  t  U.  •  t 

Comrne  on  a  d^sign^  par^v^)^  Am  ck  k  1 valour  principal®  d«  cette  fonction,  c.a.d. 

collo  dont  I'argumont  varia  entro  o  et  n-  .on  doit  rernplacor  i 

«  Am  tkk  _  a  A*  4- AmcW')  HL  ft fK 

■  w  fi  i  -  tr 

a  €  =  a  e 


d'ou,  on  rompla^ant  4  par 


kv;  (Equation  37) 


fc.-U 

(t  4  u)fu  *  L.  ) 


ou  encore  i 


A 

IF 


(40) 


Pour  I'^quation  36,  on  se  place  an  ^  dans  le  plan  r*5el,  done  t  .  ol  4  ^  b 
La  borne  d’ integration  superieure  est  done  41  , 

En  pronant  k .  4 -o  come  borne  d' integration  inferieure,  on  int^gre  le  long  de 
I'axo  r^ol  do  k  l  et  on  evito  le  p6le  k«  {  sauf  si  .  1  ) , 

On  obtiont  done  t 


ow  4  V.  t  i 

TT 


-  fi.  Am 

IT 


t.-t. 


fit 


Commo  on  int^gr*  suivant  I'axe  reel,  la  seule  partie  imaginaire  fournle  par  I'in- 
tegrale  ou  second  .nombro  ost  duo  au  p6le  k,  t,  tt  doit  s'^liminer  avec  la  partie 
imaginaire  du  premier  membro.  On  verifie  en  effet  que  le  r4sidu  de  la  fonction 

k  int4gror  vaut  :  a  ckk, 

« 

c.a.d.  i  d'apr^s  la  formule  13,  La  variation  de  I'lnt/'grale  au  passage  au 
pile  k,  t,  vaut  done  d'apr^s  la  th^orle  des  t«'«sidus  1  t  w  >/; 


et  le  second 


20, 


r«  tflMut*  th«  r«9lai»,  «•  •hall  stArt  fr<M  •>|u«C(9n«  3*)  Arwl  36  ahlch  ahAll 
•Bpr*f«  in  tfwlr  no’wtnt«9r«t«d  forM  with  th«  «13  of  o^iuatlon  14, 

For  oquatlon  36,  «o  pl«e«  nuriolvva  at  C  physical  pl«n«r  thon  S*^e 

Tho  uppor  Holt  cf  Integration  is  than  .  Tha  lowar  Unit  of  integration 

oust  ba  auchthat  )t|a  oo  l"**  e^n  taka  it  aa  t  t «  -  ao  aa  to  intagrata  along 

tha  raal  axia  .  So  wa  hava  i 

/>  .It  Arc  cKt 


4-f « •' 


Lat  ua  change  tha  integration  variable  t  LLa  — b 

Since  wa  denoted  the  principal  value  of  this  function  i.a.  that  whose  argument 
varies  between  O  and  must  replace  t 


A  Arc  c3»C 


(iiT  -tArscW) 


_ioc  -  ^  Arc  cW 
=  C  C 


e  tr  i,y 

from  which,  replacing  H  and  (equation  37),  we  have  i 

,  a*  -  ^  Arc  C^u, 

JL._s.  /  e  _ 

1>  7^  (t,4u.)(a»  t») 

_  -i  Arc  cbu, 

f 


or  aaiin  j 


f  *  _  _ N  oUju  (40  ) 

u.+  t,  f 


For  equation  3C,  we  place  ourselves  it  ^  in  the  real  plane,  thus  :  x«  a.-t  Cfe 
Tlie  upper  liult  of  integration  I?;  therefore  +1. 

And  taking  b  a+ao  as  lower  llilt  of  inteqrat>on,  we  integrate  along  the  real 
axii  tpt  'xOm  4  lO  i  ari-J  we  avoid  the  pole  t  =  (except  if  •  i  ). 


Hence  we  obtain  j 


1  -S?  Au  clit 


a  ■ 


t-t. 


(t-t.Ut-tO 


at 


At  we  Inteqrate  along  the  real  axis,  the  only  Imaginary  part  provided  by  the  inte¬ 
gral  in  the  second  member  Is  due  to  the  pole  t»t|  ,  and  must  be  eliminated  toge¬ 
ther  with  the  imaginary  part  of  the  first  member. Ihus we  find  that  the  value  of  the 
residue  of  3  function  to  be  integrated  is  t 

,  e  ■  s 

that  is  to  say  ^  according  to  fornrula  13,  The  variation  of  the  integral 
while  passing  througli  the  pole  batf  therefore  has,  according  to  the  theory  of 


21. 


•  • 


■itwfert  •ugpwnt#  done  t  c  H  v,  c.t.d.  d«  ^  d*apr^»  1«  forw'il#  37, 

En  d#flnitlv«,  on  pout  done  dcrlro,  on  no  con»<»rv«nt  qur  lot  portlot  r/ollot  #t  on 
ronplo^ont  d  psr  bv: 


k  g  ft  .  i  cH 

f  It 

.  ^  UmkU  /  *  /  e  _  hsAl _ <lk 

t>  ■  IT  <_.  I  J  (i.t.){t.t.) 


•olt,  on  d^composont  la  fraction  rationnollo  i 


.  o  Af»  cik  k 


(41) 


On  pout  intorpr^tor  Its  fomulos  40  ot  41  corrj-e  d<?flniisant  deux  fanilJes  de  courbes 

t.,  ) 


c.a.d.  puisquol'on  a  par  la  forruulo  13  t 

.  ^  A»«  e.K  t, 


Arc  cKt% 


*  e 


doux  familltt  do  courbot  t 


-  ?,  T"  -t-i 


DISCUSSION  tN  FONCTICfJ  DU  RAPFORT 

Conslddrcns  d'abord  les  cas  lirrites  L  ;  o  et  U  ,  «<> 

SI  L  -i  O  ill  faut  annuler  le  second  rr.erbre  de  40  ce  qui  exigo  : 

-  o 


t.  -  t. 


(u.«  b.l(U  .  k.) 

Como  on  a  toujoura  ^  ^  b,  ,  cette  condition  ne  peut  ^tie  t^-c\]  que  pour 
fc.,  a  t,  a  i  ,  Done  la  courbe  fc,  ,  ,o)5e  r«^duit  au  p>oint  t,  ^  t*  i  < 

SI  L  «  ,11  faut  rendre  lo  second  rr.erbre  de  40  Irfinlj  co  qul  exigo  soil  quo 

1 ' ir.t4grfi lo  diverge,  done  que  m-/  ,  soil  quo  le  coefficient  de  1*  intygr.'le 

solt  Inflnl,  done  que  l  y^-m«o  {&.d  h ,  - 


Done  la  courbo  fortree  de  la  deri-droite 

Ot  du  sogrr.ent  »  -  »  <  t,  <  ♦  •  .  t,  t  •*> 

II  resto  k  oxanlner  le  cas  g<vneral  L.  ^  U  ,  ^  deoignant  un»*  con?.tant.(;  flnie 

non  nullo.  ^ 


L'4quatlon  40  montro  que  pour  _4_  r  X  i  H  existe  une  valeur  de 


tel  le 


71 


r«s>  v^Iu#  i  IT  4rKJ  the  second  inr":t>er  tiios  Incresset  by  ; 

!•••  by  iJo  iccording  to  forsuls  37« 

4e  c4n  therefore  finslly  write,  retsinino  only  the  real  parts  and  replacing  d  hy 


a.  o| 

t  *  tr 


l.e*  Splitting  up  the  rational  fraction  t 


Are  cKt 

*  -Lzh—  at 


t.i; 


We  can  Interpret  fonulae  ‘^C  and  41  as  defining  two  families  of  curves  t 


f  ( t,  ,  -^  ) 

i.e.,  since  we  have,  from  for  .tula  13  j 

_t  -  i  Arc  cht| 

-  e  ^ 


.  .  ^  Arc  c)'^, 

ir,  C  *  e 


two  farr.illes  of  curves  : 


ARGUVEMT  IN  TLHJ/G  OF  Ti!E  RATIO 


L 

Id 


Let  us  first  consider  the  llritlng  cases  L*0  and  » o» 

If  Ihi  •  O  •  the  second  --er-hor  of  40  must  be  annulled,  which  requires  i 

=  o 

(u,*  b.Uu.<  C,) 

Since  in  any  case  t,  ^  ,  this  condition  can  only  be  realised  for 

Hence,  the  curve  o)^®  reduced  to  the  point  b|«  t,  «  1  - 

If  Le««  I  the  second  member  of  40  must  be  rendered  infinite,  which  requires  either 
that  the  Integral  should  diverge,  so  that  a  -  1  ,  or  tliat  the  coefficient  of 

the  integral  should  be  Infinite,  so  that.  :  ir  _  »•  l.e,  h  ^ 

Therefore,  the  curve  t*  .  ^  (t|  ,••  )  Is  formed  by  the  half  straight  line  fc,. -1 ,  t,  io« 
and  the  "segment"  :  -  •• 

It  remains  for  us  to  examine  the  general  case  ~  x  K  ,  denoting  a  finite 
constant  which  is  not  zero,  ^ 

Equation  40  shows  that  for  ^  ,  a  value  of  exists  such  that 

b«.^(t,^k)a1  ,  but  there  is  no  value  of  b  ^  sucii  that  b,w  ^  (t,  _  1 


Ti 


eu,  t  //•  •)  I  ,  rj|*  quMI  d#  v«J*ur  O#  t.  (•lUqv* 

/  '  *  '  Li 

I  ^  -  <  ear  »lcrs  lMnt^gr«l#  ••t  d!v«ro*ft*  •t  Pen  •  plus  ^  ^ 

j^ur  t*tun.<  i  .  t  d#s  courb#s  ^  »  r>ous  allcnt  dlff4r«nciar  1* 

Equation  4(.  •  r  I  m  ^  con*.t*nt.  D*ou  t 


<«  A't  ti 


"*'7  '***•  “  ' 


(-.*.V 


soit,  apr^-n  sin [il  i  f  i  cation  t 


rf-" 


l_  <i*'< 
it/,  dt. 


t.  f  '  " 

IT  /  ' 


.  i*.  flr«  cAu. 


(u^k.) 


w: 


it  art  I*. 

tr 


- - , 

(  u.  ♦  k* 


ent  po$itif  (foi"'ul«‘  36),  on  volt  qut 


•St  posltlf. 


Done,  quand  =  C""-®,  est  un*.*  fonctlon  croissante  de  k,  ,  On  sn  d''duit  que 

choque  courtic*  do  la  fanille  k,  »  ^  t  ^  ^  part  du  segment  k,,i  lets* 

teM.ine,  aproo  toujours  olevoe,  sur  la  droite  fc,  »  (  .  Pour  placer  ces  cour- 

bo',  il  soffit  do  di  f  fort-nciei  4C  en  y  laissant  t,  constant,  d*ou  » 


k  :  -  JLl_  /"  e 

b  ^  J 


Art  C  ^  w 


II  est  ^vicerit  quo  d  k- est  nogatif. 

Done  1»5  courbes  k..  yrk.,  ^  ^  sont  en  quelque  sorte  concentriques  autour  du 
poiftL  t  t,  i.1  ,  les  C'/urbos  les  plus  ^jrdgnops  cort»*RfK>ndant  aux  valeurs  let 

piur,  f'ievi'os  de  k- 

b 

DLSOljr/oiC-ii  E!i  PUDC7  ION  DU  r<AHi;HT  ^ 


La  discusoicn  est  arse?  df'lic-ite  du  fait  quo  I'^quation  41  cof.ipc/rte  un  passage  h  la 
limite.  Nous  uti  1  i '^o:  oru.  slnultaroT  ent  I'l'niuatico  41  et  l'4quatlon  36,  Dans  cette 
deir.i?rn,  nnur  rerplaceions  ol  par  ,  nous  greuperons  les  deux  prenlJ-res  series 

djris  one  sei  le  ufu  .uG  '’o  corlnus  nous  rrettrf.ns  ?!  part  lo,  premier  terPft  de  la 
derr.i?;re  s''rie. 


On  obi i ent  alnsl  t 


22 


fnr  th#n  th#  |nt»<jr*l  l«  <Jlv»rQ»nt  *fvt  mm  no  lonqmr  h*v*  N 

To  study  tho  for*  of  tho  curvot  ,  mm  «h«ll  (Ji  f  fer«nt(at*  oriu^tion  40, 

Itsvlng  constant.  Fro^  which  t 


0c-?& 

tt* 


e>*u  j  .  r.  J  ^^*^1  I  \ 


cLuw 


+  if/  «  j 


i.«.,  qfti»r  simpll f IC'ition  : 


^  cUr, 


-  f 

J, 


*•  _  si  AxccVitjL 

e  ’ 


du- 

t.)' 


Uf 


(42} 


I. 


^  _  ?£  Aft  cVu. 

e  ■«  ^ 


dUr, 


at. 


since  — ^  is  positive  (for  mis  3b),  wo  soo  that  ■■■■■" .■  is  positive. 

^C|  .  4  X 

Thorofom,  v/hiin  te  =  con''.tsnt,  C,  is  an  i ncr*ias I n<3  function  of  L.  , 


From 


wnich  we  deduce  that  eich  cu  *ve  of  the  faTiily  b,  «  starts  from  tlie  segment 

t*l  -l^bg^  \  ^ni  finishes,  after  having  risen  all  the  time,  on  the  straight 

line  .  To  place  these  curves,  it  is  only  necessary  to  differentiate  40, 

leaving  fc  constant,  which  gives  us  t 


-I  1  J  i. 

a.  -ru  -  -,<11 


d.  i: 


0»  -  5  Art 

tr 


■  Uu 


CSrUU 


i^'i) 


It  is  evident  that  Is  nea.itive. 


Th»is  the  curves  ar*^  so  to  speak  concentric  round  the  point  t,  rtj«l 


those  curves  furthest  away  corresponding  to  the  hiaiiest  values  of 


ARGUWIN'T  IN  ThHN’L  OF  Tit  RATIO 


q 

b 


JU 

i 


This  argument  is  ratlier  tricky  Jue  to  the  fact  that  equation  41  contains  a  p<assage 
at  the  limit.  Re  shall  rraVe  u  e  uf  epjitions  4i  and  36  s  i  mj  1  taneous  ly .  In  the  latter, 
we  shall  replace  cl  hy  bo^  ,  vve  shall  group  the  two  firs-  series  into  a  uinqle 
cosine  series  and  separate  the  first  tern  of  the  last  series. 

Thus  we  obtain  t 


-‘3. 


m  -  f. 


TTT  ^  *  (••«•)▼  —  «•(».•)▼  *  *•••  •  I 


(36*) 


Pour  ^tudior  l§  fom#  dos  courtot  •  ^)  11  faut  ca  leu  I  or 

Nous  rappoloront  d'abord  qu#  ^  n#  d*Vnend  qu«*  d«  et  que  *'•  n(-  d‘'p<^nd  (ue 

dt  fe|  (Volr  i  X  ).  Done  danj  l*t'quatlcn  36*  seule  la  Gloria  di-  cogIuug  dt't  ^-ml  de 
tandlt  que  dans  I'^quation  41  seule  la  preriJro  int-'Qrale  d»'p«'nd  de  . 

Cette  e<lrle  et  cette  Int^qrale  ne  dlff^-rf-nt  done  c^ue  d’uno  con^tr’.nte  ot  Ifurs  dif- 
f^rentlelles  on  t*  sent  done  Scales*  -  On  a  done  : 


iL  /  ».  V*  a  ("»»♦»  )  ;r  )  -  JL.  f 
«(t.  I  ^  -  W**-0n-  ) 


«  c.Kt 


nt 


f4.*.V 


(46) 


En  di  f  f^Tf-nc i ant  36*  par  rapport  h  fe»  et  qu  jnd  —  est  cor*  t  .n^  ,  ohti"nt 

it 

griee  ^  46  :  O 


•  -  d4,  JJi-  /  « 


±  4rt  ckt 

dt 


ITIT^ 


d  a, 


4  ♦ 


I 

0^ 


•  o  “  • 


d'ou  I 


•  /  -w 

j_^  y~  ^  y“ 


_ir 


ir^*.)1L  - -V  y  TE-Hj!:- - 


d  A 


•  i  • 


-  i  e»« 

^  dfe 


rt 


(47) 


Dans  cette  Equation,  la  serie  des  cosinus  jolnte  au  terrie  J-  est  pci  live  4*t  d<^fl- 
nle  sauf  pour  et  Toutes  les  autrf's  s‘'ries  sent  [)Ositives  et  I'in- 

t..qr<l».  de  rrfne  positive.  Dofic  est  nsnjtlf.  D*spf?s  i  *  <'f!U.T  t  *  f;n 

-Jc  on  en  dcdult  que  t 


23 


g  ^  ^S.  X  (a-ll  J  (3«’] 

h  ^  I  /L  o(4(ir»»0Tr  ^  <  /  nir-dC  I 

*•  »»••  Y*,#  *  J 

To  study  tho  8hsf«  of  th«*  curves  ^1  f  ^  )  ***  calculeto  "sC 

Ut  us  rsmsmbsr  first  that  only  dsptndt  on  snd  that  tT^  only  dtponds 

on  (Soe  §  X).  Therefore  in  equation  36*,  only  the  cosine  series  depends  on  . 

This  seiies  and  this  integral  therefore  only  differ  by  a  constant  and  their  differen¬ 
tials  at  are  therefore  equal.  -  Hence  we  have  t 


_a 

dt. 


\  ir  \  2ces 

.1  /- 


)jjt 

Ott 


—  -  i  fire  cKi 

.  ^  olt 


>1  •• 


(t-k.)* 


(^6) 


Differentiating  3ft*  with  respetl  to  and  p  when  —  is  constant, 

obtain  with  the  aid  of  46  j  ^ 


0.  ato  !£•  I  e 

ir 


•f'"'’’'  dt 


'n«#» 


(t  -t.)' 


("♦')  - 
oC 


+ 


2  COJ  ♦  0  oC  ^  _2. 

eC  ♦  (v.+i)'rr  ^ 


•w  t# 


-  ^  (  net) 

^ _ 

of  (  r>^l)  TT 


«c 


^1T-eC 


fror  v.hich  ! 


dir, 


^  L  o(  *r(viti)'Tr  /I  •<  J<t{w+»)TT  /I  ^  J  nir- 

-w,.  ^rr. 


IT 


art  chf 


(1.7) 


In  this  equation  the  cosine  6e:ies  cortlne'  with  tho  toitr  JL  i?  positive  and  defi¬ 
ned  except  for  ^^  =  0  ami  ■  _  cC  .  All  ttio  other  seiles  are  positive  and  tiie  inte¬ 
gral  is  also  positive.  Ther^fo:©  <dt,  is  necatlve.  According  to  equation 

36,  we  deduce  froM  till'  tiiat  : 

dt,  diT, 


dt. 


d  t*  d*’ 

«l  »i  d  i . 


?4 


ost  aussi  nc'gatif. 

len  courtpR  ^•-3^^''^)  ^- 

de  t.  I 


flt4y  d*5  fonctions  d^crol *s*nt*« 


Pour  pi  icer  l«*r.  courber.  •  J  f^.  t  i  »  calcuirns  •  • 

\  -O  -  ckt 

t.  "  y  ct.t.) 


.*•  A^t  ekt 

^  dk 


(k.t.) 


b"  .dto  ®st  posit.if,  c.a.d.,  pulsquo  chacjue  courbe  ~ 


= 


est  une  fonc- 


tion  d>‘C  1C i  s iantt*  de  t  i  ^  qiie  cos  courbor.  sont.  situoes  1p5  unf?5  au— decsus  d®5  au— 
vfcis  lec  ^  ■  croi '' r.anf.s  j  lf*f:  courbpr>  1p'.  plus  hautfcS  corrpspondant  aux  valours 

Ipf.  jr  lus  olevfc'es  de  — - 

b 

On  peut  aiser.ent  discuter  les  cas  linites  : 

Pour  fc^=f  et  ,  on  vcit,  dans  I'r-quotion  3(  *,  que  la  s^rle  des  cosinus  di- 

veice  et  tend  vers  plus  I'infir.i  puisqu'alois  ^  -  o  tandis  que  ler.  deux  autres 
scries  resLent  firics  puiso,ue-  est  difff'rent  de  I'unite,  On  a  done  :  Su  .  *  W) 

La  courbe  ^  f  t , ,  »^jest  done  la  deri-droite  :  t,,/,  t,  >( 

Pour  fc.ii  et  -  I  ^  k,  <  I  ,  lu  contrnire,  la  s»'rie  dcr.  conirus  converge  tandis  que 
les  deux  autres  slides  divercent.  et  ter^dent,  con’[;te  tenu  du  signe,  vers  moirps  1* 
it, '’ini.  On  a  done  :  ^ 

La  courbe  •-  done  !«  senrert  :  >  k, 

Quond  on  a  sirfjltanf-r.ent  =  i  ,  t,  m  l  ,  toutes  les  s/ries  divergent  mais  la  s^rle 

der,  cosinus  tend  vers  4  •*<>  tandis  fjue  les  deux  autres,  affectees  de  siqnes  n6ga- 

tifs,  tendert  vers  -  -«  .  Suivant  I-'  fagon  dont  on  fait  tendr*  t  ,  et  t  »  vers  I 

on  peut  obtenli  n'lfT|rxpite  quelle  limite,  positive^u  negative,  done  n'iinporte  quelle 

V'tleur  de  ~  .  Les  series  de  convergent  uni  f  or  r  e  t.perpt  fX'ur  et  t«  uiff^rt. 

b 

de  !  done  rcpircsentent  des  fcnctions  continues  de  to  et  k,  ,  On  volt  done,  en  fal- 
sant  tendre  fc,  vers  '  par  valours  ir  ff'rieures  et  k- ,  vers  *  par  valours  sup/rieureS 
quo  tcutes  les  courtes  t. .  ^  rt  ^jconvertiont  vers  le  point  tom  t.<  I 

Pour  T'ettre  en  place  les  court es  *  f L'ftq.cl  ’  “ 

lb  ^  b 

dresit  cortencer  par  preciser  leur  forme  ce  rfjl  n'est  pas  possible  4tant  donne  la 
fegon  dont  on  les  definit.  N<tannr;ins,  on  peut  les  scb/*natiser  en  faisant  la  remar- 
que  suivante  ;  On  vient  de  dor  oritrer  que  les  fonctions  ■  fit  (^talent  strlc- 

ter.ierit  orcpi t- sarites  alnrs  quo  les  fonctions  t.  ^talent  strlctenent 

decrei ssantes .  II  ost  alcrs  ''■victent  r|u’une  courtie  d'un  r^seau  ne  peut  rencontxer 
une  courbe  de  I'autre  r»^seau  er  plus  d'un  poirt  (c.a.d.  que  pour  —  et  "S:  fix^s, 
et  sont  parf ai  ter.ient  doflnls).  Ceci  perret  de  scher.atiser  ces  courbe* 

cor r e  nous  I'avons  fait  sur  la  flcuie  B. 


24 


it  alto  nogativa. 

Th*  curvet  therefore,  for  a  flxod  B  ,  decreasing  functlcsns 

1  »  1 1  —  /  I, 

of  t,  ® 


To  pi 


ace  curves  V  ^(t,  let  us  calculate  ri  ^ 

..  b  'W.  (t.t.)*  . 


•ve  have  t 


Art  tW 


at- 

(t.t.)* 


's  positive,  that  is  to  say,  since  each  curv’e  — 


constant  is  a 


Hence  ^  is  positive,  that  is  to  say,  since  each  curv’e  —  ■  constant  is  a 

^i  t ,  .  la 

decreasinq  function  of  t ^  ,  and  tiie  curves  are  situated  one  above  the  other  to¬ 

wards  the  incr^nsing  b,  }  the  hichest  curves  correspond  to  the  greatest  values 

t  • 

We  can  easily  discuss  the  boundaiy  cases  t 

For  b,  »  1  and  tj  ,  we  see  ir.  equation  36*  that  the  cosine  series  diverges 
and  tends  towards  plus  Irfir.ity,  since  then  ■  0  ,  whereas  the  two  otlier  series 

rwalr  finite  -Incc  is  otter  than  ufuty.  We  therefore  have  :  ^ 

The  curve  t,*  therefcre  ttie  half  straight  line  : 

For  bjel  and  -l^k,  <,1  •  contrary,  the  cosine  series  converges  whereas 

ttie  two  other  series  diverge  and  tend,  in  view  of  their  sign,  towards  minus  Infinl- 

<X 

ty.  We  therefore  have  : 

The  curva  j-S^)  1*  therefore  the  segment  >-*14 

When  we  have  s Irul taneously  t”***  1  ,  t,  »  1  ,  all  the  series  diverge  but  the 

cosine  series  tends  towards  plus  in‘’lnity  wiiereas  the  tv/o  others,  having  negative 
signs,  tend  towards  nir.us  infinity.  Depending  on  how  one  iT;akee  and  t,  tend 
towards  1  one  cor.  obtain  any  limit,  positive  or  negative,  hence  any  value  of  i  , 
The  series  in  3t'  cor.vei-go  urlfcrrly  for  b,  and  t,  other  titan  1  ,  therefore  re¬ 
presenting  continuous  frncticns  of  and  .  Thus  we  see  that  if  we  cause 

to  tend  towards  I  through  lower  values  and  t,  to  tend  towards  1  througli  higher 
values,  all  the  curves  s  ^  ^  ^ijconverge  towards  the  point  t,  *  c-  i 
To  trace  the  curves  and  ,  ft  )  I  we  should  start  by  de- 

terti  inlng  their  eiiact  shape,  bv^  this  is  Imposr iMe  ^wlng  to  the  way  ir  which  they 
have  been  defined,  Nevertltcless,  they  can  be  shown  diagraniiaticol ly ,  takir.g  into 
account  tiio  fact  tt.at  v;e  proved  above  that  L)  are  strictly  Increasirrg 

functions  whereas  kj,  •  ^  (t,  ''’**’  strictly  docreoslrg  functions.  This  mieans 

that  a  curve  of  one  group  cannot  meet  a  curve  fror.i  the  other  group  at  more  than 
one  point  (that  is,  for  fixed  t  and  —  ,  and  t,  are  perfectly  defined). 

This  allov^s  us  to  shov.  the  curves  diaarhrn.atical ly  as  we  have  done  ir.  figure  8. 


INTERPRhTATICN  CINEWATIQUE  DE  U  DISCUSSION  ; 

II  cit  tfvidemin«nt  potsibl*  d«  gradu«r  l*t  axe*  et  ^  o  en  fonction  de  ^  i 
et  6a  .  Le  schema  rest*  le  m^rc.  II  montre  que  t 

-  ceur  ^  tris  grand  #t  —  moyen,  ie  Jet  reste  prfttlcjuerr.ont  dans  l*axe  du 

^  ft.  ^ 

esnal;  quand  ^  dirrinue  le  Jet  est  de  plus  en  pluc  divl^  rr;il8  la  vites- 


s* 


dir  1  rue  sl  ^ 

,uand  *  est  n^qatlf  et  tr^s  grand, 


dereure  constant. 

V. 


tend  vers  •  j  la  d<'-viation  n'at- 


teint  son  r.axirur  cue  si  l*on  a  sifTultan»'rient  —  t  ♦ 

.  b 

-  ocur  —  faltle  et  —  royen,  est  assez  falble  et  la  d/-viation  rt-st 
b  b 

erne* 

iuand  —  ajgrente,  la  d»?viation  aunnorte  ainsi  que  »• 

.  b 

rcur  r"  irfini'rent  grand,  la  d<fviation  est  maxirrium  souf  pour  ^ 


Dfs  calculs  nurr4r  i'iues  or.t  montr^  que  1' influence  de 


sur  V,  f^tait  pr*'— 


06nd‘'rant*  alors  que  I'lnfluence  de  t-  <Jtait  rapider.ent  n*^qligeable. 

CL  ® 

Pour  des  valeurs  de  —  comprises  entre  -  0,v  et  +  0,t),  on  a  trouve  que  la  vltes- 

b 


t* 


V.  et  la  deviation  4tai*nt  pratiquer.ent  maxlrrum  d^/s  que  I'on  a  j  ^  8 


XII* 


ECUIKTcr.'TIrLUS  £T  LICNES  LE  COUP.AflT  -  ILOVITESbES  uT  luOCLINbS. 

Pour  d^terniner  ces  diff«?rentes  lignes,  11  faut  partlr  des  plans  de* 

(Fig.  2)  et  des  (Fig,  3),  passer  par  le  plan  des  t  (Fig,  ^),  puls  dans  le 
plan  des  *■  (Fig,  l).  Le  calcul  enalytique  est  toujours  possible  mais  quelques 
rerrarque*  g^orii^tiiques  pernettent  de  rrleux  les  suivre. 

Consid^rcns  d'abord  le  cas  de*  lignes  de  courant  et  des  <Squipotentielle*,  Dans  le 
plan  de*  v/  ces  lignes  sont  respectlverent  d/flnles  par  C*^*  et  f  » 

done  fomient  un  r^seau  d*  droites  parsll^les  aux  axes  et  par  coris<?*quent  orthoqo- 

nales. 


25. 

h 


Th«  diagram  does  not  change.  It  shoMrt  that  i 

-  for  a  very  laroe  ^  and  a  medium  L  ,  the  jet  remains  practically  in  the 

h  a.  b 

axis  of  the  channel;  when  —  decreases  the  Jet  is  deviated  more  and  more  but 


the  velocity  \J'\  dirrirlshes  if 
When  **■ 
attains 
-  for  a  small 
deviation. 


is 

b 


remains  constant. 


^  is  negative  and  very  large,  tends  towards 
o  1 

a  its  maximum  If  we  have  at  the  same  time 


I  ;  the  deviation  only 


L 

h 


and  a  medium  ^ 


Is  quite  low  and  there  is  only  medium. 
Increases,  the  deviation  Increases,  as  well  as  O’.  ,  For  an  infinitely 


When  t 
V> 

great  t  ,  there  is  maximum  deviation  except  for 

V)  *  b 

Numerical  calculus  has  shown  that  the  Influence  of  S;  on  ir. 

.  b  ’  a. 

reas  the  Influence  of  ic  rapidly  becores  negligible.  For  values  of  — 

between  -0.?'  and  *  Oi?  it  has  been  found  that  the  velcclty  0\  and  the  deviation  are 

practically  at  thoir  maxlmsim  as  soon  as  one  has  •  ^  8  . 


is  preponderant  whe- 
lylng 


XII.  EQUIFOTENTIAl.  AND  STREAM  LINES  -  EQUIVELOCm  AND  ISQCLINIC  LIKES.  ‘ 

To  detemire  these  different  lines  ws  mutt  Start  from  ths  W  and  ^  planes 
(Fig.  2  and  3),  pass  through  ths  t  plsns  (Fig.  5)  and  Into  ths  Z  plane  (Fig.  l). 
Analytical  calculus  is  always  possible  but  a  few  geotMtricsl  remarks  will  make  it 
easier  to  follow. 

Let  us  begin  by  considering  tiie  case  of  stream  lines  and  equipotentlal  lines.  In 
t»»e  W  plane  these  lines  are  defined  respectively  by  ^  ■  constant  and  ^  =  cons¬ 

tant,  thus  forming  a  set  of  straight  lines  parallel  to  the  axes  and  consequently  or¬ 
thogonal  . 


L*  tfu  pl«n  d«s  ^  t*  f«lt  IMF  1«  forrul#  ^  t 

L,  tiii  ^  H  L*  ii: 


.*6. 


t.  r. 

L»»  llgn«i  d«  courant  sarmt  done  d^flnlas  p<fr 

_  .  .  •*« 

Aroufrant 


i-t, 

Y  .  f  -** 


.  a. 

A 

to!  t  I 


(9) 


•t  ^qulfotantiaU#*  p.^? 


f  *  C 


it* 


to! t  I 


t.b. 


.  C 


On  roeonnalt  Ik  la  d«'‘flnition  des  cerclt:  da  Stainer^ adm»*ttant  pour  points  da 
bata  at  k.  •  Done,  dans  la  plan  dat  fc  ,  las  licnat  da  ccur^nt  fornant  uno 
farrllla  da  care  las  passant  par  las  points  at  t.,  at  centr<^s  sur  I'axa 
t^t  ^  )  tandls  qua  las  ^qulpotantial  las  forniont  una  farllle  de  cercles 

orti.ogonaux  aux  pr^c«'dentt  centres  sur  I'axa  °  let  deux  c«s,  saula 

la  partla  das  cercl>>s  sltuoa  dans  la  de”i“plan  ^  ^  ^  censarver. 

Pour  avoir  I'axpression  analytiqua  de  ces  cercles,  il  sufflt  d'inverser  li  ''or- 
mula  9.  On  a  successl verrent  > 


k.t, 

t,.> 

7TF, 

L.  t. 

TTt7 


£  f  c  ^  _  i  .  .  'V 

L  a  ‘ 

i-v) 


n 

e  * 


I  -  t. 


a  b  *'•  *  *  flL 

c,  -  c,  - -  e. 

;  -  c. 


E  [t  4  .  4,.  Y] 


rr  f  <1 

/  -  e  ^  ^  ^ 

I  .  t. 


^  •-  rj 


(46) 


Cf.  obtlant  alort  des  limes  de  courant  an  lals'-snt  V  constant  f't  en  faisant  ve¬ 
rier  4  de  -  k  -*  •«  et  las  4quipotpnti»?np*.  an  q-'irdant  (  constant  at 

en  faisant  varler  V  de  ^  ~  a  ♦  ^ 

A  A 

Consld^rcns  malntenant  les  Isovitesses  et  les  Isoclines.  Dans  le  plan  des  'S  le 
isovitesset  (llgnes  le  long  desquelles  la  vltesse  garr'e  ur  rr.odule  constant)  sent 
dofinles  par  c  -  ;  ce  sont  done  des  cere les  concenlrlques  tandis  quo  les 
isoclines  (llnnes  le  long  des^uelles  la  vitesse  qirdo  uno  direction  ccn'.tante) 
sont  d«fflnles  par  ©^  C  ;  ce  sent  des  drf  ites  Issues  de  I’oriqlne,  Ouand 
on  passe  du  plan  des  'S  'I'J  plan  des  'S'  per  la  transforn at i on  i 


'f*.  s 


n  - 


24. 


m  p***  throu^  th0  t  pl«n#  by  ••9ns  of  Femi!s  9  t 

4.  .jL  L»»  4  i  ^ 

•  '  ST  t  ^  I  •  * 

Th«  ttr***  lln«t  will  t(ut  b*  d«fin«d  by  •  coostsnt,  l.«. 

Arymwnt  1  ^ ^  t  I  ^ 

I  TTT 

and  th9«quipot*ntial  lln&a  by  ^  ■  constant*  !••• 

fc.t, 


(9) 


t-t. 


■  c 


at« 


Hara  »*•  racogniza  tha  definition  of  Stainar  circlaa*  aaauming  b,  and  ^ ,  aa  tha 
limit  points.  Therefcra,  in  the  t  plana  tha  stream  lines  form  a  family  of  circles 
passing  through  the  points  and  b|  and  centred  on  the  axis 

whereas  tha  aqui potent! al  lines  form  a  family  of  circles  orthogonal  to  the  fornier 
and  centred  on  the  axis  *  o  •  In  both  coses  we  retain  only  that  part  of  the 
circles  which  lies  in  V  c  half  pline 

To  obtain  the  onolyticol  expression  of  these  circles,  we  need  only  reverse  foimila  9. 
na  have,  successively  i 


t"  r  . 

- t  i  4  -  f -‘t 

"  Jt^  a  L  i  '  J 

1-t. 


t-t,  t.,» 


t-k,  i.r. 


t. 


i.k. 


t.  _i  . 

•  - - : - te 

t. 


(“*«) 


Th.n  w.  obtain  str.aai  Mnas  by  letting  remain  constant  end  rroting  ^  vary  from 
*  oO  to  and  equi potential  lines  by  keeping  ^  constant  and  rr.akii»g 

very  from  _  ^ 

2 

Let  us  now  consider  the  equlveloclty  lines  and  Isoclines.  In  the  plane  the  equi- 
velccity  lines  (lines  along  which  the  velocity  maintains  a  constant  module)  are  de¬ 
fined  by  \r  -■  constant;  they  are  thus  concentric  circles,  whereas  the  isoclines 
(lln«s  along  which  the  vfflocity  maintains  a  constar.t  direction)  are  defined  by  ®  = 
constant  ;  these  -re  straight  lines  Issuing  trom  the  origin.  When  we  pass  from 
the  plane  to  the  plane  by  the  transfcmaiion  1 

r-  ^ 


I»  for  «•  J#-*  courtvfc  •■.t  *1  or\  4  ir-coT*-  d4n»  J*  plan  dot  ^ 

un  oflhocor.tl  de  drclt**?  #»t  d-  core  lot  poor  lot  i  toe  11  rot  ot  lot  itovlttt- 

S(»j,  f’o»jr  p4S*‘**r  d<J  pliin  dot  au  plan  dot  t  •  on  o  la  tran*  formation  do 

JouVot^s^y  :  , 

t  .  ^  J  (6) 

Cn  o^it®jUP  transfornat  i  :>n  transfome  des  corclos  concontriquos  ot  dot 

drcitec  rayonri^nt  do  I'oriaine  or  un  r>^soau  orthogonal  d’olUpsot  ot  d’hyporbolot 
ach  rtlant  "o' e  centro  {h  I’orlc  ino)  et  m^nos  axes.  Done,  dans  ]o  plan  dot  t.  , 
les  isovitesses  ot  les  isoclines  foment  un  r*<6eau  orthogonal  d'olllpsos  ot  d'hy- 
p«-rbnlp«,  ccTitr'^es  h  I'oririine  ei  de  foyers  situ^t  sur  I'axo  «  O  .  Nature!  lo- 
"ent,  seulp  I  t  partie  dc  cos  cci  rtes  situeos  dans  le  deni-plan  o  est  k 

con server. 

Pour  avoir  1 'expression  analytique  de  ces  coniques,  il  suffit  de  partir  de  la 
ferrule  6  en  renplaqant  'y  ”  p  ir  sa  fomc  polaire  ! 


d  *  ou  ! 

/>  i-  1  </.* 

:  -  mh  ^  ^  k  , _ _  a  ie  A 

.~‘'p  rent  los  oirties  rrelles  et  ira-^inaires  : 


$*A  A 


On  ohtient  les  isovitesses  en  1  i-^i nant  A  : 


,.vy 


-  '  (49j 


pt  les  isocllres  en  ^'li"<n^nt 


f;^)  -fy 


*'Oi*E  • 

M 


•t 


[^cur  obtenir  ces  diff-'rentes  ccurbes  dans  le  plan  dot  i  11  tuff  It  de  reporter 
les  valours  de  t  donr./es  par  4B,  4'}  ou  50  dans  la  fomule  g«in<iralo  14.  Fn  fait, 
il  sera  nlus  corr-r  ode  do  passor  f)ar  la  fornule  21  donnant  «.  en  fonction  de  '  , 
ri  va  done  etre  n*'cessaire  d'ext  rimer  'f'  en  fonction  de  t  .  Pour  avoir  une  ex¬ 
pression  se  pretant  riieux  aux  calculs  que  la  fomule  12,  nous  Inverterons  la 


f  c  r  r:  u  1  e  6  : 


i  /  r. S-] 


71 


th«  »hap0  of  tho  curvos  of  couroo  remains  the  same  afwl  we  alto  have  In  the  ^  plane 
an  orthogonal  neteork  of  straight  lines  arwl  circlet  for  the  isocllnic  and  e^ulvele^- 
clty  llnet*  To  pats  from  the  pi ine  to  the  b  plane,  we  have  JoukowsVy's  trans¬ 


formation  t 


t-il'JV  V’J 


IVa  know  9  that  th’  trantfomation  transforms  concentric  circles  and  straight  lines 
radiating  from  th#  origin  into  an  orthogonal  network  of  ellipses  and  hyperbolas  ha¬ 
ving  the  tame  centre  (at  the  origin)  and  the  same  axes.  Thus  in  the  t  plane  tho 
equiveloci ty  lines  and  isoclines  forr  an  orthogonal  network  of  ellipses  and  hyperbo¬ 
las  centred  at  the  orioin  and  of  foci  lying  on  the  axis  .  Naturally,  we  only 

retain  that  part  of  the  curves  which  lies  in  the  half  plane  t^^O. 

To  obtain  the  anjlyticai  expression  of  these  conics,  we  need  only  take  fornula  6, 
replacing  by  its  pol  r  form  : 


from  which  « 


t .  Ut.t,  =JLli  c.X  - 


Separating  the  real  and  Imaclnaiy  parts  : 


t  _  r*-i 

2  •  2  ^ 

The  equlveloclty  lines  are  obtained  h/  eli'inatinq  X  : 


'EH 


_  1  i.e., 


3  1* 
vr  •<  \ 


and  the  Isucllnus  by  e  1 1 ::iin  1 1 iny 


-ill- 


■5  “Sl* 

ir  rf  ^ 


=  1  H 


y. 

l  Cei  \  j  \iim  X  / 


C.4 


fc  ^ 

1. 1. 


^  .  XTT 

-fy 


[so  ) 


To  obtain  these  different  curves  in  the  Z  plane  we  need  only  Insert  the  values 
oft  given  by  ‘"•b,  A)  or  50  into  the  general  lornula  I'i.  Actually,  it  Is  more  con¬ 
venient  to  proceed  via  ForrTula  21  giving  Z  lb  the  terms  of  *5’  .  It  will  there¬ 
fore  be  recessciry  to  express  in  terms  of  t  .In  order  to  have  an  expression 

which  lends  Itself  more  easily  to  our  calculations  than  Formula  12,  wc  shall  reverse 


Formula  6  : 


‘•iir-  f'] 


UNKLASSIFIED 


ARLINGTON  HALL  STATION 
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FOR 
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CONTROL  ONLY 


NOflCE’  WHEN  GOVERNMENT  OR  CTTHER  DRAWINGS,  SPECIFICATIONS  OR  OTHl^  DATA 
ARE  USED  FOR  ANY  PURPOSE  OT’HER  THAN  IN  CONNECTION  WITH  A  DEFINITELY  RELATED 
SoVE^MElSr  the  U.  S  GOVERNMENT  THEREBY  INCURS 

NO  NOR  ANY  OBUGATION  WHATSOEVER;  AND  THE  FACT  THAT  THE 

GOVERNMENT  MAY  HAVE  FORMULATED,  FURNISHED,  OR  IN  ANY  WAY  SUPPLIED  THE 
SAID  DRAWINGS  SPECIFICATIONS,  OR  OTHER  DATA  IS  NC3T  TO  BE  REGARDED 
IMPLICATION  OR  OTHERWISE  AS  IN  ANY  MANNER  LICENSING  THE  HOLDER  OR  ANY  OTHER 
PE^N  OR  CORPORATION,  OR  CONVEYING  ANY  RIGHTS  OR  PERMISSION  TO  MANUFACTURE, 
S^^SELL  ANY^TEOTED  INVENTION  THAT  MAY  IN  ANY  WAY  BE  RELATED  THERETO. 


•  '  • 


•t  I 

On  l%v«  l*lnd<t«r»ln«tl9n  »%  vn  ••  r«»v>»l*nt  i«««  f*  ei«tt 

•V9lr  un«  parti*  l«4^1n«lr*  rW^atlv*,  «l<»r*  qu*  fy  **1  tn>ijnur«  p*t!ttf.  bone  t 

(51) 


1*  l«4qln«lr*  fW^Atlv*,  «l<»r*  qu*  tm  *1 


Enfln,  l*utllli«tl9n  d**  d4v*l;>pp**i*nt*  tn  tdrl*  d*«  fonctionn  hyi^rqi'o^trl  pi^s 
d«  Gaut*  (forrulaa  25  at  26)  n^eassit*  1%  dlacuatiTn  da  li  vjl>njr  da  — |  . 

Mala  on  aait  qua  ^  d*aprNs  las  fornults  27  at  2^),  P>vir  I, 

2,  3,  on  aari  toujourt  dans  la  cas  d’apollcati on  da  la  for~ula  2^. 


Pour  4  •  4,  on  8Jlt  qua  i  .  n  t,  -  (28) 

0**pr^*  51,  on  volt  rua  .4a  •*-  I’rnnotaqua  dans,  la  pMn  das  !f  du  point  d  nr. 
la  plin  das  4  «  Cast  done  la  point  5^  •  fi^dans  la  pi  in  das  !f  'ttt  on  p>Mit 


ri'^anar  Is  dlicusilen  da  Is  condition 
qua  ("Ijy-a  ?) 


!“ 


JL  f  , 


h  un»»  discuss  5ri 


ira 


S' 


51  S'  att  sltu4  dsns  la  r^'jlon  I  'dav.l-carcla  avac  sos  front l'-r‘»s)  on  or>i  <l  ms 
la  css  d' ipolleation  da  la  for'ula  25, 

SI  S'  ast  sltu-f  donn  la  raql  on  II  ^da*l  -eouronna  avac  uno  pirtla  da  son  f run- 
tl^raa)  on  ast  dins  la  cos  d*ap-»llcatIon  da  la  forrula  25, 

La  for  ul't  21  pr-md  finalanant  una  das  dajx  fornas  suivintas  : 

-  si  S'  ast  dins  li  r-"']  zr\  I,  on  a  • 


£  ^  S' 


t 


Vv) 


28. 


nmv  th«  «*l9utty  •f  th«  doubU  sign  t>y  rswwbsrlng  that  suit  havs  an 

"hlah  la  nagativa  •4>araaa  la  alaaya  poaltiva.  Hanca  t 

.[ttViTTj''  (4i) 


Final ly*  slnca  wa  ara  going  to  uaa  tha  davaloprrtaota  in  aariaa  of  tha  hypargaomatri- 
cal  functions  of  Gauaa^ (Formula  25  and  26)  th#  v)Iua  of  must  ba  discussad. 

But  wa  know  that  j  according  to  Fornulaa  27  and  26,  for  ■  I, 

2,  3,  i«a  shall  ba  in  tha  sp^iara  of  application  of  Formula  25. 

For  K  ■  4,  wa  know  that  t  s  .  v4*-i  (21) 

From  51  wa  sao  that  is  tha  homoloaua  in  the  ^  plane  of  tha  point  t,  in 

tha  b  plana.  It  is  thus  the  point  B.  in  tha  plane  and  we  can  roduca  our 

to  a  geo'Twtrical  discussion  (Figure  9). 

(  Figure  9 


discussion  of  the  condi 


If  is  situated  in  region  I  (se-:iclrcle  with  its  boundaries),  Fonnula  25  can 

ba  applied. 

If  is  situned  in  region  II  (sexi-a-mulus  with  part  of  its  boundaries)  we  have 

tu  apply  Formula  26. 

Fortnula  21  finally  takes  one  of  the  two  following  forns  i 


29. 


av9Cf  rappelons  !•  t 


i 


.  e 


XIII.  EXPLOITATION  JE  LA  SOLUTION  PAR  DE3  SfitlE?.  LOnARI'nwr'jUES  FINIES  l 

Wine  qu.ind  on  d«?veloppe  les  fonctions  ftyp«rg(^ot:v'trl ques  d®  Gauss  on  sdrie* 
les  fornulos  qui  resolvent  le  probl^ra®,  h  savuir  i 

-  les  fomulss  gonerales  do  passage  du  plm  doo  t  au  plan  d®9  t  ^2  ot  53, 

-  Iss  fornulas  doteminant  les  constantes  i  34,  3*3,  36, 

ne  sont  pas  utlll  sables  pratique  nant  pour  u.ae  <^tude  nurn'riquo  plus  pouss^®  du 
problem®  parce  quo  les  8<5rles  hyperg‘'oi.T*'triques  do  Gauss  convergent  lentement  et 
se  prStent  mai  a  des  approxir.at*  one* 

K«als  il  est  ‘'v;  lent  quo  l''<coula:ient  varie  continue'  ant  quand  on  fait  vurior  1' 
angle  d’une  faqon  continue  (sauf  pe'Jt-<tre  fxaur  vo).  sin  do  ®  Car  quand 

on  passe  do  <*  *  e  a  «  diff‘'rent  de  ®  la  vitoss®  \  l'ar4te  devient  Infinie), 
Or,  on  salt  quo  tout  noabre  reel  pout  “tre  aporoxisie,  avec  uno  precision  aussi 
grande  quo  I'on  veut,  par  une  fraction  rationnolle. 

On  pout  done,  dins  notre  problurco,  reiplacer  "  par  une  fraction  ratiin- 

nelle  en  co  m-ttant  une  erreur  aussi  faible  que  I'on  veut,  done  en  chan- 

geant  l'4coula:nent  aussl  neu  quo  I'on  vout, 

II  appiralt  1  nm^'d!  atecient  sur  l'/-quat’r»n  16  quo  le  probl'*me  so  sirr.pJlfio  done 
con5id''rabl»''ont,  car  on  a  alors  a  cilculer  uno  Int-^grale  do  fraction  rationnoUo. 
Noanniinr.,  11  sera  qu  ind  mSmo  plus  slrplo,  coaio  nous  allons  le  voir,  d'int^^grer 
h  I'aide  des  fonction^^  h'/perq<'o'i*''tri  <uo5  de  Gauss,  puis  de  develnpper  colles-ci 
en  series  inf  in' es  onfin  de  tr  inr.for  "'er  cos  dern*''ro5  en  srirles  flnier.  do 
logarlthnes. 

En  effet,  duns  las  for  rules  i)2  et  63,  11  appiratt  deux  types  sir.ples  do  sdrloi 
de  la  forne  t 


I 


A 


I 


**tO 


•<  ,1  ^  rr 


hXr  ~  M 
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.if  ^  1»  in  r«9l«n  XI,  m  haw  t 


Jr  (H"  r^-f&  .L  riii:) 

*•••  .  ’*'•  •*••  -n.. 


adth,  lat  ua  rawnbar  i 


(s^) 


.  r  T  #  «  /  ■*•  IT 

,\a^  ^  .  e 


XIII.  DEVELOPXENT  OF  TH^  ^.UJIIQfJ  BY  MEANS  OF  FINIT£  J^ARITHMIC  SERIES. 

Evan  if  wa  davalop  Gauss's  hypargaometrical  functions  in  series,  the  formuiaa 
««hich  solve  the  problem,  i.e.  t 

•>  the  general  formulae  used  to  pass  from  the  t  plaieto  the  Z  plane  t  52  and  53, 

-  the  formulae  which  detennine  the  constants  t  34,  35,  36, 
are  Impracticable  for  use  in  e  more  thorough  numerical  study  of  the  problem  because 
Gauss's  hypergoometrical  series  converge  slowly  and  do  not  lend  themselves  wall  to 
sppro-xlmations. 

However,  it  is  evident  that  the  flow  varies  continuously  when  the  angle  is  made 
to  vary  continuously  (except  perhaps  for  o(  close  to  O  ,  for  when  we  past  from 
<itO  to  oC  other  than  0  the  velocity  at  the  edge  becomes  infinite).  Now  we 
know  that  every  real  number  can  be  apnroximated  to  a  rational  fraction  with  whatever 
precision  we  may  desire. 

cf  t> 

W#  csn  therefore,  in  our  problem,  replace  by  a  rational  fraction  ,  with 

as  small  an  error  as  we  like,  thus  changing  the  flow  as  little  as  we  like. 

From  equation  15  it  may  be  seen  at  once  that  the  problem  is  then  greatly  simplified, 
for  we  then  have  to  calculate  an  Integral  of  a  rational  fraction.  Nevertheless,  It 
will  still  be  simpler,  as  we  shall  see,  to  Integrate  with  the  aid  of  Gauss's  hyper- 
geometrical  functions  and  then  to  develop  these  in  Infinite  series,  finally  trans¬ 
forming  these  Into  finite  logarithmic  series. 

In  Formilae  52  and  53  we  have  two  simple  types  of  series  of  the  following  type  : 


y  a"-- — 

/  -  dC  ♦  (n 


ss,» 


ssit  -  dC 
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C«nti44T9n9  4*ab«rd  1«  pra«Ur*  a^rU. 

ElU  •MCO#f*t¥i»«»»t,  tx  rMplA^Mlt  J  P***  “f  * 


f^our  axprliwr  »  on  pout  utillfor  la  foroulo  t 


f  7  “  M  * -9 

1  •  4s  0  /•*  'ty 

Done,  en  posant  t 

c.a.d. 

krr  ^*h')r  (—  ^  1 

A  ' 

Ar  •  ^ 

on  peut  ^criro  t 


(54) 


SI  ^  est  une  fraction  r^clulto,  il  n’existe  pas  do  valour  do  t  toll#  quo 

pour  ®<l  <  ^  et  on  peut  done  re.Tiplacer  Is  somnatlon  pour  <  •• 
par  une  soniation  pour  <  C  ««  puisque  pour  f  41  4  Is  s^rlo  on  ^  lora 
nulls.  On  aura  done  l 

•o 


Irf! 

A  ^ 

Corame  -  ne  d-'pend  pas  do  A.  ;  on  peut  supprlmor  la  parenthfeso  lnt4rlouro. 

Puls  on  intervertlt  les  signes  do  soffimation  et  on  sort  du  sign#  51  on  t  los 
terraes  ne  dependant  pas  do  t  ,  On  obtlent  t 


A 


En  se  rappelant  quo  Lr,  x)  admot  lo  d4veloppoment  i 


on  obtlent  finalenent  t 


JO. 


L*t  «M  tt^rt  by  c«n»14*rli«9  th«  flrtt  Mrl**. 

It  U  ««rltt«n.  rvpUcinQ  by  t 

^  V-- 

/  .<*(».|)»  .C  ^  ^».ir  «c  ^ 


'1*1* 


n«* 

To  oxprot*  ^  •*•  can  uto  tho  fomult^ 

* 

«• 

Thus,  taking  :  !•••  **•  write  : 

-  -  -  .  -  . 


o  i 


if 


(54) 


■ 

JLzJ? 

.  ^ 

)• 

■ 

.  A 

ir  't 

‘‘•P  H.o 

If  E  is  «  r^-duced  fr^tctlon,  ttier*-  is  no  v^slce  of  ^  such  that  for 

o<%<v  and  we  can  thor'^fort?  repl?cc  the  surr.ation  by  a  sumition 

for  I  V since  for  the  index  series  will  be  zero.  Thus  we  shall 

have  t 


y\*  1 


■ - -  4> 


dC  +  (ne»)tT  << 


aV 

since  ''  ^ 


r 


t.  I 


Zlh(r-x)^ 

C  ^ 


J.  Jl 

tr 


*■  P.a 

—  does  not  depend  on  ,  we  can  do  av^ay  with  the  inner  bracket.  Then 
reverse  tfie  sumriation  signs  and  take  out  of  the  ^  sign  in  t  the  terms 


which  do  not  depend  on  ,  ..e  obtain  : 

/  oC  TT  /  I  / 

"••  ^,1 

Ren'emberlng  that  Ly,  (  1  -'*■)  can  be  develci'ed  as  follows  : 


we  finally  obtain  t  w,_  , 

/  <<»(iH»)tr  ^  ^  /  I 

^rnm  m  I 


t 


Lv»  1  \ 


-aihir  1 

'  *  ^ 


(55 1 
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Cnnsld^ron*  mjintvn^nt  I#  2^mf  typm  dm  »4rl0,  <>>  •  i 

/:.■ ,  ±-A.' — 

*.  J  T77"  ^ 

(9 

Pour  mxprirotr  nous  utilissrons  la  foraula  i 
0  i£d  ('j-*)  f  f  ^  A4 

a  ■  •  I  ^  - 

I  •  4<  4  ^ 

Done,  an  posant  c*a.d.  ^  r‘-/»)  ,  on  obtlant  i 

^  A«  r  . 


••••  i»«o  rt*Q.i 


Pour  l  =  -/9  t  I'’  s4ri.e  an  ^  a  pour  some  ^  at  1©  tame  corraepondant  da 
li  S(?rle  en  t  est  4gal  ^  ^  •  D*autra  part  pour  \  <  I  ,11  n'exlsta 

pas  de  valeur  da  t.  telle  qua  at  done  la  8(?rla  an  4  ast  toujoura 

nulla.  On  peut  done,  en  mattant  ^  part  la  tarma  corraopondant  li  lonrnar 

non  plus  pour  -  ft  ^  \  ^  «•  mals  pour  /  <  1  •©  .  On  a  done  eoTr'a  pr'^C'^demmanti 


REf/uARQUE  t  Dans  las  fornulas  I!>4  at  56,  on  a  un  double  slgne  (I'un  <llmlnont  1*  ) 

autre)  mals  quelque  solt  la  sign©  adopts,  on  ratrouva  la  mfimo  r^sultat.  Ga  doubla\ 
sign©  peut  (et  dolt)  etre  affect*#  k  4  *t  alors  on  paut  dans  las  formulas  55  at  ) 
57  changer  4  en  -  4  sans  aucun  Inconvenient.  ( 

On  peut  alors  utiHsar  les  fornules  55  et  57  pour  transfornar  las  fornules  52  at 
53.  En  remplagant  i.  ,  ^  . -^S  »  vtlaur,  on  obtlant  apr^s  des  simpli¬ 

fications  ^videntes  et  en  remplagant  ^  par  i  ti  i 


I 


rt  ntm  tentldvr  th«  •r  ••ri* 


Ut  V9 

^99  ^99  Am\ 

To  •Kprvts  ^  «•  thili  US*  fft*  fon'vlsQ/ 

-- 


•f  s*rl*«*  A* 


3Z. 


I 

ll»« 


’ll*?  US;' 

s  "t  z* 

•n.*  r — 


(  1  ;f'-T-r 

1  » 

\ 

,  ^  ^  obtuin 

t 

A 

/ 

L _ 

. 

(»*) 


h«< 

For  ‘X  •  •  ttie  sum  o*'  tliu  H  irido  sc*r5»'S  is  e|  and  the  corresponding  term'  of 

th*  %  Index  series  is  -.1.  ,  On  the  other  hand  for  ^  ^  tliere  Is  no 

value  of  't,  such  tiiat  ^ «  efvt  .  ^  and  ttier»  fore  ti»e  Index  series  is  always 
zero.  Ae  car  tiioiefore,  settlnc  apart  the  toim  correspondi ng  to  ,  calculate 

til*  cur.,  not  for  -r<  't  bu*  for  1  4s  ^  ‘  Thus  i»^^e  have,  as  before  t 


T|«< 


I 

V\  ■  • 


-A _ . 

c<  TT 


«  L-n 


zikJ£  ^ 
1  «  «  *'  A 


(57) 


kt  •  o 


^  i^OTE  i  In  fort'iuiae  04  ano  06  is  a  double  sicn  (one  excluding  the  oth.er)  but  ) 

whichever  sign  is  taken,  thn  result  Is  the  sarn*  Tblr  double  clgn  can  (and  rnust)  | 

be  assigned  to  K  ^rid  we  can  tiuT*  fore,  in  forrr'ulje  00  and  07,  perfectly  well  ) 

change  k  to.  .  j 

W*  can  then  make  use  of  Forrnulre  0‘>  .and  07  to  tr.insfom’  Foir-ulFe  02  and  03, 

Replacing ^^^by  their  value,  we  obtain,  after  obvious  simplifications  and 
replacing  ci  by  IsiTi  < 


5? 


-SI  d«A«  1*  r^ton  1  (M^ur*  9) 


*  ««4  4  .  .  i%kS  *■  f  ^  •4? 

-^  •  X. *  "‘Z'-*  *  ^  j 

4  s# 

...  ^  -**  ,  ?f  . 

-r  •  Z.  *  ^-/  '■•  •  ^ 


-  _  21  « 
IT 


U  /  / 


-  ^  if  “*■  ilr  ^  i  1 

* .  ^  r^] 


4m0 

*.  9-» 


.*  c4  zr  -IT  ' 

Q  «t  4 


■'] 


*?•>  a  i44 


»•'»  J 


SI  "5*  est  dans  I«  ri'glon  II  (Piriure  '5) 


,  (59) 

St^  4 


L<js  fornules  58  et  59  sont  les  nouv^ll^s  for.iules  de  base  du  probl>*rne.  Coaie 
prec'i'de-nnent,  les  constantei  0,  et  v',  sont  d(?t»rinlnt‘*3  en  fonction  des 


9 
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-  If  Ir  rrflicft 


r'  .  LIT  *  1 

e’*'*'*  L«J.-.‘  ‘ 


h-*  li«.. 


ki«c 


■ 


L-  Yi  I  1-6 


-2:mr  ir  j. 


tr 


;3  i  ri 


-  If  *1’  1^  if  r»y,cn  I]  (Ficurt  9) 


*  \  e  1— 'v' 

b  IT 

ki»* 

nsm.i  ..  t 

•  A  M .  ta  I  I 

-s-  •*•  E 

hr- 

..■r 


.ii%E  :  5  ^ 
I..  1  ^ 


i.  H  ®*  '  a  T 

ft"  •<  ^  '  j 

•  U  IT  IT  •  »  T 

V-’] 


-i;K  E 


(S6) 


w*'**  ..-ir 

k  •• 


iSr^  WC 


(59) 


Foinul?fe  iifc  and  09  are  the  new  fundinental  fornwlBe  of  the  problen.  As  bofore, 
conr.tants  and  ITi  are  deterrlned  In  terms  of  the  data  and  by  means  of 


the 
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donrW(«t  tn  ••  pl«c4nt  4«t  points  p^rttculisrs  t 
*  -<4  -  iw 


Ic  L 


ob  I'on  •  *t*,  c 


*  «  ^  oil  1  *on  a  'S’m  t 

Dana  laa  daux  c.*£,  il  fa*jt  appliquar  la  formula  59.  On  obtiant,  pour 


k*^,  I 


L  .  • 


«»*•  r  .if24*0^ 

/  1.  e  ’a 


2.;4.<  I- 

.  /.  e 


J 


k%a,  I  iik  I 


-f4/ 


i-‘- 


Four  «  i  •.-♦c  ^  ,  1.3  partie  r«^<»lle  clonno  i 


ktq.  I 


z  -  b.  e 
Tr 


fc  .  q-  » 

c  ••  T - -  a ».  a  • 


n  S  o 


Ln  I 


tc  If  -  E  i 


>!.  Tx  1 

■' 


4  -  • .» 


l.f  .,-5* J 


-  ^to  'X 


placing  enaaalf  at  particular  polrt:  t 

I  ~ 

1.  •  Nhara  wa  hava  7  • 

^  •  ab  «  k  k  mm  him*  *«  { 

Zn  both  caaaa  wa  auat  apply  Frmula  59*  Wa  obtain,  for 


*  L 


-i«C 


•€  m 


-S-  I-  Uf,..  -,J 

1*  •# 

-§.  Y-  4'-  ’•*’] 


+  2 


k.  ■• 

2  \  tiWaf 


u 


h  >• 


l_«  ’  ir.  “  •> 


+  4 


2  bkat  I 

€  Ln 


iln  cC 


•  • 


For  Z  •  o.  a  cb  ,  tK*'  rt-al  jj-iTt  cjives  ue  : 


.-ie  e  U[  ,.. 


b»» 
b«  ^.1 


^  i^V-'  tihcf  if  -*^*<5  -"s 

-s*  2.  '  ^  ’ 


r-. 

.  b» a 


li  b«c 


iikfc 


,  ,  -lib  I  -Hi 

Ltii  I  _e 


I  Z»,H  i.  “7  ^ 

L-'o  \^e  Itr, 

a. 


b-« 
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XIV.  CEWEHAtJSATKX  OU  I 

oii  pmut  t*nt#r  dm  gMflltmr  U  proM>m  mn  r#prtn«nt  lt»  w4rm*  hyw»th*»#f  qu*  pr#- 
cM^rrwnty  !<•  tpul*  dlff«r»*nc*  coo»i»t«iit  *  conslfi^fftf  or?  r.*ni»l  tvrK'irt^  f»on  plus  p*r 
un  tpul  volet  dtfflecteur  de  longueur  L«  faisant  un  angle  -  ec  evec  I’eae  du  cenal 

meis  per  une  succession  de  Tie  I  volets  de  lon</ueurs  respective*  L, ,  Lg . * 

le  volet  de  lorigueur  L;,  fals^nt  un  angle  -eCi  avec  le  volet  de  longueur  | 

Tout  en  contlruant  l'expof.<;  dans  In  n<?n«'ral,  nou'  cons Id^rerons,  pour  le*  figures, 
le  fas  particulier  Iia2* 

Dans  le  plan  r^el,  on  a  alors  1 'aspect  suivant  t 


a  I  &  e 


La  repartition  des  vitesses  le  long  des  fronti^res  de  l'4coulement  differ®  du  cas 
precedent  surtout  le  long  des  vclets.  Ln  effet,  a  chaque  arete  d’articulation,  en 
A  •)  C,  ,  ...  C„  ,  on  aura  une  vitesse  Infinle,  Ent.re  deux  aretes  successives,  on  des 
points  C]  C’rfc  t  a  priori  indrterri  in^s,  la  vitesse  passera  par  des  maxlina, 

eux  aussi  indeternines  a  priori. 

Dans  le  plan  hodographlque  .  1  v.'’  ,  on  retrruve  le  mine  arc  de  cercle  que  pr^- 

V 

c^deniment,  mais  entallle  cette  fois  par  n  lacets  rectilignes,  issus  de  I'origlne 
et  de  directions  donr^-es  par  ceiJes  de:,  n  premieres  tacettes.  Los  extr^mites  de 
cos  facettes  correspondent  irWidemment  aux  points  C,,Cg  ...  .  Pour  passer  du 

plan  des  ^  au  plan  des  ,  nous  rarri^nerons  le  contour  foiui  d’arc  de  cercle  et 
de  droite  ^  un  contour  polygonal  par  la  transformation  t 

T  .U  ^  U  1. 

v 

On  voit  alors  imm<!diater.ent  que  I'on  obtient  dans  le  plan  des  *S  '  le  polygone  de 
la  figure  12. 


34. 


giv.  altfWA^^ATli4^  a  TMF  mmiiL 

C0  c#n  tfy  t»  th#  pr«hl»»,  r»v»rtlf'Q  to  tho  ttoo  hypothotot  «•  before^ 

vlth  tho  orly  difforrnco  that  w  ahalJ  conaidor  a  chonool  onding  rw  lofK?*** 
gla  doflactlng  flap  cf  langth  £•  Mlclriy  an  afiylo  »  tC  oiih  tho  axis  of  U»o  channoi^ 
but  In  a  auceasslon  of  T\ol  flapc  of  longth  roapoctivoly  U, 

of  langth  Li  oaklng  ar.  anglo  of  oith  tho  flap  of  longth  Lj*!*  ktiilo  conti¬ 

nuing  our  turvoy  In  tho  gonornl  caao  no  shall,  in  tlio  fi^ros,  cor.sidor  tho  particu* 
Irr  css#  , 

Tho  roal  pl?no  thon  appoarc  as  follows  t 


The  distribution  of  velocities  alone;  the  boundaries  of  the  flow  differs  fror.i  tlie 
previous  case  eTociclJy  along  tie  flaps.  At  the  edge  formed  by  each  articulation, 
at  ^,C,  Cf^  »  we  shall  have  infinite  velocity.  Between  two  successive  edges, 
at  the  points  C *  '^hich  are  a  priori  irdeterminate,  the  velocity  will 
pass  through  a  minimum,  also  a  priori  indeterr inate. 

In  the  hodogrr phic  plane  t  •  we  find  c,g-in  the  same  arc  of  a  circle  as  be¬ 

fore,  but  novf  cut  into  by  Tl  rectilinear  paths,  issuing  from  the  origin,  their  di¬ 
rections  being  determined  by  those  of  the  first  tl  facets.  The  extremities  of  these 
paths  naturally  correspond  to  the  points  C,j,  Cj,.,.  C\  To  pass  from  the  plane  to 
the  b  plane,  we  reduce  the  contour  formed  by  the  arc  and  the  straight  line  to  a 
polygonal  contour  by  the  transformation  : 

'f  m  Ln  w  LnJL+i-^ 

O' 

It  is  then  immediately  avident  that  In  the  *  plane  we  obtain  the  polygon  of 
Figure  12. 


I  Ficur®  12 
(  Plan  d*i  -  Ln  S 


♦  *i  ♦  ‘f  ^ 


Ce  polygone  a  les  angles  aux  sorrimets  sulvants  t 

f  en  ^ 

®  en  ^ 

•n  C ;  ,  C  ,  C 

Or  peut  lui  appliquer  la  tran'.fom ation  de  Schwartz  de  fa(;on  h  I’appllquer  our  le 
demi  plan  t  ^  ^  O  en  imposant  les  conditions  : 

^  '  con'D*  hofnologue  du  point 

tj  ♦!  contre  homologue  du  point  A* 

t-.  *  ^  connift  horriologue  du  point  Cn 

Nous  appeierons  en  outre  t 


t. 

1 '  hc^ioloque  du 

point  :  I> 

.  1>’ 

t. 

I’horrolocue  du 

point  :  B 

. 

t  4  , 

les  horTiOlogues 

des  points  ; 

A  . 

ts.  fcs. 

les  hoaologues 

des  points  : 

Par  application  du  th»'-or>me  de  Schwartz,  on  trouve  alors  qut-  le  plan  hodoor.  phic'-.« 
est  relid  au  plan  des  t  par  la  fornule  : 


(  Flgur*  II 


(  Figur*  t? 

'  *^*9  Ln '^plan« 


Thi$  polygon  has  the  following  angles  at  the  vertices  : 

^  at  A’avid 

Z 

0  ^t 

2Tr  at  C  i .  cj  ,....,  cU 

We  can  aprly  Schwartz's  transforr ation  to  it  so  as  to  map  it  in  the  half  plan* 

^  0  t  irr.poeihg  the  following  conditions  : 

-I  to  be  th*  honKalogue  of  point  C»,  +  l 

t»  to  be  the  homolooue  of  point  A* 

t  to  be  the  homolonue  of  point  Ct^ 

In  addition  we  shall  denote  by  : 

the  homolocue  of  point  ;  ^,3) 

b(  th*  homologue  of  point  | 

the  homologues  of  points  »  ^  ,C,  , 

hontoloaues  of  points  t  C\  ^  C*^  ^  ...... 

By  applying  Schwartz's  theoretr  we  then  find  that  the  hodographlc  plane  is  related 
to  the  t  plane  by  the  fomtila  i 


M. 


La  fraction  ratlonnclle  sous  le  slgne  sonM  sa  d^conposa  an  tfl^mants  siviplaa.  On  paut 
ecrira  t 

(L  .  kj)  ....  (  t  ^  ^  » 

at  on  trouve  ifrri<?diatement  pour  JC,  ^  l*axprassion  » 

^a|-»  )(^ai  *  f^*;  “  ^a**) 

Et  la  formula  62  prend  la  foma  t 


Catta  Integrals  cor.porta  n  polas  simplas  t  da  residua  raspaetift  : 


La  m6ma  ralsonnemant  qu’au  paragraph#  VII  montra  alorif  par  application  da  la  th^oria 
das  r4tiduS(  qua,  quand  on  pass#  da  ^  ^  ^aj  *  ^  ^  raprtfaantant  una 

quantity  tandant  vars  z^ro,  l'int«^grala  varia  da  t 


tandis  qua  le  prf'tniar  mambra  varia  da  t 
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Th«  rational  fraction  urKier  the  integral  sign  can  be  split  up  into  sinple  elements* 


We  can  write  : 

. -  ,  J  ^  -l5-?.1r 

. (t-Cfv,)  C-m.  A 

and  we  imudiately  find  for  expression  j 

.  (  _ 

•  'a  ^  j 


(ta-J  ;^^  ')...  (  ti* 


And  foiniila  6*''  takes  on  thf'  forn  : 


k/'[  J<ii.  1-4L= 


This  integral  contains  sirrple  po) 

K  Kt4 


with  the  respective  resicJuet 


t  1 

I*#  •••##  y  ^ 


The  same  reasoning  as  in  paracraph  VII  then  shox<s,  by  application  of  tiie  theory  of 
residues,  that  when  we  pass  from  ^^.£to  ^^^4  ^  ^  representing  a  quantity 

which  tends  toviords  7ero,  the  integral  varies  by  ; 


-  uir 


K  Kt4 


while  the  first  member  varies  by  ! 


On  •  done  t 


•t  I*lnt<5gral«  pr*nd  la  fonm  i 


K!iu. 

'f^r' 


*■*=/ r  ‘iii  ^ 


I  /• ' 


1. 1, 


On  vtfrifia  ais^mant  qub  l*on  a  : 


(  i  ^  ) 


[a  _iL_ 


/FT 


-  ^  L, 


f.V-'  yi\i 


t.k. 


On  a  done,  en  Introduls.nt  une  con^tante  d •  int.  rjt h tion  *:  ’  , 

, Ku  rt*v^  ).  ^  i  4. liizi  ,, 

^  i'-*.,  t.7—1  * 

On  d^ter-in.  .  k'  e„  s,tisf„is.„t  endiUon,  suivdnUs  . 

-  pour  fc I  I  ^ 


'S  ,  o 


~  pour  fc  4  .1  ,  f  .  .  c  y  '  o.^ 


~  pour  ^  <  t  <■  t.  r  a  ,1  1  1 

.  c.a.d.  le  lomj  dee  parcis  du  canal,  L*  'S  est  rr^ei. 

On  octient  finalement  ] 

i.  ^  ■  l;tL  i.  (k  ,Vir7)  .  ^  J  ^  ^  ^ 

1  ‘-‘v  V 

-.^v  («, 

Dans  le  plan  du  potentiel  con.plexe  w.  4  ♦  i  V 

daux  droitas  Ji  ^  »na  encore  uno  band®  fern^e  des 

exes  du  Plan  d"  ^  ,  A'T"  ^•ori^m. 

OHle  que  a  A  correr.ponde  I9  point  W.  .  ±  , 

D'ou  la  meme  figure  qu’au  parjgraphe  HI  ,  *  ’ 


‘0  •■- 


M*  tli«r*for*  h«v*  I 
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«f  4  . -ir 

VtiT' 

and  th«  lnt«or*l  tak«*  the  form  t 


Ul 


'  i  -I 


W«  can  caany  vtrlfy  that  wm  hav*  i 


f  K  L»  [  t*  ]/tU) 

J 


! ei4  ^t\/  -  /  dt 

^  VTT, 


-  —  £i4- 

rr 


Lr,  ^-V -!  .  t  ■  f  V^U  > 


H«nca,  Intrcduclng  an  integration  con'^tant  K  ,  w*  have  : 


w  n 


Ut,  f^L„  ( 

}  ^  ml  ^ 

Wf  detemlne  h,  and  /f  ,  by  satisfying  ti;e  following  conditions  t 

-  for  t  m  1  ,  d/  *t  r  o 

r** 

oc^ 

-  for  %  i*a.  along  the  walls  of  the  channel,  Ln  jT  Is  real. 


Finally  we  obtain  : 


in  _</  i,.  f^V-'  ,  >  .  ^ 

'  k,  I*-'.,  •'  ‘-t.t 

■‘t 

In  the  plane  of  the  complex  potential  we  again  have  a  strip  fomied  by 

the  two  straight  lines'/',-^  and  ’jP,  ^  ^  ,  As  before,  we  choose  the  origin  of  the 
axes  of  the  VvT  plane  such  that  tho  point  corresponding  to  is  ^*9 
Wtilch  gives  us  the  sane  fioure  as  in  paranraph  III  t  * 


M 


(  Flgur*  14 
I  P24n  d09  w  f  ,  i  Y 


L*  pittig#  du  plan  dat  w  au  pi in  d«t  t  s«  ,  coanw  au  parcgrapha  VII  at  donna 
lai  fornulaa  i 


w  .  .  4*  L.  ^  A  1-1  - 

fc  -  k.  ^  •  -  k,  *• 

d  w  .  ^  ~ 

TT  '  '  (t-  t,)(t .  t,) 


(9) 

(10) 


On  paut  alors  ais^nent  ^tablir  1 ’equation  ddternlnant  la  passage  du  plan  das 
plan  das  t  .  Coinie  au  paragraphs  '/III,  on  a  t 


Soit, 


-  Y 


ri  W 


yt 

en  utilisan^  les  fornulis  63  at 


dC 
10  : 


au 


2-' a 


V 


e 


LJi—dt 
^  a.t,)(t-k.) 


(64) 


On  paut  prendre  ‘*®  .  On  volt  alors  d’apr^s  las  Fig.  10  at  13  qua  I'on  a  i 


2  ; 


Pour  achever  le  caloul  1 1  fsudralt  ddternlneri  t*  ,  k  ,  pies  a  constantes 

4 

la  largeur  du  Jet  h  I’infinl  aval. 

On  paut  renar^uer  que  quand  on  passe  da  t,.  f  k  k,^€  avac  fc  tandant  vars  z4ro, 

1' Integrals  augments,  par  application  da  la  th4orla  das  r4sidus,  da  la  valeur  i 

-L  5.  - 

dusignant  la  valeur  da  f  pour  .  On  a  done  T,  ^  -i  •  D'autra  part, 

quand  on  passe  da  k,.  £  Ji  fe.  ♦•  £  dans  la  plan  das  f:  ,  ,)n  passa  da  B'  ^  ft 
dans  le  plan  das  *.  et  ie  premier  membra  da  64  varle  da  _  c  b  .  On  a  done  t 


1  S*ik  ■»  Ue, 

On  ratrouva  1’ Equation  da  conservation  de  la  mas'iia* 

Pour  pousser  plus  loin  I'analysa  du  probl^a,  11  faudrait,  an  raison  de  la  forma 
compllqu<^a  das  Equations  63  et  64,  recourlr  aux  calculs  num^riquas* 


(  flour*  M 


iiii 


4  • 


— 


»’  i*  ~i^ 

P§ii4g0  frem  th*  VT*  pl»n*  tc  f  t  plane  Is  effected  as  in  p'TaQr<>pf'  Vil  and  oivos 
th*  fortrula*  t 


—  if  -t—-  ^  L  z. 

w  TT  /-/.  * 

^JSLx  -  ^4  -  /# 

dt  ^“ir  (t.t.)(t.t.J 


do) 


It  is  then  easy  to  find  the  ei'uiti^n  which  deterrires  tfe  pass^ce  frorr  t^e  I?  plane 
to  the  t  olane.  As  In  p?r.'j''rHpi)  ViII,  \e  have  • 

dLt 


ane,  rtS  In  p; 

‘'f 


i^e.  uslnc  forrulae  o-  ir.d  IC  s 


'  t  m 


.A 


Mt.t,) 


•'■e  can  take  t  « 

? 


♦  Then  we  set  fror  F inures  Ii.  and  13  that  we  have  : 

-aVy 


r  OO  «  i  hen  < 

/Xv  - 


/ 

To  corrpletM  our  calculations  we  should  deterrine  \  t,  ;  tiie  7i  constants  ; 

the  v/idth  of  tiie  jet  at  infinity  dowr-.st i eoni. 

'.Ve  may  note  tiiat  when  we  pas?  from  t ,  ^  i  to  t,  t  S  with  S  tendinc  towards  zero, 
the  iri'ioral  iucresscSi  <ip  licition  of  thie  throry  of  residues*  uy  tlie  value  i 

der.0tlnci  the  vilue  of  /  tor  .  Thi.s  h„ve  y, .  -L  .  On  the  other  hand 

when  we  pass  from  ^  S  to  ^  e  <5  in  the  ^  plane,  we  nass^frorr  B’  to  B  in 

the  Si  plarie  and  the  first  T^e-lber  of  W  variet  by  .  Hence  v/e  have  : 


—  *  4)  r  —I  et 


r.e: 


<l  S  htq 


de  corre  back  to  the  equation  for  tte  ccnsf?rv ation  of  mass. 

In  order  to  make  a  more  thorcuuh  analysis  of  the  Drohle-r  it  is  necer^^ry,  in  view  of 
th*  compile- ted  forr-  of  oqu-'tionn  63  and  64,  tc  hav  recourse  tc  numerical  calculus. 
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XV.  r/TRQJJCTIOfl  l)t  LA  COUf^ES^milTl  -  fcTVDfe  tN  SLHJiSONl^JJl^ 

fit'll  conn#|f««nc«  »ur  !••  <cool#w«#nt*  p^r^an^ntt  d#  fluid«t 

compr*>sibl«i  non  vitquoux  nt  p#n»t*t  pot  I'^tud#  tpprofondl*  d*un  ^coulofnent 
par  un  dispositlf  t#l  qu*  colul  quo  nous  vtnons  d**nvltsq#r  *u  puraqrtpbo  XIV. 
La  m/thodo  du  fluid#  flctlf  d*  Tchapllquln*  no  pcrT>»t  vraiment  d'^tudlar  qua 
das  <<coulamentt  da  fluldat  coinprasslblat  an  mouvamant  parmanant,  subtoulqua  at 
quasi  uri forme,  et  tvSm  dans  ca  cat  alia  conduit  tr^s  rapldan^nt  i  das  calculi 
inextricablas .  La  singularity  qua  raprysanta  I'arlta  h  la  sortia  du  canal 
axclut  done  ici  I'application  da  catta  mythoda. 

Mais  i  dyfaut  da  thyoria  analytiqua,  on  peut  ramarquar  qu'an  subsoniqua 
i*ycouiement  ua  diff^rara  qu'an  un  point  du  cas  Ineomprasslbla,  la  vitessa  h 
I'arita  d'artlculation  raatera  finia,  la  vitassa  infinla  ytant  natural  lament 
une  impossibility  physique.  La  phynom^na  n'en  garden  pas  moini  la  myme  aspect 
caractyrisy  par  una  dyviation  da  la  vaina  fluida  la  long  das  volats,  avac 
forte  dyprassion  au  voisinage  da  chaqua  ar&ta. 

Par  contra,  an  ycoulamant  supersoniqua  on  paut  aspyrar.  sinon  rysoudra  la 
probl^ma,  du  moins  avoir  una  idye  assaz  prydsa  da  1 'ycoulamant  grSce  h  la 
mythoda  da  I'rar.dtl  -  Busamann.® 

Avant  d'appliquar  catta  mythoda,  nous  allons  prydsar  las  donnyas  du  pro- 
bli'ne  : 

-  Nous  consid^rarons,  comma  au  Paragrapha  XIV  un  canal  tarminy  par  une 
succession  de  volets.  Pour  plus  da  clarty,  nous  supposarons  qua  la  parol  su- 
pyrieure  du  canal  sa  tarmlna  h  la  hauteur  da  la  pramii^re  arfita  d'articulation, 
c’ast  h  dire  qua  ot  «  O 

-  Nous  supposons  toujours  la  fluida  non  visqueux,  le  mouvamant  plan  perma¬ 

nent  Irrotationnel  et  de  plus  isantropiquo.  La  fluida  s'^coule  d'una  ryglon 
amont  de  presslon  d'arrftt  at  da  temp<^rature  d'arrlt  *3^  vers  una  ryglon 

de  presslon  . 

-  Le  caml  peut  Itre  considyry  come  le  col  d'une  tuyere;  1 'dcou lament,  y 

ast  done  unlforma  et  sa  fait,  i  la  vitassa  critique  correspondant  ju>: 

conditions  at  .  II  an  rysulta  qua  le.s  perturbations  aval  ne  peuvent 

remontor  au-dal^  de  la  section  da  sortie  du  canal;  I'ycoulement  ast  done 

uni  forma  dans  tout  le  canal  jusqu'^  la  section  de  sortie  A  A' 

-  En  A  A  sa  produisent  deux  d^tentes  de  Prandtl-Weyer  qui  vont  inter- 

frrer.  On  salt  que  dans  le  cas  d'un  ‘^coulement  plan  de  largeur  Infinla  con— 
tournant  une  ar^te,  la  vltesse  anont  ytant  la  vitesse  critique  la  rypar- 
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xv,  twTRciwcTiOK  OF  ccywtj>^i9ii.iTY  -  ^Tv:;Y> 

Wh«t  it  known  today  about  tha  ataady  flow  of  tonprassib^a,  ncn  viscose 
fluids  l3  not  sufficiant  to  allow  a  thorough  study  of  flow  t^rouq^  i  davica 
such  as  that  dascribed  In  paragraj>h  XIV.  By  Tchaplicuin's  fict.tious  flu'.d 
one  can  raally  only  study  tha  flow  of  compr^'ssibla  fluids  in  sTcady,  suDsonic 
i..vl  quasi  uniform  motion,  and  ever  in  that  case  it  vary  soon  leads  into  Inoi^trl- 
canle  calculations.  The  special  feature  constituted  by  the  edae  at  the  exit 
)f  the  channel  thus  excludes  the  possibility  of  applying  this  method  in  the 
present  case. 

fiowever,  in  the  absence  of  an  analytical  theory  we  may  note  that  in  the 
subsonic  reaime  the  flow  will  only  differ  in  one  point  from  the  incompressible 
case  :  the  velocity  at  the  edge  will  remain  finite,  infinite  velocity  beina  of 
course  a  physical  impossibility.  The  phenomenon  will  nevertheless  retain  the 
same  aspect,  characterized  by  a  deviation  of  the  fluid  stream  alone  the  flap, 
with  a  great  depression  In  the  neighborhood  of  each  edge. 

On  the  other  hand,  for  a  super'^onic  flow  we  can  hope,  if  not  to  solve  the 
oroblem  at  least  to  obtain  a  fairly  clear  idea  of  the  flow  by  using  the  Prandtl- 
Dusemann  method.® 

Before  applying  this  method,  let  us  state  the  data  of  the  problem  : 

-  We  are  con*^ idering,  as  In  paraaraph  XIV,  a  channel  endino  in  a  succession 
of  facets.  For  greater  clarity  we  shall  assume  that  the  upper  wall  of  the 
channel  ends  exactly  above  the  first  edge  i.e.  that  Ct  =  O 

-  We  still  assume  that  the  fluid  is  Inviscid,  its  motion  plane,  steady, 
irrotatlonal  and  In  addition  isentropic.  The  fluid  Is  flowing  from,  an  uo- 
stream  region  of  stagnation  pressure  and  staanation  tem.percture  Ty.  towards 
a  pressure  region  "P,  . 

-  The  channel  can  be  considered  as  the  throat  of  a  nozzle,  hence  tne  flow 

in  It  is  uniform  and  proceeds  at  the  critical  velocity  which  rorreeponds 

to  the  conditions  Tf  ^nd  .  As  a  result,  disturbances  occuring  downstream 

cannot  be  propanated  back  beyond  the  exit  section  of  e  channel.  Thorw  i<; 
therefore  uniform  flow  in  the  whole  channel  up  to  the  exit  section  aV 

-  At  A  A  two  FYandt  l-.'eyer  expansions  will  occur  which  will  interfere. 

We  know  that  In  the  case  of  plane  flow  of  infinite  widti  round  an  edae,  the 
velocity  up^t^e^^m  bwina  the  critical  velocity  ,  the  distribution  of 
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titlOfi  d*s  vit«ss«s  •it  donrw?#  par  la  solution  d*  Pi.*fKlll-«ay»r  i 


ir^a  V 


.1 


Cm 


r^i 


V^TTf 


ou  at  d^sign«nt  les  composar.t^s  d«  la  vit«3se  sulvant  io  rayon 

vecteur  et  la  normal©  au  rayon  vecteur,  ^  I'anql©  polaire  compt^  ^  partlr 
do  I'ax*  ,  X  1«  rapport  d«s  chalours  sp^fcl  flquaa,  et  W*  lo  vitesae 
qu 'att»‘indrai  t  le  gaz  pour  uno  pression  Evanescent#.  (Figure  15). 


f-' 


Figure  15. 

Detente  de  Prandt  1 -Meyer . 


Dans  re  cas  simple,  une  des  families  de  carat:  tEri  stlques  de  1 'Ecoulement 
est  formEe  des  droites  ^  s  C*-* 

-  Rappelons  enfin  que  1 *Ecoulement  est  rEgi  dans  le  plan  physique  par  un 
potentiel  de  vitesse  ^  dEfini  par  I'Equation  aux  dErivEes  partielles  : 


2!i  +[ - 

L  c«Jdx*  c»  L  ct  J 


h  laquelle  on  associe  dans  le  plan  hodographique  I'Equation  dl f fErentle  1  le  ! 


‘^'3  ♦  f '  -  J  ‘‘'s' '  “ 


Equation  dans  laquelle  C  dEslgne  la  cElEritE  locale  du  son, 

Alors  que  les  caractf'ri  stiques  dEfinies  par  cette  dernil>re  Equation  sont  par- 
faitement  connues  (double  rEsc'u  d'EpicycloHes  lirnitE  p.ar  deux  cercles  con- 
centriques  de  rayons  respecti ver,ent  Eqaux  h  1‘-  cElErlte  critifjue  ot  h 

la  vitosco  llrrite  w  correspondant  li  la  pr‘-ssion  E vanescente ) ,  les  carac- 
tEristiques  de  la  preri^re  Eouation  no  peuvont  Etrf»  dEterrlriEes  r Ifiotjreuserent 
cue  dans  des  cas  tr'^s  slsples.  Mals  on  salt  quo  les  plans  physique  et 
hodographique  sont  liEs  par  la  propriEtE  d ' ort honona  1  i tE  des  caractEri stiques 
en  des  points  ho'^oloques. 
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v«locltl*t  1ft  9lv»n  b)^  th*  f^4ndtl>Mfty«r  ftolutiofi  t 

*»h#r*  Mn^  denot*  th#  cofnpon*nts  of  th*  velocity  along  the  vector 
radius  and  perpendicular  to  the  vector  radius,  ®  the  polar  angle  **itn 
the  axlft  ,  S  the  ratio  of  specific  heats,  and  the  velocity 

which  would  be  attained  by  the  gas  at  zero  pressure.  (Fig*  15) 


consists  of  the  straight  lines  ^  «  constant. 

—  Finally  let  uft  remember  that  the  flow  is  governed  ir.  the  physical  plane 
by  a  velocity  potential  A  defined  by  the  partial  differential  equation  t 


l  C>  j  9x< 
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with  which  wfc  associate,  in  the  hodographic  plane,  the  differential  equation  i 


I 


!  - 


c» 


1 


in  which  equation  C  denotes  the  local  sound  speed. 

/ihereos  the  characteristics  defined  by  this  last  equation  are  perfectly  known 
(double  set  of  epicycloids  bounded  by  two  concentric  circles  with  radii  equal 
to  the  critical  velocity  f>hd  the  maximum  velocity  VT  corresponding 

to  zero  pressure),  the  charactf ri sties  of  the  first  equation  can  only  be  ri¬ 
gorously  deterrined  in  very  simple  cases.  Eiut  we  know  that  the  physical  and 
hodographic  planes  ar»'  related  by  the  orthogonality  of  ihu^ij  characteristics 
at  homologous  p>olnts. 
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Alert  qu#  lUtu4e  tntlytlque  ne  peut  pet  Itre  poutt4e  plut  loin,  cette  demlkrv 
prnpfiAtA  a  penrlt  h  Prendtl  #t  Butai^nn  d#  d¥velopptr  una  th4orie  parnattant  de 
d^tarrr.iner  graph iquafnant  un  dcoulatent  avec  una  precision  autil  grande  qua  l*on 
vaut  an  travaillant  tifflulttn^oant  dant  lea  plant  physique  at  hodographiqua. 

Nous  n*avont  pas  Jug4  utlla  d*appliqjar  h  fond  catta  rntfthoda,  mals  teulaaent  una 
premi^ra  approklmation  qul  const tta  k  confondra  las  caract4rlstiquat  du  plan 
physique  avac  das  droltat.  On  salt  qua  catta  approsimation  ast  d*autant  plut 
Justlfl^a  qua  la  vitassa  varia  pau  la  long  d'una  caract^ristiqua  du  plan  phytl- 
qua.  Cals  ne  sara  pas  toujours  la  cas  dans  la  problkma  qui  nous  occupa.  mait 

catta  m^thoda  nous  pat'mattra  n^anmoins  d'avoir  una  pramikra  Id^a  satisfaisanta 

du  ph^nomkna. 

Dans  la  canal,  on  a  un  Aeoulamant  unifcrma.  II  corraspondra  done  au  canal, 
dans  la  plan  physique,  un  saul  point  dans  la  plan  hodographiqua  (Fig.  16  at  17). 

En  a'  il  ta  produit  una  detente  Jutqu'k  ca  qua  la  prassion  dans  la  Jet 
soit  ^gala  k  la  prassion  •  On  sa  dtfplaeara  done  dans  la  jet  du  carcla  I 

corraspondant  k  la  prassion  critique  au  carcla  II  correspondent  k  la  pratsfon 
(la  carcla  III  corraspondant  k  la  prassion  <ivanascanta)  la  long  da  1* Epi¬ 
cycloids  A*A  •  En  A*  dant  la  plan  physique,  on  a  done  un  faltcaau  da 

dEtante  dont  las  directions  sont  las  normalas  k  catta  portion  d'Epicyclolda. 

En  A  11  sa  produit  da  mEma  una  dEtanta  jusqu'k  ca  qua  Is  vitassa  soit 
parallkla  au  volet.  Dans  la  plan  hodographiqua  on  sa  dEplaca  done  la  long  da 
1 'Epicycloids  AA  dont  let  normalas  dEfinissant  las  dEtantot  ta  propagaant 
k  partir  da  A  dans  la  plan  physique. 

Dans  la  plan  physique  an  aval  da  A  arrivant  las  caractEristiquas  itsuat 
da  Ak  at  propagaant  la  dEtanta  suivant  un  faisceau  d’ouvartura  XST^, 

La  prassion  va  done  diminuar  la  long  du  volet  Jusqu'k  1 'arri vEa  da  la  darnikra 
d'entre  alias,  la  caractEristiqua  A*X  .  Aprks.  arrivaront  las  caractEriati- 
quat  issues  da  A  propagaant  la  dEtanta  suivant  un  faiscaau  d'ouvarture 
qui  sa  sont  rEflEchias  k  la  surface  libra  du  Jet.  Si  on  sa  place  dans  la  plan 
hodographiqua  on  paut  sulvre  una  talla  caractEristiqua.  On  part  d'un  point  T 
tur  I'EpicycloIda  AA  .  On  sa  dEplaca  sur  une  EpicycloVde  Jusqu'an  ^  ou  I'on 
rencontre  la  darnikra  Eplcyclolda  A*C  propagaant  la  dEtanta  an  A*  .  II 
faut  alors  rabroussar  chamln  Jusqu'an  M  ou  sa  produit  la  rEflexion  k  la  sur- 
face  libra  du  Jet;  on  rapart  alors  suivant  I'EpicycloIda  Ml  Jusqu'k  ran- 

a 

contrer  la  droite  parallkla  k  la  facatta  an  2  .  On  volt  done  qu'au-dalk  du 


•PS«r«s>  e*n«et  «>•  pursw«*J  any  furts«r,  tM*  latur  property 

•neblodPrarv^tl  end  ftjtwunn  to  develop  e  tbeory  which  ref>ders  feasible  the  gra¬ 
phical  deterftlnatlon  of  a  flow  with  eny  desired  degree  of  accuracy,  working 
alaajlteneously  In  the  physical  and  the  hodographle  planet, 
lie  considered  It  unnecessary  to  apply  the  eotnplete  laathod,  but  only  used  a 
first  a pproxlMti on,  aasuatlng  hypothetically  that  the  characteristics  of  the 
physical  plane  are  straight  lines.  Me  know  thet  this  approximation  is  only 
Justified  in  cases  where  the  velocity  varies  very  little  along  a  characteristic 
of  the  physical  plane.  This  is  not  always  the  ease  in  our  present  problem,  but 
the  method  will  nevertheless  allow  us  to  obtain  a  sstisfactory  praliminary  idea 
of  the  phenomenon. 

In  the  channel  there  is  a  uniform  flow.  The  channel  In  the  physical  plane 
will  therefore  be  represented  by  a  single  point  in  the  hodographle  plane  (Figs. 
15  and  16). 

There  will  be  an  expansion  at  which  will  continue  until  the  pressure 

in  the  Jet  bacomes  equal  to  the  pressure  *  Me  shal.  therefore  follow  the 

Jet  from  circle  I  which  corresponds  to  the  critical  pressure,  up  to  circle  II 
which  corresponds  to  the  pressure  (circle  III  corresponding  to  zero  pressu¬ 

re)  along  tha  aplcyclold  AA’  .  At  A  in  the  physical  plane  we  t?.erefo- 
re  have  a  group  of  expansion  charactaristics  whose  directions  are  perpendicular 
to  that  portion  of  the  epicycloid. 

At  A  there  will  also  be  expansion  until  the  velocity  becomes  parallel 
to  the  flap.  In  the  hodographle  plane  therefore,  we  move  along  the  epicycloid 
AA  ,  whose  normals  define  expansions  being  propagated  from  A  in  the  phy¬ 
sical  plans# 

The  characteristics  issuing  from  A  and  propagating  the  expansion  along 
a  cone  of  opening  *  arrive  downstream  of  A  in  the  physical  plane. 

The  pressure  will  therefore  decrease  along  the  flap  up  to  the  point  where  the 
last  characteristic,  A  E  arrives.  After  that  will  arrive  the  characteris¬ 
tics  Issuing  from  A  and  propagating  the  expansion  along  a  cone  of  opening 
,  which  have  been  reflected  at  tha  free  surface  of  the  jet.  If  we 
place  ourselves  in  the  hodographle  plane  we  can  follow  one  of  these  characte¬ 
ristics.  We  start  from  a  point  on  the  epicycloid  AA  •  move  along 

■% 

an  epicycloid  up  to  ^  ,  whore  we  meet  the  last  epicycloid  AC  propaga¬ 

ting  the  expansion  from  A  .  We  then  have  to  retrace  our  steps  as  far  as 
K  where  the  reflection  from  the  free  surface  of  the  Jet  occurs.  V/e  then 
start  off  again  following  the  epicycloid  Hi  until  we  meet  the  straight 
line  parallel  to  the  flap  at  1  .  Thus  we  see  that  beyond  point  X  the 
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point  S  1*  protilon  ou^wnto  !•  long  du  volot.  pui«qu*  1*  point  J  du  pl«n 
hodographlqu*  ost  sltu^  k  I'int^riour  du  circle  pezzsn*  p^r  C  • 

C#cl  v»  constltuor  1«  dlff^ronc*  •tsontioll*  entr?  1*  r^gln*  tub*onlqu# 
•t  tuporsoniquo*  Alors  qu'on  subtoniqu*  la  repartition  d«  prossion  5  la  parol 
''St  caracterlse*  par  un«  fortt  deprassion  i  chaqua  arlta  at  un  maximum  da 
prassion  antra  daux  arfttas,  au  contraira  an  suparsoniqua  on  lura  da';  maxima  da 
prassion  h  chaqua  arlta  at  das  minima  antra  daux  aratas* 

Notons  qua  la  raisonnamant  qua  nous  venons  da  faira  ast  riqoureux  dans 
la  plan  hodographiqua  at  parmat  do  calcular  af facti vamant  cas  axtrama  da  pras¬ 
sion.  Touta  la  difficult!  consista  h  placar  dans  la  plan  physiqua  las  points 
homologuas  da  caux  du  plan  hodographiqua.  Oi  paut  assayar  da  pr^cisar  la  po¬ 
sition  du  point  H  ou  la  prassion  ast  minimum.  On  voit  imm<idi atamant  sur  la 
figura  I6  qua  I'on  aura  t 

AC,  - 

CasoCi.AW,  isr^, 

En  fait,  las  dltentes  an  A  at  A*  vont  intarferar  at  las  caract^risti- 
quas  Issuas  da  A'  vont  s'incurvar,  si  bian  qua  I’on  paut  saulement  affiir^ar 
qua  t 

AE4 

CaidC,  -  Sin  «C,  b|U 
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pr«t«ur«  lncr«as«*  alono  th*  flap,  tinea  point  J  of  tha  hoJogrtphlc  plana  is 
tituatad  Insida  tha  circla  passing  throjgh  £  • 

This  will  constituta  tha  assantial  dlffaranca  bat»»aan  tha  subsonic  and 
suparsonic  ragimas.  Wharaas  in  tha  subsonic  ragifna  tha  distribution  of  pras- 
sura  along  tha  wall  is  cha. sctariiad  by  a  graat  dapresslon  at  aach  c*dqa  and 
maximum  prassura  batwaan  two  adgat.  in  tha  suparsonic  on  the  contrary  thara 
will  ba  maximum  prassuras  at  tha  adges  and  minimum  prassurac  batwaan  two  adgas. 

It  should  ba  notad  that  tha  abova  raasoning  is  rigorous  in  tha  hodographic 
plana  and  anablas  us  affactivoly  to  calculata  thasa  axtramas  of  prassura.  Tha 
whole  difficulty  rasidas  in  finding  tha  position  in  tha  physical  plana  of  tha 
points  homologous  to  thosa  of  tha  hodographic  plana*  Wa  can  try  to  place 
point  £  whara  the  pressure  Is  at  a  minlnum.  »»a  see  Inrwdiately  from  Figure  16 
that  we  shall  have  t 


A£x  Py  _ 

Casa(|  .. 

In  reality,  there  vvlll  ba  interference  of  the  expansions  at  A  and  A 
and  the  characteristics  issuing  from  A  will  curve  inwards,  so  that  we  can 
really  only  state  that  i 

Af/  WUteXO-A. _ 

tes<,.  sineC, 
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This  equation  does  not  require  further  proof;  v/e  have,  in  the  first  member, 
a  finite  sum  of  terms  of  a  geometrical  progression. 
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CONSIDERATIONS  SUR  L'ECaULi:V£KT  TRIDIIKENSI  WNfcL  A  STMETRIE 
AXiALk  ET  RtSULTATS  D'ESSAIS  Df  CALCUL  NUMLRIOUE 
DES  LIGNES  DE  COURANT. 

KZJC  C  1  fc.E  K  KMC  r  K K  t~:t  * 


Toutes  les  •xp^riences  r^alis^«s  ont  d'abord  p>ort^>  comm®  nous  I'avons  vu 
pr^cjfdemment,  sur  d®s  tuyeres  cxt^rleuies»  pr^sentant  g<om^triquent®nt  at  m^caniqua- 
ment  une  sym^trie  axiala.  Autremant  dit,  la  ph^nom^na  physique  anvisag^  fut  un 
phcnom^ne  tridimensionnol  i  sym^tria  axial#,  caract^-ris4  conme  I'indiqua  la  figure 
ci-dessou8  ;  ^1^ 


par  une  fente  annulaire  d'^paissaur  J)  pr<^sentant  un  d^passement  ou  da  la  l^vre 
sup^rieure,  at  sur  le  corps  de  la  tuyere  un  volet  coniqua  da  longueur  d'ar§ta  1^  , 
les  generatrices  faisant  un  angle  oC  avec  les  plans  de  section  droite.  La  figure 
donna  la  coupe  par  un  plan  diametral;  1 'origin#  etant  place#  sur  I'axe  de  syme- 
trie  o  ^  au  point  ou  cat  axe  rencontre  ie  plan  de  la  l^vre  inferieure  de  la  tuye¬ 
re,  contenant  I'axe  O  %  ,  du  plan  diametral  considere,  on  appelle  7?^  le  rayon 
inferieur  de  la  tuyere  annulaire. 

On  salt  qu'en  supposant  le  mouvement  irrotationnel,  le  fluid#  etant  parfait, 


le“  coordonnees  cylindriquet;  etant  t,  et  &  (cetta  darniere  cai  acteri sant 
partir  d'un  plan  meridien  ojigine  la  position  d'un  plan  meridian  quelconque)  11 
axlsta  un  potentiel  des  vitesses  ^  ’  if'dependant  de  ^  ,  et  qui, 


harmonique  en  »  verifie  1 'equation  : 

equation  qui  en  coordonnees  cylindrlques  deviant  t 


CX^iJlDtRATIONS  OW  TRIDIfeNjICKAL  FLOW  WITM  AXIAL  bYMtikThY 

ANL  RESULTS  OF  EAPFRIMEMTAL  MJMERICAL  CALCULUS  TO 
DETERMINE  THE  STREAM  LINES. 


In  all  th«  •xparlmantt  parfoniwd  hith«rtOf  th«  nozzlat  usad  war*,  at  al¬ 
ready  statad,  of  tha  axtarnal  typa  and  axially  aymmatrical  both  gaomatrical ly 
and  machanical ly.  In  othar  words,  tha  physical  phanonanon  involved  waa  a  tri¬ 
dimensional  one  with  axial  aynnetry,  its  charactaristics  being,  aa  indicated  in 


an  annular  slot  of  width  JE>  with  its  upper  lip  overlapping  by  a  distance  cl  , 
ind  on  the  body  of  the  nozzle  a  conical  flap,  tha  generatrix  of  length  X#  for¬ 
ming  an  angle  of  CX  with  the  sectional  area  planes.  Tha  figure  shows  a  section 
in  the  diametrical  plana;  tha  origin  being  placed  on  the  axis  of  symmetry  at 
the  point  where  this  axis  meats  tha  plana  of  tha  lower  lip  of  the  nozzle,  contai¬ 
ning  the  axis^X  of  tha  diametrical  plana  being  considered,  we  denote  by  the 
smaller  radijs  of  the  annular  nozzle. 

We  know  that,  assuming  irrotational  movement  and  that  we  have  a  perfect 
fluid,  tha  cylindrical  coordinates  being  and  &  (the  latter  defining 

the  position  of  any  meridian  plane  with  respect  to  a  meridian  plane  of  origin) 
there  exists  a  velocity  potential  ,  Independent  of  B  and  which, 

being  a  harmonic  function  of  ,  satisfies  the  equation  i 


which  equation,  in  cylindrical  coordinates,  becomes  t 


2. 


(2) 


L*4<|u«tl*«i  4*  contlnulU  fwrwt  4«  Bia»  4*arrin«r  l*«Riat»fie«  4^wfta 
da  eourant  f  ft, •11a  aiaa  lnd4pandanta  da  ^  at  vdrlflant  I'dquatlon  t 

a  t  a,»  ^ 

Mais  alert  qua  la  aolutlen  daa  daaulaawnta  I  daux  dlawnalona  aat  randua  poaalbla 
par  la  conalddration  daa  fonctiona  analytlquaa  da  variablaa  eanplaxaa  at  1 'appli¬ 
cation  du  thdor^M  da  Sehwarti,  on  na  paut  ancora*  ■!•»  dans  la  cat  ainpla  daa 
dcoulanantf  tridlnanaionnala  I  ayirftrla  axiala  rdaoudra  coaipl^tainant  la  problbaa. 

Cartas,  H.  Laarib  f)  at  R.T.  Jonaa^  ont  pai«la  ton  approcha  par  la  conside¬ 
ration  da  sourcas  spheriquas  sur  I'axa,  at  l*un  da  nous  a  paraonnallanant  poursui- 
vi  das  racharchas  tandsnt  k  substituar  daa  souraas  cylindriquas  parawttant  par  1' 
intar\'antion  da  cartainas  fonctiona  Intdgralaa  da  liar  un  dcoulamant  k  syiMtria 
axiala  ^  un  ecoulamant  plan.  Mala  cas  travaux  sont  ancora  inachavds  at  na  donnant 
pas,  da  fsfon  simpla  at  utilisabl«..  I'dquation  da  la  surfaca  libra,  c'ait  h  dira 
cal la  du  Jat.  Nous  poursuivons  cas  .acharchas  analytlquaa  tout  k  fait  qdndralaa. 


•  • 


Mais  nous  nous  soinmas  posd  la  quastion  suivanta  i  axista-t-il  vraimant  dans 
la  cas  particuliar  qui  nous  intdraasaf  una  diffdranca  conslddrabla  antra  I'dcoula* 
ownt  plan  at  I'dcoulanant  k  sysdtrla  axiala  7 

Rapranant  I’dquation  fondamantala  daa  liqnes  da  eourant  t 

illL*  ill..  1^.0 

at  rsppalsnt  qua  Jb  ast  I'dpaissaur  da  la  fanta,  trks  fsibla  vis  k  vis  da  , 

done  vis  k  vis  da  dans  l'4coulainant  k  la  sortia  du  jat,  nous  faisons  la  trans¬ 
formation  I 

Z.JL  .JE_ 


(2) 


L'dquation  (2)  deviant  x 


(a) 


DZ* 


/ 

n 


---LiLL.O 


■ii 

'i 

m 


Dans  catte  equation  7^  rapresanta  la  distance  k  I'axa  par  rapport  k  Jb  : 

done  7^  ast  trks  grand.  D* autre  part  ast  un  gradient  qui  au  volsinaga 

dR 


r 


7, 


Th0  *f  continult/  aSto  allowa  ut  to  ottort  tho  •■Ittonco  of  •  ttroo* 

function  ^  C^*^*%)*  ItooJf  Indopondont  of  Q  and  tatlafylng  tho  aquation  t 


But  yvharaai  tha  aolutlon  for  bldlawntlonal  flow  ia  nada  posalbla  by  taking  in¬ 
to  account  tha  analytical  functiona  of  complax  varlablaa  and  applying  Schwartz'a 
thaoram,  wa  atlll  cannot  complataly  aolva  tha  problam,  avan  in  tha  almpla  caaa 
of  axially  aymmatric  tridimantional  flow. 

It  is  trua  that  H.  Lamb  ^  and  R.T.  Jonaa  hava  shown  how  it  ia  posai- 

bla  to  approach  tha  problam  by  considaring  apharlcsl  aoureaa  on  tha  axis,  and 
ona  of  us  has  personally  dona  soma  rasaarch  tending  towards  tha  substitution 
of  cylindrical  sourcas  which  maka  it  possible,  through  tha  intarvantion  of  car- 
tain  integral  functions,  to  ralata  an  axially  sytnmatric  flow  to  a  plane  flow. 

Rut  this  research  is  still  incomplete  and  has  not  yat  provided  us  with  tha 
aquation  of  free  surface  of  the  jet  in  a  simple  and  practical  form,  Wa  are  con¬ 
tinuing  these  completely  general  analytical  studies. 

O 

o  o 

However,  we  asked  ourselves  the  following  question  t  is  there  really,  in 
the  particular  caaa  with  which  wa  are  dealing,  vary  much  difference  between 
plane  flow  and  axially  symmetric  flow  7 

l^t  us  go  back  to  the  fundamental  aquation  of  stream  lines  i 

(2) 

and  ramambaring  that  Jb  is  tha  width  of  tha  slot,  very  small  by  comparison 
with  ,  and  therefore  with  -X,  in  the  flow  at  tha  exit  of  the  nozzle,  wa 

maka  the  following  transformation  : 


Equation  (2)  bacomea  i 


Z.5 

b 


(3> 


K 


In  this  aquation  JR  represents  the  distance  from  tha  axis  in  terms  of  t  ; 
therefore  is  very  large.  On  the  other  hand  is  a  gradient  which  is 
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lipitfdl«t  dt  l'4r«tt  •tt  vlft  4  vtft  00  ~dlf^  *  dU*ct*Mnt 

ll^t  aux  valaurt  das  d4^pr•sslofls  an  ca  point.  La  taraa  an  ast  done 

faibla  vis  k  vis  das  d4rlvi*as  sacondas  at  la  tsrra  vialiantUblarant 

n^gligaabla  davant  las  daux  pramiars.  Autrarant  dit,  at  coxiPta  tanu  das  condi¬ 
tions  particulllras  du  orobl^ma.  I'rfcoulamant  dans  un  plan  meridian  dolt  diff^^rcr 
tr^s  pau  da  l'4coulamant  plan  corraspondant* 

O 

o  o 

Nous  nous  sonrr.as  pos4  un  autra  problems  :  paut-on  par  las  proc^dtfs  modarnas 
da  calcul,  at  sp^cialanant  grAca  4  1 'uti lisation  da  machinas  4  calcular  ^lactro- 
niquas,  d^^tarmlner  las  1  ignes  da  courant  4  I'intarlaur  d'un  Jat,  connaissant  saula- 
mant  las  lignas  da  surfaca  libra. 

Tragons  dans  un  plan  meridian  da  I'^coulanant  axial  un  quadrillaga  da  rrallla 
A  parall41a  aux  axas  X  at  Jr  »  soiant  ^  valaurs 

da  au  centra  at  au  miliau  das  edt^s  d'un  carr^  da  edt^  2\  .  En  sa  plagant 

au  centra  du  carr^  at  an  d^valoppant  an  s^rla,  on  a  succassi vamant  : 


soit  par  addition 

at  d'apr4$  (2),  at  en  n^gllgaant  le  quatri^me  ordre  : 


Mats  an  n4gligaant  la  troisi4me  ordre 

V'/  -V'l . 

L'4quatlon  (4)  deviant  done  t 

at  par  consequent  i 


3 

if 


« 


i 


4  •«.« 


•  *  M0S0L 


3. 


yf  ^ 

•M^l  in  th#  l)i«wdlat«  n«l9hborhood  •f  th»  by  ••■ptritoo  with  ipjT 

a!±  •hleh  ar*  diractly  ralatad  to  tbo  undoiprotturo  voluot  at  that 

3  k*  '  -  j  i 

point.  Tha  tam  In  -Sf-  la  thoa  aaall  In  cotapariaon  to  tha  aacond  darl- 
vativaa  and  tha  tana  ^  probably  na^llglbla  In  eoa^Mriaon  to  tha 

two  firat.  In  othar  worda:  and  takliw  Into  aeaount  tha  oartlpular  eonditlona  £L 
tha  oroblaw.  tha  flow  In  a  awrldlan  plana  dlffara  vary  llttla  from  tha  corraa  - 
ponding  plana  flO'r. 


ha  sat  oursalvas  anothar  problan  i  la  It  poaalbla*  by  siodam  mathoda  of 
calculation,  and  axpaclally  by  tha  usa  of  alactronic  calculating  machinaSf  to 
datarmina  tha  atraam  linaa  in  tha  intarior  of  a  jat,  knowing  only  tha  free  aur- 
faca  linaa  7 

Lat  U9  traca  a  grid  in  tho  maridian  plana  of  an  axial  flow,  with  aquaraa  of  aida 
parallal  to  tha  axaa  X.  and  and  lat  ^ 

of  ^  in  tha  centra  and  at  tha  middle  of  tha  sidaa  of  a  square  of  aide  2 X  • 
Placing  oneself  in  the  centra  of  the  square  and  davaleping  in  sarias,  wa  obtain 
Suecesaively  t 


It 

H 


F 


Z  a 

i.a.,  by  addition  t 


t,.  2!±  +.... 


. ^  f V  ' 


and  from  (2),  disregarding  the  fourth  order  i 


'  'Z  QX. 

But  disregarding  the  third  order  t 

Equation  (4)  therefore  becomes  i 

'V^  +  ‘ +3  ♦ 'h  • 

and  hence  t 

(s)  t*  TJ 
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Or  pour  qu«  la  aithoda  aoit  Ini^rottant*,  11  att  n^cattaira  qua  r#  quadril- 
lag#  solt  aasaz  fin  pour  pouvolr  ddtarvilnar  ip  Jutqua  dana  la  fanta  t  K  doit 
done  Itra  inftfriaur  k  la  largaur  da  calla-cl.  Dana  cat  condltiona  la  darniar 
tarma  att  n^gllgaabla  at  pratiquainant  att  d^tanrin^  par  > 


Or  nout  aurlont  obtanu  catta  ralatlon,  tant  approximation  an  partant  da  1* 
Equation  (2')  ^uivanta,  au  liau  da  1 'Equation  (2)  t 


(2-)  £t,pt,o 

c*aat  h  dira  da  I'^quatlon  d^finisaant  la  fonction  da  courant  du  probl^ma  plan 
de  mimas  caracteristiquas  g^om^triquea. 

On  arrive  done  h  la  conclusion  qua  ai  I'on  part  de  la  mtma  trajactoira  limita 
de  jet  dans  le  cas  plan  et  la  cas  tridimensionnal  on  trouve  aanslblamant  la  mAma 
^coulementy  sous  las  conditions  g^om^triques  parti cul litres  de  notre  probl^ma. 

II  ^tail  alors  n^cessaira  da  tantar  la  resolution  numeriqua  dans  la  cat  bidi>- 
mansionnel,  c'ast  h  dire  d'essayer  de  detarminar  numeriquenvant  las  llgnaa  da  cou- 
rant  h  I'interieur  d'un  Jat^  en  ne  connalssant  que  las  lignai  da  contour  da  ca  jat* 


O 


o  o 


La  problems  ant,  nous  le  rappelons,  le  suivant  : 

"  Ur.  fluide  incompressible  et  sans  viscosite  a^ecoule  per  un  canal  plan  da  Ion- 
"  gueur  infinie  et  de  largeur  )3  ,  dont  I'enbouchure  est  munie  d'un  volet  da 

"  longuaur  L  incline  d'un  angle  oC  sur  I'axe  du  canal  :  la  l^vre  auperieure 
"  depa»5e  d'une  longueur  CU 


\ 


L'experience  montre  que  1#  fluide  forme  un  Jet  qui  est  totalement  devie  dans 
la  direction  du  volet. 

L'etude  tneorique  du  phenom^ne  a  ete  faite  dans  les  pages  precedentea. 


4 


If  th#  mthod  ii  r««lly  to  bo  of  th*  grid  T*jft  bo  fino  onough 

to  ollow  dotominotion  of  V|)  right  up  to  Intldo  tho  slot*  Thoroforo  K  suit 
b#  ]«9«  thori  tho  width  Of  tho  *Iot.  In  thoso  condition?  tho  l«ft  tor*  1«  nonji. 
qiblo  and  ^  It  roally  dotormlnod  by  I 

(t)  ~  i 

Now  wo  should  havo  cbtainod  this  rolatiorshlp,  without  approximation,  if 
wo  had  startod  from  tho  following  aquation  (2*)  Instoad  of  aquation  (2)  s 

(2’) 

'  '  j  at* 

that  is  to  say  tho  aquation  daflnlng  tho  stroarn  function  of  the  plane  problem 
with  tho  same  geometrical  charactoristlcs. 

Wo  thus  roach  tho  conclusion  that  if  we  start  from  tho  same  Jet  boundary  in  both 
tho  plane  and  the  tridimensional  cases,  we  find  tho  flow  is  practically  the  same 
in  the  particular  geometrical  conditions  of  our  oroblom. 

The  noxtstop  required  was  to  try  to  obtain  a  numerical  solution  in  the  bidimen- 
slonal  case,  that  is  to  ssy  to  try  to  datarmlna  numerically  the  stream  lines 
inside  the  jet,  while  knowing  only  its  contour  lines. 


Let  us  restate  the  problem,  as  follows  i 
"  An  incomprossiblo,  Invlscous  fluid  Is  flowing  through  a  piano  channel  of 
"  Infinite  length  and  of  width  t  ,  at  the  mouth  of  which  is  a  flap  of 
”  length  Li  inclined  at  an  angle  of  oC  to  the  axis  of  the  channel;  the  upper 
"  lip  extends  beyond  the  edge  of  the  flap  by  a  length  OU 


Experience  shows  that  the  whole  Jet  is  devlsted  In  the  direction  of  the  flap. 
The  preceding  pages  of  this  report  contain  the  theoretical  study  of  the  phe¬ 


nomenon 


a. 


,  •  travail.  condition*  »ulvanU*  I 

Nout  ftout  so^'»»»  dorm^i  pour  !•  pr<t# 

rr  JL  Ir.Mnl  b  -  *  -'‘llottr,.. 

u  Vit....  V.  *.  nuid.  k  I-I.nm  ...i  do  j.t  .  pru.  ^9.1.  ‘  i  •«  '* 

vlt....  w,  ‘  I'lnUrLur  du  c.n.l,  »  I’l"''"!  "»"*  >*•  *’"***  '®*‘*  ' 

U  Idnsudur  »  ..t  .lor.  d<t.n.ln<.  p.r  1..  condition,  d.  .It....  »ln.l  c  ,o  .  ... 

''  ^V^'^«Lll'.!on.  unrr.pr«..nt.tlon  p.r.niktrlqu.  d'.prk.  I'ktud.  th<orlqu. 

pr^c^dont#  • 


X  - 

h 


2TT  I 


2Ln  aiJ  -  Ln 

ir^-l  iTi  ♦  i/;‘L4iC«»  ej 


J:. 

b  ^ 


1  ♦  sin  & 
I  >  iin  0 


soit,  avec  les  valours  num^riquts  cholsios  i 


V  7  S2*l(  Ua  9  .  + 


,  4  +  3,8197  Axe  Ij  W-j^- 


cm© 


En  donnant  k  0  un.  .ult.  d.  .aUur.  . . .  0  .t  9C^,  nous  avon.  cons- 

trult  par  points  la  trajectolro# 

L,  tabl.ao  "I"  Indlqu.  la  suit.  d..  calcul.  nun«riqu..  k  .ff.ctuer  .t  1. 

tlgure  'I'’  fournit  le  ti«c,4  de  cstte  lign*  do  J»t. 

2)  n.in.l  MIMEBign-  nF  Lt  FOWCTini  OF  miRtNT  *  LMNTERIEUR  DU,  JET. 

La  fluid.  .Itant  suppo.«  incomprcslbl.  at  Irrotatlcnn.l.  on  salt  qua  la  tone 
tlon  d.  courant  Y  (  *,.*7  v«rUl.  1-^quatlon  au.  d^rlvi.s  partlallas  : 

ay*  0 

Ella  a.t  Constanta  at  soppo.4.  nulla  1.  long  du  bord  Inf^riaur  du  canal  .t  1.  Ion, 
du  vol.ti  .11.  a.t  kgalanvant  constant,  at  suppos^a  /.,al.  k  100  1.  Ion,  du  bord 


For  tf#  task  undtrt«^«n  hfr»  s*t  o»jr**lvf>t  '■'^Itlen#  t 

df  «  IT  JL  IriflMlt*  b  •  V 

Th^  vtlcclty  UJ  of  tf*  fJuld  •!  Infinity  downitr*«in  of  th#  Jot  »•»  t«kon  »i  j 
and  tha  valoclty  Inside  the  channel  at  Infinity  upatreaci  of  the  edge  aa:tf^*?t;^. 
The  length  CL  Is  then  deternlred  fcy  the  velocity  conditions  thus  chosen. 


I) 


FREK  RCXJhOARY  OF  THE 


In  the  preceding  theoretical  study  this  wos  represented  in  pararretric  form 
as  follows  Q 


l.e«,  inserting  the  numerical  values  chosen  t 


(  1J29A  L,  » ■ 

1^.4.  3,8197  /it.  tj  l.j 

And  giving  ^  a  series  of  values  lying  between  0®  and  90®,  we  plotted  the 
boundary  lire  of  the  jet  by  points. 

Table  I  shows  the  computations  required  and  Figure  I  the  plot  of  ihls  line 
cf  the  Jet. 

2)  NUMj.RICAL  CAl.giLlJb  OT  7Hi.  STREAl.'  FUflCTICN  IN^Ihi.  THE  JET. 

Since  the  fluid  is  assumed  to  be  Incompressible  and  i rrotati ona I ,  we  know  that 
the  stream  function  satisfies  the  partial  differential  equation  : 

AY-0 

It  is  constant  and  assumed  to  be  zero  along  the  lower  lip  of  the  channel  and 
alonci  the  flap;  it  is  also  constant  and  assumed  to  be  ICO  along  the  upper  lip 


tup^ri#ur  <Ki  canal  prolong^  par  1«  ll9n*  <i«  J«t. 

Pour  <}^t*rrir»r  cett«  fcnetien  Y  nout  avnna  •ppll'jy^  !•  method#  d#t  dlf“ 
f^rancas  finlat. 

Pour  cala  nous  avona  couvart  la  donulna  fluida  rampll  par  la  Jat  au  moyan  d*un 
r^saau  ^  maillaa  carr^aa  dtffiniaa  par  las  droitaa 

Xs  i  XkI 


L'4quatlon  aux  d^rlv4as  partiallas  ast  ramplac4a  par  I'^quation  aux  diff^rancas 
finlat,  qua  nous  avons  ^tablla  plus  haut  (^uation  6) 


®f  th#  eh«nn«l  wtilch  Is  •jrt»nd®d  by  th»  lln®  of  tf>#  J«t. 

To  d*t«rrlr»  t»l9  function  ,  i*t  tpplfcd  the  notbod  of  finlt*  diffo- 

r*nc*«* 

To  do  thtt  we  traced  «  grid  over  the  fluid  domeln  filled  by  the  Jet,  its  squares 
being  fontted  by  the  straight  lines  t 


7, 


Oant  un  pre*l«r  calttil*  pour  loquol  ftou*  nous  tOMWO*  cont*nt<i  <l*o»»o  oppc#* 
xiMtion  attoz  grottliro*  nooi  avon*  r««plac4  la  frontier#  conatltu^  par  la  11- 
gna  da  Jat  par  un  contour  forW  da  brlna  r^aaau  at  da  dlagonalaa  a*4cartant 
la  molna  posslbla  da  la  li^a  da  jat,  at  noua  avoi>a  attributf  k  la  fonction  Y 
an  chaqua  aofmct  dai  valaura  approeh^aa  ddtanalnrfaa  par  Intarpolatlon  graphlqua# 
Par  axampla,  lat  polnta  <tant  caux  indlqurfa  aur  la  flgura  2 

on  a  pris  t 


^  .iti,  toa 

*  OM 


Y«  >J!£.«100 

”  HU 

Pour  r^toudra  la  ayat^aia  constitu^  par  laa  tfquationa  (6)  noua  avona  utilise 
m^thoda  da  ralaxatlon^. 

Solt  "Rj  i  -  V44«,i 

au  point  ,  at  fonn^  k  partlr  da  valaura  arbitrairaa  daa 

La  in^thoda  da  ralaxatlon  conalata  h  eorrigar  laa  valaura  daa  Y  ' 
ratouchaa  auccaaaivaa  da  fagon  h  diminuar  laa  r^aldua. 

II  ast  4vidant  qua  ai  on  fait  una  ralaxatlon  an  un  point,  la  rtfaidu 

an  ca  point  ast  diminu^  da  4  3  at  laa  residua  aux  points  voiaina  sont  aug- 
mant^a  da  3  Y 

Nous  avona  4crlt  las  valaura  da  la  fonction  at  las  corractiona  apportifaa  b 
chacuna  d'allas  b  gaucha  daa  diff^ranta  noauds  du  rtfaaau,  las  residua  b  dr&ita* 
Chaqua  fois  qua  nous  avona  rancontr4  un  r4aidu  antour^  lui-mima  da  residua 
da  mbma  aigna  nous  avona  us^  trbs  largaciant  du  proctfdtf  da  "sur-ralaxation"  t 
Ca  proc^d4  conalata  b  anticlpar  la  auita  du  oalcul,  an  majorant  trbs  largamant 
la  corraction  que  I'on  ast  tant4  da  faira  an  cartaina  noauds  an  vua  d' annular  la 
r^sidu*  On  obtlant  alora  un  r^aidu  important  da  signc  oppostf  qui  aara  r^dult 
ult^riaurenwnt  lorsqu'on  pratiquara  la  ralaxatlon  aux  noauds  voiaina. 

Laa  vaieurt  initlalaa  cnt  4x4  d4tcrT^in^8s  par  interpolation  ilnoaire  la  long 
da  droitas  parpandiculairas  au  bord  inf4riaur  du  canal  at  au  volat* 

En  cours  da  calcul  nous  avona  multiplib  par  10  laa  valaura  da  la  fonction  Y 
pour  ameliorar  la  precision  da  la  m^thoda. 

On  salt  an  affet  qua  la  fonction  Y  n'aat  d4finia  qu'b  un  factaur  multipli- 
catlf  prbs;  son  amplification  par  la  factaur  10  auivl  d'una  nouvalla  relaxation 
parrr.at  d'obtanir  un  chiffra  significatif  da  plus  dans  la  solution* 

Signalons  qua  lors  du  passage  d'un  tableau  au  tableau  suivant  nous  avona 
racalcul4  diractemant  tous  las  residua  afin  da  d^cala*  laa  arrsura  qu'il  ast 
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tor  •  firtt  etlculutlon.  In  irfilch  mo  cohtontoii  ovr$9lvo$  with  a  vary  roiigh 
approRiiMtion,  wt  roplocod  tho  boundary  formod  by  t^.e  lino  of  tho  Jot  by  a  con¬ 
tour  consiatlno  of  of  grid  aquaros  and  diagonals  lying  at  dost  as  possl- 

blt  to  tho  boundary  lino  of  tho  Jot,  and  wo  attributod  to  tho  ^  function  at 
oach  vortox  approxi nr.ato  values  dotomlnod  by  graphical  intorpolation.  For  ins¬ 
tance,  the  points  boing  those  shown  on  Figure  2,  we  took  t 


Yg.Ji&nlOO 

Hri 

To  solve  the  system  constituted  by  equations  (c),  we  used  the  method  of  rela¬ 
xation^. 

Taking  ♦  Yi.j.,  ••  th.  ra.i- 

due  relative  to  the  point  •  found  on  the  basis  of  arbitrary  values 

of  Y- 

V 

The  method  of  relaxation  consists  in  correcting  the  values  of  tne 
by  successive  stages  in  which  the  residues  are  diminished. 

It  is  obvious  that  if  we  make  a  relaxation  correction  at  one  point,  the 

residue  at  that  point  decreases  by  S  Y  residues  at  the  neighbo¬ 
ring  points  increase  by  <$  » 

The  values  of  the  function  and  their  corrections  have  been  written  on  the 
left  of  the  various  points  of  Intersection  of  the  grid  lines,  and  the  residues 
on  the  right. 

Each  time  that  we  found  a  residue  surrounded  by  residues  of  the  same  sign, 
we  made  free  use  of  the  procedure  known  as  "over-ielaxation” .  This  procedure 
consists  in  anticipating  what  is  to  follow  in  a  calculation,  and  making  a  very 
liDeral  increase  in  the  correction  which  appears  desirable  at  certain  points, 
in  order  to  reduce  the  residue  to  zero.  In  this  way  we  obtain  a  large  residue 
with  the  opposite  sion,  which  is  reduced  iat*T  when  we  apply  relaxation  to  the 
neighboring  points. 

The  initial  values  were  deternlned  by  linear  interpolation  along  straight 
lines  perpendicular  to  the  lov^er  lip  of  the  channel  and  to  the  flap. 

In  the  course  of  our  computations  we  multiplied  the  values  of  the  func¬ 
tion  by  10  in  order  to  increase  the  precision  of  the  method. 

We  know  thfit,  actually,  the  Y  function  is  only  defined  to  within  a  multi¬ 
plicative  factor;  its  multiplication  by  the  factor  10,  followed  by  anothor 
relavstloh,  gives  us  one  mrir#  signlficAnt  figure  In  llie  solution. 


a. 

U*«ill9urt  inutil#  <S«  corrlgtr.  II  tuffit  d*rft«bllr  un  nouv««u  t<ir>J**u  •«  uti- 
liftAnt  CCMM*  val*urt  initial*!  lat  valaura  ainsi  obtanuat. 

La!  f^iultat!  auccassifs  tont  caux  das  Tabiaaux  "2"  at  ”3*  at  la  Tablaau  ”4” 
fournit  la  r^sultat  final. 

Nous  avons  alors  tracts  las  lignas  da  coursnt  Y  •  K  pour  3  valaurs  parti- 
culil^ras  da  la  constant*  K  .  2S  ^  SO  .  Cat  lignas  tont  callas  da  la 

Figura  3. 

3)  VERIFICATION. 

Nous  avons  alors  calculi  daux  points  da  la  ligna  moyan  das  forniu- 

let  th^oriquas  (^ . 

La  Tablaau  ”5"  parmat  da  suivra  la  march*  da  cas  operations. 

Las  fomulas  utiliteas  ont  ete  t 


•• 

It  mty  bm  n«t«<f  that  whvn  patting  fro*  ena  taila  to  tha  nait  laa  racalewlalatf 
all  tha  ratlduoa  dlroctly,  in  ordar  to  find  any  arrora»  ahleh*  Incldantally,  it 
it  unnacattary  to  eorrtct*  It  It  tufficiatit  io  draw  up  th«  naa  tabla  uaing  at 
initial  valuta  thota  Jutt  obtainad. 

Tha  auceattiva  raaultt  obtalnad  art  ahown  In  Tablaa  2  avj  3,  and  Tabla  4 
glvat  tha  final  raaultt. 

Wa  than  plottad  th*  atraam  Itnat  for  thraa  particular  valuai  of  tha 

conatant  K  .25,50,7^  •  Thaaa  linat  art  thoaa  ahown  in  Figura  3, 

3)  VERIFICATION. 

Na  than  caloulatad  two  polnta  of  tha  llna  Y  *  '"••f'*  of  thaoratical 

formulaai^. 

Thaia  oparatlont  can  ba  followad  on  Tabla  5. 

Tha  fonnulaa  uaad  wara  tha  following  i 
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r¥»ult«ts  •ont  •n  ^flnttlv*  •ulv«nta  t 


1.3735 


0,223 


1,^14 


i,0«2S 


o,soj 


1,2*7 


U  Figur#  3  p*nr»t  d'avoir  un«  id^«  precis*  d*  1 'approximation 


Las  rtfsultats  obtanus  par  la  m^thoda  num^riqua  sont  done  tr^s  sati sfaisants 
dans  la  partia  m^dlana  du  Jat.  II  ast  k  prtfvoir  capandant  qu'il  n'an  sarait  pas 
da  m«ma  au  voisinaga  imm^diat  da  I'arita  d'articulation  du  volat  par  suita  da  1* 
erraur  syst^matiqua  dua  i  la  m^thoda  das  difMrancas  finias.  Pour  ami?liorar  la 
precision  dans  catta  region  on  paut  songar  k  sarrar  las  mail  las  du  rtfsaau  da  ma- 
ni^ra  k  $e  rapprochar  da  la  distribution  contlnua  th^orlqua. 

II  nous  a  part!  inttfrassant  d'axp^rimantar  ca  proc^dtf  sur  un  axampla  d'^cou- 
lament  pour  laqual  la  connaissanca  pr^ciaa  da  la  fonctlon  an  un  point  qualcon- 
qua  du  fluida,  s'obtlant  par  das  calculs  K^mantairaa. 

Nous  avons  choisl  la  problW  da  l*<coulamant  d'un  fluida  autour  d'un  angla 
constitu<  par  das  parois  llmltant  la  region  occup^a  par  la  fluida. 

On  salt  qua  la  potantlal  complaxa  ast  d^flni  par  la  formula  i 

SI  I'angla  vaut  225\^:  ^  «t 
D'oO  I'axprassion  da  la  fonctlon  da  courant  s 
<P(f,d).Ap*  .in  ^0 

Nous  nous  sonwas  donnas  arbitralramant  A  n  100  *t  nous  avons  constrult  avac  soln  la 
ligne  de  courant  Ya400  ,  La  Tableau  "6"  donna  la  succession  das  calculs  ai 
la  Figure  A  caraeti^risa  la  1  Igna  de  courant  ainsl  calcul<la. 

Au  point  da  vua  da  la  recharcha  math^matique  das  fonctlons  da  courant.  la 
probl^ma  qui  fait  I'objet  da  nos  preoccupations  ne  differ#  pas  sansiblamant  da 
calui  du  calcul  da  la  fonctlon  Y  dans  la  region  llmltde  jwr  la  paroi  at  1«  Hgna 


f, 


7h«  final  r«»ultt  ara  at  fallaaa  t 


a 

1.S7IS 

1,0414 

1.IIU 

I.MM 

9C 

0  •  jk>7 

—  —  ^ 

1,107 

From  Figura  3  on#  can  gain  a  claar  Idaa  of  tha  dagraa  of  approximation. 


4)  REMARKS. 


Tha  raaulta  obtained  by  tha  numarlcal  mathod  ara  thus  vary  aatiafactory  in 
tha  meridian  portion  of  tha  jet.  Honvavar,  they  ara  likably  to  be  lata  ao  In  tha 
immadiata  neighborhood  of  tha  adga  of  tha  flap»  owing  to  tha  aystamatic  error 
arising  out  of  the  mathod  of  finite  diffarancaa.  To  increase  tha  accuracy  In 
this  region,  one  may  reduce  the  size  of  the  grid  squares  so  as  to  approach 
closer  to  theoretical  continuous  distribution. 

We  tliought  It  would  be  of  Interest  to  try  out  this  procedure  on  a  flow  in 
which  the  ^  function  at  any  point  in  the  fluid  can  be  accurately  determined 
by  elementary  calculus. 

We  chose  the  problem  of  a  fluid  flowing  round  an  angle  formed  by  walla 
bounding  the  region  occupied  by  the  fluid. 

We  know  that  the  complex  potential  is  defined  by  the  formula  : 


.  = y  . 

If  the  angle  is  of  225»,  -fk  «  it  *nd  I x  A'J  » 


from  which  we  have  the  expression  for  tha  stream  function  i 

f  (f.®)*  Af^  «n  ild 

We  took  an  arbitrary  value  Am  ^00  and  carefully  plotted  the  stream  line 
'i’.Aoo  .  Table  6  shows  the  computations  made  and  Figure  4  shows  the  stream 
line  as  calculated  Iti  this  way. 

From  the  point  of  view  of  finding  the  stream  functions  mathematically,  the 
problem  with  which  we  are  occupied  does  not  differ  much  from  that  of  calcula¬ 
ting  the  Y  function  in  the  region  bounded  by  the  wall  and  the  stream  line 


d#  cour«nt  qu»  nou*  avofit  (Idt*n^ln4*.  En  !•  tow^t  (J«  l*«r>ol»  pr<t«nt« 

ici  1«  wIp^  tln^ulcritd  d*  vit«S9*  cu*  I'arit*  d'arttculatlon  du  vol*t  d#  notr* 
problem*  d'^coul«p*nt. 

Oant  un«  pr*ml^r«  ^t«p»  nous  avons  appJiqu^  la  method*  das  diff^rancas  finitt 
an  pranant  un  rtfsaau  assaz  llcha  dort  la  largaur  das  maillas  ast  I'unlttf  cholsla. 

En  vua  d'amtfliorar  las  calciils  da  la  fonction  ^  su  voislnaga  da  la  ligna 
da  courant  (I'lntarpolation  lln4sira  qua  nous  avons  fslta  dans  las  calculs  pr^c^- 
dants  na  constltua,  an  affat,  qu'una  tr^s  grossi^ra  approximation),  nous  avons 
utilise  la  ramarqua  suivanta  t 

-  Supposons  qua  la  ligna  da  courant  ^  s  400  coupe  an  un  brin  MN  du  t4~ 
saau,  confortn^mant  h  la  figure  ci<-dassous  t 


N 


Nous  connalssons  la  rapport 


MN 


at  la  valeur  da  la  fonction  de  courant  au  point  "P  (y^A-OO) 

Ecrlvons  qua,  pour  la  patlt  Intarvalla  MP  ,  1^  fonction  paut  Itra  appro- 


chea  par  una  fonction  lln<5alra,  nous  obtanons  i 


d'  ou  : 

S',  .  AOO  .  ... 

n  ik 

En  portant  dans  la  ralatlon  i 

%+ S'* *+,4 S', -4 S',  -o, 

IJ  vlent  ; 

S’*  ♦  S’*  4  S',  -  ( A  *•  i=t)  f,  + .  0 

Cotta  4gallt4  ratnplaca  la  ralatlon  habltuella  dans  la  calcul  du  r^sldu  au  point  M 
at  alia  fournlt  un  nouveau  coefficient  de  relaxation  en  ca  point 


xo. 


•Mch  m  h«v#  Th#  «*rt«s  •f  th«  •ngl#  •etuclly  pr««#ntt  th#  •••• 

velocity  chcractvrittlc  ••  th«  •dg*  •t  th#  flap  •f  our  fl#»  r*rol>l#«. 

In  th#  first  st»g#  tpplt^d  th#  nothod  of  flntt#  dlffrr#ne#s,  tiklng 
•  fairly  op#n  grid  in  *»hich  th#  width  of  •  aquar#  wna  th#  unit  choi#n» 

In  ord#r  to  obtain  a  aor#  aecurat#  calculation  of  th#  function  in 

tha  neighborhood  of  th#  atraaa  lln#,  (th#  lin#ar  interpolation  which  w#  aad# 
US#  of  in  th#  preceding  calculations  representing  only  a  vary  rough  approxima¬ 
tion),  wa  mad#  us#  of  tha  following  argument  i 

-  Wa  assume  that  tha  stream  line  400  intersects  the  side  MH  of  a 

grid  square  at  a  point  P  ,  as  in  tha  figure  below  < 


Wa  know  the  relation 


KP 


* 


MM 


and  tha 
Writing 
xi mated 


value  of  the  stream  function  at  tha  point  P  ('f.AOO) 

that,  for  the  srvill  distance  MP  ,  the  T  function  can  be  appro- 

to  a  linear  function,  we  obtain  : 


from  which  t 


4i 

A  -K 


Introducing  this  into  the  relation  t 


wa  obtain  i  ^ 

♦  S'*  -  (4  ♦  S',  ♦ -  0 

*  « 


This  aquation  replaces  tha  usual  relation  used  in  tha  calculus  of  residues  at 
a  point  and  it  provi'des  a  new  coefficient  of  relaxation  at  that  point. 


II 


On  «  d«  ii4m»  d*ux  •utr«t  c«t  d*  flgur*  potslbl«t  t 


Lts  rttlst'ons  corr«tpondant«s  sont  l«s  tuivant**  i 

"ni 


Nou«  svona  ajlors  ramplac^  la  llgna  d«  courant  par  un  contour  torr\4  da  brlns  du 
r^seau  anti^ramcnt  axt^riaur  k  la  region  dans  laqualla  nous  nous  proposons  da 
calcular  la  fonctlon  ^  at  nous  avons  clats4  las  points  intariaurs  an  daux 
cat4gorlaa  t 

a)  Las  points  "  ordinairas  "  pour  lasquels  t 

b)  Las  points  "  singuliars  ”  caract^ris^s  par  I'una  das  ralatlons  4tabUas 
pr4c4dammant .  (ll  ast  clalr  qu'il  an  axista  un,  at  un  saul,  sur  chaqua 
verticala  du  r^saau  t  la  point  d*ordonn4a  maximum). 

Cas  points  sont  r^partis  comma  il  ast  lndlqu4  sur  la  Figura  5. 

Las  calculs  da  ralaxatlon  font  I'objat  das  Tablaaux  "7",  ’^8”,  "Q",  "lO". 

(Las  valeura  initiales  da  la  fonctlon  ^  ont  4t4  construitas  par  Interpol  ration 
llneaira,  comma  dans  la  pramiar  problem*.  En  cours  da  calcul,  nous  avons  4gala- 
ment  rmjltipll4  par  10  las  valaurs  da  pour  avoir  un  chiffra  slgnlflcatlf  da 

plus  dans  las  r4sultats). 

Dans  une  dauxl^me  4tapa  da  calcul  nous  nous  sorrmas  proposes  da  rasserrer 
las  mallles  du  r4soau  prlmitlf.  La  methods  la  plus  slmpla  consists  k  dlvlsar 
par  2  la  largeur  d’une  mai  11a. 


II. 


Th«r«  •r#  tlto  two  othor  poitlblo  catot,  ahown  If*  t»**  flyjro*  : 


The  corresponding  equations  are  i 

r,»  4^+4' -  (a— +  -^=0 

1^)4-, +  -^+-^.0 

We  then  replaced  the  stream  line  by  a  contour  formed  by  sides  of  grid  squares 
entirely  outside  the  region  In  which  we  Intended  to  calculate  the  ^  function, 
and  we  classified  the  points  inside  in  two  categories  i 

a)  the  "ordinary"  points,  for  which  i 

b)  the  "extraneous"  points,  defined  by  one  of  the  relations  established 
above,  (it  is  clear  that  there  is  one  only  on  each  vertical  line  of 
the  grid  i  the  highest  ordinate  point). 


Those  points  are  distributed  as  shown  in  Figure  b. 

The  relaxation  calculations  are  set  out  in  Tables  7,  8,  9,  10.  (The  ini¬ 
tial  values  of  the  function  were  established  by  linear  interpolation,  as  in 
the  first  problem.  In  the  course  of  the  calculations,  wo  again  multiplied  the 
values  of  by  10  to  obtain  one  more  significant  figure  in  the  results). 


In  a  second  stage  of  computation,  we  decided  to  use  a  grid  with  smaller 
squares.  The  simplest  method  consists  in  dividing  the  length  of  the  side  of 
one  square  by  2. 


u. 


L«s  no«uds  d«  la  nouvallt  grill*  sont  alort,  soit  l9s  noeuds, 
tras  da  chaqua  mallla,  salt  las  miUaux  das  brlns  du  rtfsaau  initial 
Nous  avons  gard^  las  valeurs  da  la  fenction  ^  aux  noauda  da 
Au  centra  d'une  maille,  par  axemple  au  point  5  da  la  figura, 

»  •  li. 


soit  las  can- 

a 

I'anclan  r^saau. 
nous  avona 


Nous  avons  calculi  anauita  t 

at  1*  raste  da  la  division  nous  a  fournl  la  r^sidu  an  ca  point;  nous  avons  con¬ 
tinue  las  calcula  pour  etc... 

Nous  avons  anfin  d4tarmine  las  r^sidus  aux  points  5^6  . at  aux 

noauda  da  l*ancian  resaau  1)2  ^  .•••.••  Gael  nous  a  conduit  aux  resultats  du 
Tableau  "II**. 

Par  economia  da  temps,  nous  nous  sommas  limitds  h  la  region  volsine  du  son>- 
met  da  I'anglo,  region  pour  laquelle  la  calcul  precedent  a  fait  apparaltra  Gas 
residua  Importants.  (ca  qui  correspond  au  fait  qua  nous  n'avons  qu'una  approxima¬ 
tion  asset  mediocre  do  la  fonctlon  dans  cett*  z6na). 

Une  nouvalle  relaxation  nous  a  parmis  da  reduira  cas  residus  corwie  dans  la 

profni^r*  parti*.  Cast  ca  qua  manifestant  tr^s  nattamant  las  chiffras  du  Tableau 

"12". 


L«8  no«ud$  dt  la  nouvtlla  grill*  aont  alora,  aoit  lea  no*uds»  soit  l*a  c«tv» 
traa  d*  chaqua  mailla,  aoit  laa  millaux  daa  brina  du  r^aaau  InltlaK 

Nous  avont  gard^  lat  valaura  da  la  fonctlon  ^  aux  noauda  da  I’anclen  r^saau. 
Au  cantra  d'una  mallla,  par  axampla  au  point  S  da  la  figura,  noua  avona 


choisl  : 


±%  »  ja  ^  % 

4 


Nous  avona  calculi  anauita  t 


■t 


at  la  reata  da  la  division  nous  a  fournl  la  r^sidu  an  ca  point;  nous  avons  con¬ 
tinue  lea  calcula  pour  etc... 

Nous  avons  anfin  detamine  las  r^sldus  aux  points  5,6  . ®ux 

noauda  da  I'anclan  r^saau  1,2  ,  .  Caci  nous  a  conduit  aux  r4sultats  du 


Tableau  "II**. 


Par  economia  de  temps,  nous  nous  sommas  limltes  h  la  region  voisine  du  sonv- 
mat  de  1' angle,  region  pour  laquelle  la  calcul  precedent  a  fait  apparaltr*  daa 
residua  importants.  (c*  qui  correspond  au  fait  que  nous  n'avons  qu’une  approxima¬ 
tion  assez  mediocre  de  la  fonction  'sp  dans  cette  z6n*) . 

Une  nouvelle  relaxation  nous  a  permis  de  reduira  ces  residus  conme  dans  la 
pramiir*  parti*.  C'est  ce  que  manifestent  tr^s  nettement  les  chiffras  du  Tableau 
"12". 


I 

.4 


23. 


En  co^por«nt  l*s  obttnus  h  qu«l 7u«$  v«l9urt  c-*leuM*5  *u  noyvfi 

d«  ]«  formil*  > 

f  (f,&).  lOOf  ^ 

on  obsorv#  un#  amelioration!  trhs  sensible  da  la  precision  qul  Justlfla  plalna- 
m«nt  I'interit  du  procdd^. 

L«s  chlffras  figurant  aux  noauda  du  Tableau  "13"  sonttda  haut  an  bast  caux 
da  la  prami^re  ralaxation«  caux  da  la  relaxation  ^  mail  la  an  nombra  double,  at 
las  chlffras  du  calcul  theoriqua. 

O 

o  o 

Qua  davons-nous  conclura,  sinon  qua  la  probl^ma  da  la  d^tar nination  das 
lignas  da  courant  ^  I'interiaur  d'un  Jat  sambla  fad  la  ^  r^soudra  numeriquament 
lorsqu’cn  connalt  avec  precision  las  llmltas  du  jat. 

Las  calculs  ont  n^casslte  I'amploi  da  daux  calculataurs .  Las  interpolations 
preilminairas  at  las  calculs  da  r^sidus  ont  4te  realises  avec  una  machine  h  cal- 
cular  de  buraau;  la  methoda  da  relaxation  propremant  dita  a  ^te  appliqu^e  >  la 
main.  Slgnalons  qua  catta  tachnlqua  de  calcul  exige  un  certain  dolgte  et  11  faut 
la  patience  de  subir  un  bon  entrafnamant  avant  da  I'utlllsar  avec  fruit. 

Un  tableau  da  relaxation  demands  una  qulnzaina  d'neuras  de  travail  dans  las 
conditions  pr^cedarmant  indiqu^as. 

Nous  avons  envisage  da  reprandra  I'ansambla  das  calculs  at  da  las  completer 
par  une  methods  d ' Iteration  qui  sambla  mleux  adapt^e  qua  la  relaxation  aux 
techniques  du  calcul  ^lactroniqua. 

Cette  m^thode  est  la  sulvanta  :  apr^s  avoir  dispose  une  repartition  arbi- 
traire  aussi  vrai samblabla  qua  possible  das  ^  ,  on  remplace  ^  chaque  noeud 

la  valeur  de  la  fonctlon  ^  qui  y  figure  par  la  moyenne  ari thm*?tlquo  des  ^  da 
4  noeuds  voisins  (compta  tanu  des  relations  .'nodifiees  au  voislnaoe  de  ia  linna 
de  jet). 

On  repJfte  un  certain  nonbre  de  fois  I'operation. 

Ces  approximations  sont  conveigentes,  nous  1' avons  constatii  sur  d'nutres 
exemples,  Mais  la  convergence  est  parfols  tr^s  lente  et  dans  le  cas  du  probl^mo 
qui  nous  occupe  la  rr^thode  n'est  exploitable  qu'aveo  I'alde  d'une  calculatrlce 
4lectronlque. 

Renarquons  enfin  qu»*  la  m<^thode  peut  sV>t»*ndre  au  cas  d'on  4coulement  de 
r4volution,  I’^quation  AS^rO  ‘^tant  re",clac4e  oar  t  -  0 

'  r  ■ 


n. 

Coep^rlng  ’h#  results  with  c#rt*ln  v^luwt  c#lcul*t#rt  oy  ««ani^ 

of  th*  formula  i  4 

*00(1  »m 

**•  note  a  very  definite  ifrprovement  in  preciaiont  which  fully  Justifies  the 
U50  of  this  procedure. 

The  flfjfures  shown  at  the  intersections  of  the  grid  in  Table  13  are,  star¬ 
ting  from  the  top  :  the  results  of  the  first  relaxation,  those  of  the  relaxa¬ 
tion  for  four  times  the  number  of  squares,  and  the  theoretically  calculated 
figures. 

O 

6  O 

Ahat  may  we  conclude,  If  not  that  the  problem  of  determining  the  stream 
lines  in  the  interior  of  a  jet  appears  easy  to  solve  numerically  if  we  know  the 
exact  boundaries  of  the  Jet. 

Two  conputers  were  required  in  order  to  carry  out  the  calculations.  The 
preliminary  Interpolations  and  the  calculus  of  residues  were  carried  out  with 
the  aid  of  a  calculating  machine;  the  actual  method  of  relaxation  was  applied 
by  hand.  It  should  be  mentioned  that  this  conputlng  technique  demands  a  certain 
f-tcllity  and  one  must  have  the  patience  to  undergo  a  period  of  training  before 
one  car  achieve  useful  results. 

In  the  conditions  indicated  above,  a  relaxation  table  requires  about  fif¬ 
teen  hours  work. 

We  intend  to  go  over  all  the  calculations  once  more  and  complete  them  by 
a  method  of  i teration  which  would  appear  better  adapted,  that  relaxation,  to 
the  techniques  of  electronic  calculus. 

This  method  is  as  follows  ;  after  making  an  arbitrary  distribution  of  the 
most  likely  values  of  ^  ,  we  replace  the  value  of  the  function  figuring 

at  each  intersection  of  the  grid  by  the  arithmetic  mean  of  the  values  at 

llie  four  neighboring  intersections  (taking  into  account  the  modified  relations 
in  the  nelqhboihood  of  the  jet  contour). 

The  operation  is  repeated  a  certain  number  of  times. 

As  we  have  noted  in  other  examples,  these  approximations  converge.  But  the 
convergence  is  sometimes  very  slow  and  In  the  case  of  the  problem  with  which 
we  are  dealing  the  method  is  only  feasible  with  the  aid  of  an  electronic  calcu¬ 
lator. 

Let  us  finally  note  that  the  method  can  be  extended  to  the  case  of  an 
axially  sy'nrr.-tr it  flow,  the  equation  being  replaced  by  i 
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0«n»  !•  th^orl*  ptMd«nt*  n«u*  tvont  toujours  tuppottf  !• 

fluid*  non  vltquous*  U  con«dqu*fH;«  ian^diat*  d*  c*tt*  hypoch«M  ttt  qua  1*  J«t 
formal t  un  doMlno  rlqourouaoatnt  tdptrtf  du  fluid*  dint  loquol  11  ddbouchalt  at 
tans  influane*  aueun*  aur  calui-ci*  Gatta  thderla  na  paut  done  noua  donnar  qu* 
un*  id^a  aaaaz  prdcita  da  l*dcoulaaant  da^^  la  Jat» 

Pour  ratidra  eoaipta  da  l*Effat  OQANOA  d*una  fagon  plus  procha  da  la  rdalltd* 
il  faut  done  analyaar  la  rdla  da  la  viseositd*  C*  rOla  sara  doubla  i 
-  La  viseositd  va  agir  dans  la  jat  an  y  erdant  una  coueha  limita. 

La  vitassa  au  voisinaga  immddlat  da  la  parol  sara  nulla  at  augmantara  trks 
rapidamant  dans  una  saetion  du  jat.  Catta  coueha  llmita  lamlnaira  davian.* 
dra  tr^s  rapidamant  turbulanta^  ea  qul  aura  pour  eonsdquanca  d'homogdndliar 
la  repartition  da  vitaasa  dans  una  sactlon  du  jat.  Er,  nlma  tamps »  1*  mou« 
vamant  sara  fraind  at  notamnont  an  suparsonlqua  on  rapassara  tr^s  raplda- 
ment  du  rdglma  auparsonlqua  la  long  da  la  pramllra  faeatta  k  un  rdgima 
subsoniqua  1*  long  das  faeattaa  suivantas. 

2.  -  La  viscositd  va  agtr  ^  la  surfaca  libra  du  Jat  d'una  fsgon  partleuli^ramont 
intansa  at  e'ast  II  I'intdrit  fondanantal  da  I'Effat  COANDA. 

On  salt  qu*  dana  un  jat  ddbouehant  par  un  orlfic*  an  mine*  parol  las  11- 
gnas  da  eourant  sont  parallllas,  I'dcoulamant  ast  tris  rapidamant  uniform* 
at  la  vlscosltd  intarvlant  pau  I  I'lntdriaur  du  jat,  mals  la  surface  libra 
du  jat  constltu*  un*  surfaca  da  dlscontlnultd  das  vitassas  at  la  mouvemant 
y  davlant  Innddiatamant  tourblllonnair*. 

La  fluid*  ambient  ast  alors  atpird  dans  1*  jat  qul  s*  gonfl*  rdgull^ra- 
aiant.  La  vlscositd  donna  done  dans  ca  cas  naissane*  I  un  mouvamant  sa» 
condalr*  t  I'asplratlon  du  fluid*  ambient  I  la  surface  libra  du  jet  erda 
une  ddprassion  attlrant  1*  fluid*  autour  du  jat  salon  le  schdma  suivant  t 
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In  Vm  pttniim  atliitMtiMl  tlimiy  m  alwmy*  inti  Ui*  fluid  ••• 

ncn  vitoout*  Tfw  lawdltt#  taffttiudiice  ef  thU  hyputhMlt  ms  that  tha  jat  for- 
m4  a  daaaln  rifaradtly  aaparata  ttm  tha  fluid  Inta  tdtleh  It  aaar^ad,  and  ha¬ 
ving  na  influanea  aitataaavg  an  thia  fluid.  Hanea  thla  thaoiy  can  anly  giva  ua 
a  fairly  elaar  idaa  af  tha  flaa  pattatn  In  tha  jat  itaalf. 

To  daaerlba  tha  OQANDA  Effaat  In  a  nannar  idileh  corraaponda  anora  axactly 
to  raality*  m  mat  tharafera  analyaa  tha  part  playad  by  viaeoaity.  Tha  lattar 
playa  a  doubla  rola  i 

I*.  -  Tha  affaet  of  viaeoaity  arlthin  tha  Jat  ia  to  eraata  a  boundary  layar.  Tha 
voloeity  naxt  to  tha  wall  ia  taro  and  ineraaaaa  vary  rapidly  in  a  eroaa- 
aaotion  of  tha  Jat.  Thia  laminar  boundary  layar  vary  rapidly  baconaa  tur¬ 
bulent.  tha  raault  of  which  ia  to  hoaMganlxa  tha  dlatribution  of  valoei- 
tiaa  in  a  eroaa-aaction  of  tha  Jat.  At  tha  aana  tint,  tha  flow  ia  alowad 
down  and,  aapaeially  in  tha  auparaonie  ragina,  thara  ia  a  rapid  drop  from 
auparsonie  flow  along  tha  firat  facet  to  aubaonic  flow  aloitg  tha  following 
facata. 

2*.  -  At  tha  free  aurfaea  of  tha  Jat.  viaeoaity  haa  a  particularly  atrong  affaet 
and  thia  ia  where  tha  fundamental  importanoa  of  tha  COANDA  Effect  eomaa  in. 
Wa  know  that  in  a  Jat  amarging  from  a  thin-wall  orifice  tha  atraam  linaa 
are  parallel,  tha  flow  vary  rapidly  bacoawa  uniform  and  viaeoaity  haa 
little  affect  inaida  tha  Jat.  but  tha  free  aurfaea  of  th«  Jat  conatitutaa 
a  aurfaea  of  diacontinuity  of  valocitiaa  and  turbulanea  ia  Isnadtataly 
eat  up  thara. 

Tha  aurrounding  fluid  ia  than  induced  into  tha  Jet  which  showa  a  regular 
axpanaion.  In  thia  eaaa  tharafora.  viaeoaity  givaa  riaa  to  a  secondary 
flow  I  tha  induction  of  aurrounding  fluid  at  tha  free  aurfaea  of  tha  Jat 
produeaa  a  daprasaion  whloh  attracts  tha  fluid  aurrounding  tha  Jat,  in 
tha  mannar  shown  in  tha  following  diagram  i 


-  2  • 

tent  !•  eat  <fu  Jat  d^beiiehant  d'una  faA|«  tulvia  d*un  «u  plutlaurs  valatt^ 
on  va  naturallMMnt  ratrouvar  it  tffti  dm  mmuvmmmnt  tmccndtln,  eentl- 

d^rablMitnt  aectntutf  pare#  qua  t 

-  I'^coulanant  n'aat  plua  unlfona  dana  la  jat«  la  gradlant  da  praation  61mv4 
va  crdar  una  turbulanca  baaucaup  plua  farta  I  la  aerfaea* 

•  pour  un  mlma  dtfblt  maaaa  qua  dana  un  jat  par  oriflea  an  adnca  parol  la  aurfaca 
du  Jat  aat  baaucoup  plua  qranda  parea  qua  la  jat  art  baaucoup  plua 
La  mouvamant  g^n^ral  aa  fara  done  .aalon  la  aehdaia  auivant  i 


C*aat  bian  ca  qua  I'on  vtfrifia  aur  la  photographia  da  la  torcha  pr^aent^a 
au  d^but  da  ca  rapport* 

•  a 

Sur  la  plan  phyaiqua*  laa  caract^riatiquaa  aaaantlallaa  da  I'Effat  COANDA 
aaront  done  t 

-  deviation  du  jat  dana  una  diraetion  trka  difftfranta  da  la  direction  Initiala* 

-  mouvamant  aacondalra  Intanaa*  O'aat  ii  dira  tranafart  da  I'^nargia  cin^tiqua 
du  Jat  k  una  granda  maaaa  da  fluida  aacondaira* 

-  la  r^aultat  da  cat  daux  premikraa  conadquancaa  <tant  la  creation  d'una  quan¬ 
tity  da  mouvamant  (done  d'una  pouaaya)  baaucoup  plua  Impertanta  qua  dsna  la 
cat  du  Jet  par  orifice  an  minca  parol* 

Ce  sont  cat  propriytya  qui  vont  parmattra  laa  applicationa  qua  nous  avona 
anvl&agyaa* 
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In  th«  CAM  9l  •  j«t  •Mrgin9  fr««  •  •)•!  tmllmmd  by  •n*  •r  •#v«ral 
th«  ••eontftiy  fl«»  1«  •teMivMlf  but  ttronglr  nce^ntuat^d  bncnua* 
-  th«  fJnw  In  th«  j«t  it  nn  iMotr  unifora  nnd  th«  ttnap  prvttur*  gradient 
preduevt  Much  gr*«t*r  turbulnnc*  at  tha  aurfaca* 

•>  for  tha  aaaia  aaaa  flow  aa  in  a  jat  iaaui^^  froB  a  thinwall  orifiea*  tha  aur- 
faea  of  tha  Jat  ia  nuah  graatar  bacauaa  tha  jat  ia  aiora  apra««f« 

Tha  ganaral  Motion  will  tharafora  ba  aa  ahawn  in  tha  following  diagroM  i 


Thia  ia  in  fact  what  wa  aaa  in  tha  photograph  with  tha  amoka->torchy 
ahown  at  tha  baginning  of  thia  raport. 

«  • 

Thua  in  tha  phyaieal  plana  tha  aaaantial  charactaristica  of  tha  COANDA 
Effat  ara  i 

-  daviation  of  tha  jat  in  a  diraction  quita  diffarent  from  ita  initial 
diraction. 

-  vary  atrong  aacondary  flow,  tranapoaing  tha  kinatic  anergy  of  the  Jat  to 
a  larga  maaa  of  aacondary  fluid, 

-  tha  raault  of  thaaa  two  firat  phanomana  baing  tha  eraation  of  a  momantum 
(and  hanca  of  a  thruat)  much  graatar  than  would  ba  tha  caaa  with  a  Jet 
through  a  thin-^wall  oriflca, 

Thaaa  aro  tha  faaturaa  which  will  anabla  ua  to  raaliza  tha  applicationa 
wa  have  planned. 


core  1  DERATIONS  SU«  LA  REACTION  OIRtCTE  ET  SA 
CONFARAISOK  AVtC  U  REACTION  COKbtOJTIVE  A  L»£FFET  COAKDA  . 


Nous  .vons  pr<c<dt™.nt  toullgiW  gu.  lo  |0<no(.*r«  physlqu.  otsontUl  por- 
»tt.nt  1.  yot  J'UP  -plus  lourd  qu.  M.lf  r<sld.lt  d.ns  J.  crdstlon  su  ..In 
du  fluid,  .nbl.nt  d'un.  qu.ntltd  d.  mouv«iii.nt  ort.nU.  v.r.  1.  b..  .t  dont  1. 
val«ur  devalt  Itm  au  molnt  ^gal#  au  poldi  da  I'angln. 

Las  daux  solutions  actual las  da  ca  probl^ma  sont  t 

-  l'a<<rodyna  k  alia,  cal  la-el  errant  la  flux  da  quantity  da  mouvamant  i 

soit  par  translation,  ce  qul  constitua  I'avion  claftlqua, 
soit  par  rotation  ,  at  c*ast  l*h<llcept^rt. 

-  la  fus^a. 

Cast  k  cetta  darnUra  solution  qua  dans  las  llgnas  qul  suivant  nous  al- 
lons  nous  attachar,  an  montrant  qu’on  paut  I'am^liorar  par  I'Effat  COANDA, 

En  affet,  la  fus<?e  emm^na  avac  alia  la  majeura  partla  da  la  massa  qul  cr<a 
ca  flux  de  quantity  da  mouvamant,  catta  massa  possi'dant  au  depart  una  ^nargla 
potentlalla  consld*^rabla  qua  I 'on  transforma,  pandant  la  dur#a  du  vol,  an  <nar- 
gle  clndtlqua,  cr^^ant  alnsl  la  flux  da  quantity  da  mouvamant  d<slr<. 

Nous  aliens  montrar  qua  s'll  ^talt  posslbla  da  transmattra  Integra laiwnt_ 
catta  4nergla  cln6tlqua,  provoou^a  par  una  falbla  massa  ayant  una  qranda  vl- 
tessa,  k  una  grande  masse  d'alr  anim^a  d'une  vltess#  plus  falbla,  la  gain  da 
quantity  da  mouvamant,  done  da  suatcrntatlon,  sarait  consld^rabla.  Or,  c'ast 
pr^cis^mant  ce  qua  pariT'at  I'Effat  COANDA. 

O 

o  o 

Appalont  I  T  la  force  ascanslonnalla  totala  da  I'angln. 

M  la  massa  d'alr  mlsa  an  mouvamant  pandant  l'unlt4  da  tamps. 

V  la  vltassa  da  cat  air  oriant4a  vara  la  bat. 
rr  la  polds  total  da  I'angln. 

£  la  force  qul  parrrat  I'ascension  da  I'angln. 

L'Aquation  fondamantala  da  la  dynamlqua  I'^crlt  pour  la  systkma  i 

MV  .  r .  n-+{ 

soit  en  appelant  i*acc4lAr»tli3ri  da  la  pasantavit  at  R  un  ccafflclant  ayant 

lea  dimensions  d'una  acc/lAratlon  t  »  TT  1  1  a  It  1 


C0NSIDEIMTI0N6  ON  OlNCCr  JlEACTIOf  AND  ITS  OOM^AIISON 
WITH  THE  RCACTICH  ftESUlTINC  PNOM  TME  OOANEM  £P*fCT. 


N«  hav*  already  atreated  the  feet  that  the  eeeentiel  phyeleel  phenonenon 
that  renders  potalble  the  fllyht  of  a  machine  which  is  heavier  than  air  ia  the 
creation  In  the  turroundino  fluid  of  a  downwerd  aMMaontuai  whose  value  swat  be  at 
least  equal  to  the  weight  of  the  machine  concerned. 

The  two  solutions  of  this  problem  at  present  in  use  are  t 

-  winged  aircraft,  in  which  the  wings  produce  the  SKMaentuai  flux,  either  by 
translation  as  in  the  classical  airplane,  or  by  rotation  as  in  the  helieopteri 

-  rockets. 

In  the  following  lines  we  are  going  to  devote  our  attention  to  the  latter 
solution,  showing  how  it  may  be  improved  by  the  CXIANDA  Effect. 

Actually  the  rocket  carries  up  with  it  the  larger  part  of  the  mass  which 
(iroduces  the  momentum  flux,  this  mass  having  at  the  start  considerable  potential 
energy  which  is  transformed  into  kinetic  energy  during  flight,  thus  creating  the 
desired  momentum  flux. 

We  are  going  to  show  that  if  it  wars  possible  to  transpose  the  whole  of 
this  kinetic  energy,  produced  by  s  small  aiaes  having  great  velocity,  to  a  large 
mass  of  air  having  a  smaller  velocity,  the  gain  in  momentuai  flux,  end  therefore 
in  lift,  would  be  considerable.  And  It  it  precisely  this  which  is  rendered 
possible  by  the  COANDA  Effect. 

•  • 


Let  us  take  i 


T  total  lifting  power  of  tho  machine, 

mass  of  air  eat  in  motion  In  unit  tlno, 
V  downward  velocity  of  thio  air, 

TT  total  weight  of  tho  machine, 
f  power  required  to  lift  tho  mochino. 

Tho  fundamental  dynamics  aquation  for  tho  aystom  ia  t 

MV  .T-Tr.{ 


1  denoting  by  ^  tht  accl.raticn  ef  gravity  and  R  •  ccfflclant  having 
th«  dimensions  of  an  accoleration  i  MV-  'trl  uiil 

^  V 


2 


AdMttont  qu«  i'on  ait  pu  fair*  aort*  qu«  I'^rtf^rqla  cin^tlqua  d*urtr 
patita  BBaa#  d«  «ai  rri|  aartant  par  unlU  da  tar;pa  d'una  txiyhrt  fis4t  sur  i* 
apparall  aolt  tranapaada  dana  aon  Intdgralitd  h  la  maaaa  d'alr  bcaucoup 
plua  eonalddrabla  i  catta  hypothdaa  a'dcrlt  i 

[2j  MV*.  im,v‘ 


da  (l)  at  (2)  noua  dddulaona  t 


aolt  I 


(MV;*  -  M(KV‘)  ,  1+ 

% 


(3) 


M  .-H 

yf\ 


Da  mlina  (I)  fournit  t 

V 


,Jiru4],r!L!fl!  y-j -  air  1  4^ 

Mi  L  -5  J 


aolt  t 


Conalddrons  alora  la  faction  flctlva  3  da  passaga  da  la  masse  unitalre 
d*alr  da  danaltd  d  i  On  a  k  chaqua  Instant  i 

4a  it 


ja.  3l 
Y  a 


M  .  S.V.  ^ 

c*aft  I  dlra  d'apr^s  (3)  at  (4)  i 

(,al  .J_ 

Enfln  la  ddblt  volumlqua  i  D.SV  *  M 

(«)  I.  t 

nnn.u-,^  L  ^  i  d 

Suppoiont  alora  qi;*ll  a*agiaaa  almplamant  d*dqulllbrar  la  patantaur  t  il  aufflt 


a*dcrirp  i 


dana 

laa  dquatlons 

(3)  (4)  (5)  at  (6)  da  faira  H  >  0 

IB'' 

M  .  JL, 

15')  S 

(■ 

i**'' 

V  - 

(«')  3>  - 

ir 

TT* 


ir*  *■ 

1*1, v,»  A 


2. 


If  m  MtMW  that  htv*  baan  ahla  ta  tranapaaa  tha  antlra  kinatle  afiaryy 
af  a  aaall  aaaa  af  faa  fHi  »  aaaivlnf  In  unit  tlaa  frw  a  ncttla  flaad  to  tha 
naehlna,  ta  tha  auah  ffiaatar  ■•••  af  t!y  M  «  thf«  hypathaa!*  can  ba  wrfttan  • 


(a)  Mv'-WiV,' 

Froa  (X)  and  (2)  wa  daduea  i 

(MV)*.  M  (MV*1,  M  ]* 


l*a*  I 


(s) 


(I)  also  glvaa  ua  i 


V<3Lf  I  a>l!  la  a  i!  I 

Ml  Tft  ^  ^ 


Ua.  t 


» 


Y,  W12I 
tr 


la- 


i 


Lat  ua  now  conaldar  tha  fictitious  taction  S  of  paasaga  of  tha  unit 
of  air  whoaa  daniity  ia  t  Wa  hava  all  tha  tima  : 


mass 


M .  s.v.  i 

t 

to  that  according  to  (3)  and. (4)  t 


s.iJLi. 
V  a 


Finallyi  tha  flow  by  voluma  t  SV 


will  bt  writtan  i 


Lat  ua  aaautna  firat  that  wa  only  wiah  to  balanca  tha  forca  of  gravity  i  in 
aquationa  (3),  (4),  (b)  and  (6)  wa  naad  only  maka  K«0  and  wa  than  hava 


I 


(»’) 

M  . 

(S’) 

s ,  ■»  _*  S' 

m,  j;t 

(-,»•.*)»  a 

V  .  »"> 

(«’) 

B.  JL*_  ,1. 

TT 

C*  qu*  J'on  p«ut  •xprlnwr  alntt  t 

I,  •  U  tot«l«  M  d«  qas  h  ■•ttr*  par  ••cond*  •«  aouv^fl^nt  v»rt  !• 

"  bat  pour  rfqullibrtr  un  poldt  TT  «  ttt  dqtlt  tu  etrrd  dt  e#  poidtf  dl* 

"  vit¥  par  la  fore#  vivt  du  gat  priMlra  utllla4** 

II.  "La  vltassa  du  touffla  da  gat  total,  prlaaira  at  aacondaira,  aat  alert 
"  proport ionna 11a  i  la  force  viva  du  gat  prloalra  at  Invartamanw  proper- 
"  tionnalla  au  poldt  da  Pangln**. 

III.  ”  La  taction  da  ptttaga  da  l*alr  total  aat  proportlonnalla  au  euba  du 
"  polds  da  I'angin  at  invaraamant  proportlonnalla  au  carrd  da  la  forea 
"  viva  du  gaz  primaira." 

IV,  ”  La  d^blt  volumlqu#  da  I'alr  total  ast  prnportionnal  au  earrd  du  poldt 
**  da  I'angin  at  invarsamant  proportlbnnal  k  la  force  viva  du  gaz  prl- 

"  maira. 

e 

c  o 

Ratrarquons,  avant  da  poursuivra,  qua  da  l*tfgaliti  (2)  i 

M  V  *  »  I  ^ 

on  d^duit  qua  al  M  »  lOW,  par  axampla, 

Y.  ^ 

Done  :  Yio 

MV  «  V  lO 

La  quantity  da  mouvamant  du  flulda  primaira  (done  la  auatantatlon)  aat  awltl- 
pli^a  par  VTO  at  d'una  fagon  gtfn^zala  par  la  raclna  carr4a  du  rapport  dot 
massaa  totala  at  primaira. 

•  • 

Dana  let  pagaa  qui  aulvant,  pour  fixer  let  iddaa  at  pour  avoir  una  bate 
da  comparaison  avac  let  r^sultata  axpdrimantaux,  noua  avona  caleuU  qualquat 
tableaux  da  r^aultata  th^orlquaa* 

Nous  avona  conald^r^  un  gaz  parfait,  non  viaquaux,  paaaant  d'un  4tat  da 
rapoa  (indlca  l).  caract^ria^  par  aa  praaalon  at  aa  taaipdratura  abaoluanT^ 

^  un  ^tat  da  mouvamant  (indlca  O)  caract4ria4  par  aa  praaalon  qua  nout  pra- 
nona  4gala  k  I  Kg./caC  (c*aat  k  dlra  aanalblamant  la  praaalon  attMtphirlqua) • 

Ca  passage  da  I'^tat  da  repsa  b  l*4t«t  da  mouvamant  aa  fait  d*una  fagon  abao^ 
lumant  raveralbla.  Nous  cotisld4rons  done  una  d4tanta  laantroplqua* 


9. 


MfTiich  c*n  b«  •]ipr«tt*d  as  followt  i 

I.  ”  Th«  total  mata  M  of  gat  »yhich  mutt  bo  aot  In  motioo  doaoiwarda  In  ordor 
•  to  balanco  a  iwalght  IT  r  oqual  to  tho  aquaro  of  thla  woigbt  dlvldod 
"  by  tho  klnotlc  onorgy  of  tho  primary  gaa  uaod.* 

ir.  "  Dio  volocity  of  the  total  gas  flow,  primary  and  socondary,  ia  thon  dlroct- 
"  ly  proportional  to  tho  kinetic  energy  of  tho  primary  gaa  and  In  invorao 
"  proportion  to  the  weight  of  the  machine." 

III.  "  The  section  of  passage  of  the  total  air  la  directly  proportional  to  tho 

"  ci:ibe  of  the  weight  of  the  machine  and  in  inverse  proportion  to  tho  aquaro 
"  of  tho  kinetic  energy  of  the  primary  gas." 

IV.  "  The  flow  by  volume  of  the  total  air  is  directly  proportional  to  tho  aquaro 
"  of  the  weight  of  the  machine  and  in  inverse  proportion  to  thO  klnotlc 

"  energy  of  the  primary  gas." 

e 

o  e 

Let  us  note,  before  continuing,  that  from  equation  (2)  i 

MV’, 

we  deduce  that  if  *  foh  example, 

V.!!i 

Hence  i  Vio 

MV  ■  VTo* 

The  momentum  of  the  primary  fljld  (hence  tho  lift)  is  multiplied  by  VTo  «nd  in 
general  by  tho  square  root  of  the  ratio  of  the  total  and  primary  masses. 

O 

o  o 

In  the  following  pages,  to  give  a  clear  Idea  and  have  a  basis  of  comparison 
with  f’yper imenta I  results,  we  hive  calculated  some  tables  of  theoretical  results. 

We  consider'^d  a  porfegt  gas,  non  viscous,  passing  from  a  state  of  rest 
(index  I),  characterized  oy  its  pressure  and  Its  absolute  temperature  *X<  to 
a  state  of  motion  (index  O)  character  lied  by  Its  pressure  "P*  which  we  take  as 
I  Kq./cm2  (l.e.  approximate  ly  at-nospherlc  pressure).  This  passage  from  the  state 
of  rest  to  a  state  of  motion  Is  completely  reversible.  We  are  therefore  consi¬ 
dering  an  isentroplc  expansion. 


4. 


-  Pant  !•  Tablfu  *1*.  nous  avont  e«leul4  vitactat  attalntaa 
par  la  gaz  apr^a  una  talla  dtftanta  pour  diff^rantaa  vaUura  da  P,  at  Tj  • 
Pour  cat  almaa  valaura  da  ^  noua  avona  auaal  ealeuld  la  rapport  3L 
tanip4raturaa  finalaa  at  Inltialaa.  ^ 

On  aalt  qua  la  vltaaaa  aat  dgala,  d'apria  la  lol  da  Sa!nt-Vanant,  I  i 


V..V2c,T,[l-(l)'V] 


tandii  qua  i 


X 

l’ 

Nous  avona  prla  pour  ehalaur  aptfctflqua  k  praaaion  eonatanta  la  valaur  irioytnna 
pour  I'air,  aolt  i 

Jauiu  / 

Cp  -  1.0O3  4<a*C 

at  pour  rapport  daa  ehalaurt  sp4elflquao  t 

%  m  ),<» 

-  Dana  la  Tablaau  ”11* ■  noua  avone  calculi  la  chuta  da  tamp4ratura  cor- 
raapondant  I  catta  d4tanta  pour  laa  mlmaa  valaura  da  at  T|  • 

Ayant  calculi  3l  at  connaiaaant  T|  ,  on  a  inm^dlatantant  t 

Ta 


T. 

La  Tablaau  "I I"  aa  d4dult  done  du  Tablaau  "I". 


-  Dana  la  Tablaau  "III".  noua  avona  voulu  caleular  la  d4bit  massa  M  da 
l*alr  alnal  mla  an  mouvamant.  Pour  cala^  11  fallait  una  donn4a  suppl4mantalr« 
at  noua  noua  aonmas  lmpos4a  un  flux  d*4nargla  cln4tlqua  !L  tfqal  k  I  CV  par 
aaccndai  aolt  7^  Kgm./t.  pour  la  gas  I  l'4tat  O. 


Da  lUgalitI  I 


on  d4dult  Inm^dlatamant  i 


E  .  4  MV/ 


V.» 

La  Tablaau  *111*  aa  d4duit  done  du  Tablaau  *!*• 


«  .  /s  ' 


4 


-  In  Tablt  I.  h«v«  calevl*t*4  th#  v«locitl«s  V*  atulned  by  the  g^f 
•  fttr  »u<;h  *n  •xptntion,  for  difforont  viluot  of  P,  T*|  •  th»*»  9trf 

vtlutt  of  R  **•  hovo  olto  calculattd  th#  ratio  71  final  and  initial 

’  T 

t#inp#ratur#i«  ^ 

W»  know  that  th#  v#locity  i*i  according  to  Salnt-Venant’s  law  ; 


wh#r«at  t 


For  th*  spaclflc  h#at  at  constant  pressure  w«  took  the  mean  value  for  air* 
which  is  I 

Jowtra/ 

Cp  .  1  Oo3  ^K^*C 
snd  as  ratio  of  specific  heats  i 


i .  1,4 

-  In  Table  11.  we  have  calculated  the  drop  in  te-’peratuie  corresponding 
to  this  expansion  for  the  same  values  of  and  "T^  .  Havino  calculated 

7}  and  knowing  ,  we  Immediately  have  ; 

T.-T.-.T,[,-  -L] 

z 

Table  II  can  therefore  be  deduced  from  Table  I. 


-  In  Table  III,  we  //ished  to  calculate  the  mass  flow  N  of  the  air  thus 
set  In  motion.  To  do  this,  we  needed  an  additional  datu’  and  we  took  a  kine¬ 
tic  energy  flux  E  equal  to  I  hp  per  second,  l.e.  7b  Krr./s.  for  the  gas  in 
the  O  state. 

From  the  equation  :  E.  x  —  MV 

2  • 

we  immediately  deduce  t 

TA  =  ’LL. 

V.* 

Table  III  is  therefore  deduced  from  Table  I. 


s, 

-  Dm\»  Im  r«bl#«u*IV.  fMu*  avoiM  alort  calculi  la  d^lt  pciiiB  7  car- 
raapondant  au  d4blt  aaaaa  M  •  Okt  a  4vtJawaant  i 

T.Mj 

Nous  avcns  pris  ^  ,  aee414ration  da  la  pasantaur^  ■  9,B1  e.t^ 

( 

U  Tablaau  ”IV”  aa  d4dult  done  du  Tableau  "III*. 

>  Dana  la  Tablaau  *V.  noua  avona  alora  caleul4  la  flux  par  aaconda  da 
quantity  da  mouvamant  du  gaa  h  l'4tat  0  pour  daa  oondltlona  P,  at  donn4aa 
at  corraspondant  au  flux  d'^nargla  cln4tiqua  £  d4jk  Introdult  (l  CV  par  aa¬ 
conda).  D'apr^a  la  th^or^ma  daa  quantlt4a  da  nouvamantf  ca  flux  aat  4gal  k  la 
pouss4a  T*  dua  k  la  d4tanta  daa  gaz  dan#  las  conditions  consid4r4as»  On  a 
done  a 

r  -  MV. 

V. 

La  Tablaau  sa  d4dult  done  du  Tablaau  "I*. 

-  Dans  Ig  Tablaau  "VI*.  nous  avons  rapport4  la  pouss4a  T  alnsi  obtanua 

au  d^bit  polds  unlt4.  Nous  avons  done  caleul4  la  rapport  X  . 

y 

D'apr^s  las  for-nulas  pr4e4dantaa,  on  a  t 

Z  .ZX  .-1  - 

T  V.  2t  f 

On  volt  done  qua  la  pouss4a  rapport4a  au  d4blt  polda  unit4  na  d4pand  plus  qua 
da  la  vitassa  attaints  par  la  gaz,  done  das  conditions  P^ 

Ca  Tablaau  pourra  sarvir  da  base  da  coroparaison  avae  las  r4suZtats  ax- 
p4rltnantaux. 

La  Tablaau  "VI"  sa  d4duit  done  du  Tablaau  "I". 

-  Dans  la  Tablaau  "VII*.  nous  avons  fait  un  cslcul  Invsrsa  da  calul 

fait  p<our  la  Tablaau  "III",  c*ast  h  dira  qu'au  liau  da  sa  fixar  at  d<an 
d4duira  M  ,  nous  nous  sommas  impoa4s  un  d4bit  polds  P*  unltaira  at  noua 
an  avons  d4dult  la  flux  d*4nargia  cln4tiqua  da  l*alr  mis  an  mouvamant 
pour  das  conditions  donn4as» 

On  a  4vidammant  t 

z'  =  i  Z’v* 

2  ^ 


La  Tablaau  "VII"  sa  d4duit  du  Tablaau  *1"* 


-  rn  TabU  IV.  MV#  c*leul*t#^  th#  insight  r»f  of  flow  P 
to  the  nass  flow  M  .  »•  ‘'•v*  of  court#  • 

P-  M<|.  ^ 

We  took  «J  ,  the  grevlt«tion«l  constent.  -  9,81  m.t 

Table  IV  Is  therefore  deduced  from  Tebie  III* 


corr#tpondlf>3 


-  rn  T^bU  y.  «  th.o  ealeuUfd  th.  mo«nt«  flM.  p.r  ..eond  of  th.  goo  In 
tno  O  otat.  for  glvon  T,  and  T.  condition,  ond  oorro.pondlng  to  th.  kl- 
notlc  anorqy  flu.  E  olr.ody  Introduced  (I  hp  por  oocond).  According  to  t  . 
nonentur  thuorom.  this  flu.  1.  oqu.l  to  th.  thru.t  T  du,  to  th.  ..pon.lon 
of  tho  gasao  In  the  dlv.n  conditions.  W.  therefor,  hove  l 

T.  MV..  U 

V# 

Table  Vis  therefore  deduced  fTOtn  Table  I* 


-  In  Table  VI.  have  shown  th.  thru.t  F  thus  obt.lned  for  unit  weight 

of  flow.  Ttius  we  calculated  the  ratio  — 

According  to  tho  preceding  formulae  we  have  i 

z  ><-*  — 

So  W,  ...  Zt  Z  thru^.t  in  ?.r™,^of  unit  wight  of  flow  only  d.pond.  of  the 
velocity  sttslned  by  th.  gs.,  that  1.  to  .ay  on  th.  condition.  T,  and  I,  . 

This  Table  will  be  able  to  serve  as  basis  of  comparison  with  the  experi¬ 
mental  results. 

Table  VI  is  deduced  from  Table  I. 

-  Tn  Table  VII.  we  made  the  reverse  calculation  of  that  made  In  Table  III, 
l.,.  In  st.ad  of  fi.lng  E  and  deducing  M  fro»  that.  «  look  a  unit  w.lght 
of  flow  P'  and  dodued  from  that  th.  kinetic  energy  flu.  t  of  th.  alt  a.t 

in  motion  for  the  ulven  and  T  conditions. 

Of  course  we  have  : 


2 


T,iblrf  VH  is  tiodvicei  from  T.iblo  I 


6. 


•Vlll*.  nau«  avefMi,  p«ur  fli«r  i449%,  ealeuU  1m 
peutt^M  qu«  l*on  abtl*ndr«it  tolt  mi  utllitMit  un  falbU  <Mblt  ■••••  k  ar«nd« 
tolt  un  d4blt  ■••••  d«  plua  an  plua  grand  I  vltaaaa  da  plua  an  plua 
faibla^  da  talla  aorta  qua  la  flua  d'dnargia  elndtlqua  eorraspondant  raata 
eonatant. 

Pour  dtablir  ea  TablaaUf  noua  noua  aonnaa  donn^,  pour  fin4,  un 

flux  d'knorgla  elndtlqua  tal  qua  pour  7^  *4  Kga«/ea2  Mnom^triquaa 

la  dibit  Mata  oorraapondant  aolt  da  Z  Kg.  Noua  avona  alora  calculi 

laa  pouaaiaa  T*'  obtanuaa  I  partir  da  cotta  inargla  clnitiqua  pour  dif- 

firantaa  valaura  da  *Pf  e*aat  k  dira  da  V  . 

Da  I'iquation  i 

i  >^’4* 

on  didult  t 

r’.  hx.2c; 

V. 

U  Tablaau  "VIII”  aa  didult  daa  Tableaux  "I"  at  "VII”. 


•  a 


6. 


*  VIII.  to  llluatroto  our  point,  *0  novo  coJculotnd  tho  thruot 

ivhleh  would  bo  obtolnod  by  uolng  olthor  •  loo  ouiio  flow  ot  hl^n  volocity, 
or  0  groduoily  incroooing  onto  floo  at  gradually  docroasing  volocity,  such 
that  tho  eorraapondlng  kinotle  onorgy  flux  alwaya  romains  constant. 

In  drawing  up  thla  Tablo,  oa  took,  for  a  flxad  *T]|  _  ,  a  klnatlc  enorgy 
flux  such  that  for  ■  4  Kga«/cm2  gaugo  prossura  the  corresponding 

mass  flow  la  I  Kg*  than  calsulctsd  the  thrust  T*  obtainad  from 

this  klnatlc  ‘•nargy  ,  for  dlffarant  values  of  ,  that  is  of  • 

From  tha  equation  t 


wa  daduea  t 


e;. 

T’ .  mV.  .  2E 

V. 


Tabla  VIII  1$  daducad  from  Tables  1  and  VII. 


Q 


0  0 


.  4,5 

'  4 

I 

I  3 
*  2  5 
I  2 


I  I|4 

I 

I  1.2 

I 

I  1,05 
J  1.04 
I  1,03 
[  1,02 
I  1,01 

I  1,0066 

I  1,0033 


Kg^ 


T,  :fX 


0.4 

0,3 

0,2 

0,1 

0,05 

0,04 

0,03 

0,02 

0,01 

0,fX)66 

0,0033 


m't  273 


449.3 

437.4 

423,2 

384.1 

355.2 

313,7 

244,1 
224 

196.9 

165.4 

121.3 
88 

70.1 

67.9 

55.6 

39.4 

32.2 

22.7 


463,1 

450.8 
436 

395.9 
366 

323.4 

251,6 

230.9 
205 

170.5 
125 

90,7 

80.5 
70 

57.3 

40.6 

33,2 

23.4 


476,4 

463.8 

448.8 

407.3 

376.6 

332.7 

258.9 

237.6 

210.9 

175.4 

128.6 

93,3 

82,8 
72 

58,9 

41,8 

34.1 

24.1 


489.5 

476.5 
461 
418,4 

366,9 

341.8 

265.9 
244 

216.6 

180,2 

132.1 

95.8 

85.1 

73.9 
60,5 


24,7 


502.1 

468.6 
473 

429.3 

396,9 

350.6 

272.8 

250.4 

222,2 

184.9 

135.5 

98.3 

87.3 

75,8 

62.1 

44,1 


5X4,5 

500,9 

484.6 

439.8 

406.7 

359.3 

279.6 

256.6 

227.7 

189.4 

138.9 
IOC, 7 

89,4 

77,7 

63.6 

45,2 

36.6 


»  T,  * 

-X  Zf  X 

*  1,5838  ' 

:  X 

;  1,5368  : 

I  1,4860  ; 

X  • 

I  1,3687  X 
;  1,2993  ] 

X  • 

:  1,2191  : 

;  I, 1221  ; 

•  • 

S  1,10)9  t 
’  1,0778  ; 

X  • 

X  1,0526  X 
;  1.0276  ; 

X  1,0143  ; 

;  i»oii3  : 

»  » 

:  1,0065  i 
'  1,0057  ! 

i  • 

i  I,0G29  : 

!  1,0019  : 

♦  r 

X  1,0099  : 


t. 


t - 

*^-^e 

T 

Z: 

1 

t  273 

290 

307 

324 

34X 

356 

t 

*  4 

t 

1  3,5 

*  100,6 

106,9 

113,7 

119,4 

125,7 

132 

I 

t 

1  95,4 

101,3 

107,2 

113,2 

119,1 

!25,Z 

t 

*  3 
( 

t  2 

*  89,3 

94,6 

100,4 

106 

III,5 

II7,I 

1 

t 

I  73,5 

78,1 

82,7 

87,3 

91,9 

96,4 

t 

1 

*  62,9 

66,8 

70,7 

74,6 

78,5 

82,5 

i 

t 

t  I 

1  49,1 

52,6 

55,2 

58,2 

61,3 

64,3 

1 

*  0,5 

-  29,7 

31,6 

33,4 

35,3 

37,1 

39 

1 

» 

t  0,4 

I  25 

26,6 

26,1 

29,7 

31,3 

32,8 

I 

1  0,3 

‘  19,7 

20,9 

22,2 

23,4 

24,6 

25,9 

t 

t 

1  0,2 

t  13,6 

14,5 

15,3 

16,2 

17 

17,9 

t 

!  0,1 

*  7,33 

7,79 

8,25 

8,70 

9,16 

9,62 

t 

1 

J  0,0fj 

j  3,86 

4,10 

4,34 

4,58 

4,82 

5,06 

t 

;  0,04 
:  0,03 

*  3,04 

3,23 

3,42 

3,61 

3,80 

3,99 

t 

1  2,30 

2,44 

2,f>0 

■2,12 

2,87 

3,01 

i 

*  0,02 
!  0,01 

! 

1,64 

1,73 

1,83 

1,92 

2,02 

t 

t 

1  0,775 

0,824 

0,872 

0,920 

0,968 

1,02 

t 

*  0,0066 
:  0,0033 

'  0,516 

0,548 

0,580 

0,612 

0,644 

0,677 

t 

1 

:  0,257 

0,273 

0,289 

0,305 

0,321 

0,337 

1 

t 

TAD 

L  E  A  U  " 

1 1" 

TAB 

L  E  "II" 

*=:T*r  Ttirr  ?-r-rr  t'r- «ftr&Kttr  CB*  r*B 


Chute  de  temperature  apr^s  detente 
isentropique  en  fonctlon  d*  f 

"T  T  T 


-  Drop  In  temperature  efter  ieentropie 
expansion,  for  different  veluet  of  t 

7  T  T 

*  t  t 


273 


290 


307 


324 


341 


3M 


lf 

4 

*  0,000743 

0, 000704 

0,000661 

0,000626 

0,000595 

0,000567  j 

3,5 

t  0,000784 

0,000738 

0,000697 

0,000661 

0,000628 

0,000598  J 

3 

'  0,000638 

0,000789 

0,000745 

0,000706 

0,000670 

0,000639  1 

2 

1  0,XI0I7 

0,000957 

0,000904 

0,000657 

0,000614 

0,000775  : 

1,5 

*  0,001189 

0,001120 

0,001058 

0,001002 

0,000952 

0,000907  1 

1 

1  0,001524 

0,  XI434 

0,001355 

0,COI284 

0,001220 

0,001162  j 

0,5 

*  0,002517 

0,002370 

0,002238 

0,002122 

0,002016 

0,001919  1 

0,4 

t  0,002969 

0,002814 

0,002657 

0,002519 

0,002392 

0,002278  : 

0,3 

*  0,003792 

0,003569 

0,003372 

0,003197 

0,003038 

0,<XI2fi93  1 

0,2 

1  0,005483 

0,005160 

0,004876 

0,004619 

0,004388 

0,004182  : 

0,1 

‘  0,01020 

0,009600 

0,009071 

0,008596 

0,008170 

0,007775  ; 

0,05 

1  0,01937 

0,01823 

0,01723 

0,01634 

0,01552 

0,01479  ! 

0,04 

*  0,02459 

0,02315 

0,02188 

0,02071 

0,01968 

0,01877  ; 

0,03 

1  0,03254 

0,03061 

0,02894 

0,02747 

0,02611 

0, -02485  : 

0,02 

*  0,04852 

0,04569 

0,04324 

0,04098 

0,03890 

0,01658  ; 

0,01 

1  0,09663 

0,09100 

0,06585 

0,08112 

0,07713 

0,07342  ! 

0,0066 

‘  0,1447 

0,1361 

0, 1290 

0, 1224 

0,1157 

o,iioe  ; 

t  • 

0,0033 

1  0,2911 

0,2739 

0,2583 

0,2459 

0,2325 

0,2219  : 

L 

1 

Uhtry  MKjtS 

* 

• 

• 

• 

* 

• 

T  A 

B  L  E  A  U 

"III" 

T  A 

B  L  E  "III" 

Mbit  mass*  corraspondant  k  Mats  flow  corratponding  to 
un  flux  dUnargia  cln^tlcjua  a  klnatie  anargy  flux  of  s 
da  :  75  Kgm./s.  75  Kgm./i* 


10, 


u... 

:  :  273 


7,  :  •A. 


1  artvsTTH  at  ssan 

*  4 

J  0.00729 

mmrmnfraasra 

0,00691 

Missaa  sxsaa 

0,00648 

0,00614 

0,00584 

m  wmmmmmmm 

0,00556 

: 

t 

»  3,5 

!  0,00769 

0,00724 

0,00664 

0,00648 

0,00616 

0,00587 

t 

*  3 

1  0,00622 

0,00774 

0,00731 

0,00693 

0,00657 

0,00627 

: 

t 

t  2 

:  0,00990 

0,00939 

0,00887 

0,00841 

0,00799 

0,00760 

t 

! 

I  0,01166 

0,01099 

0,01038 

0,00963 

0,00934 

0,00890 

s 

t 

j  r 

:  0,0149^ 

0,01407 

0,01329 

0,01260 

0,01197 

0,01140 

j 

J  o,b 

J  0,02469 

0,02326 

0,0210b 

0,02082 

0,01978 

0,"  3 

t 

t 

»  0,4 

1  0,02932 

0,02761 

0,02607 

0,02471 

0,02347 

0,  ,3 

I 

‘  0,3 

*  0,03720 

0,03601 

0,03308 

0,03136 

0,02980 

0,a»838 

t 

X 

:  0,2 

J  0,06379 

0,06062 

0,04733 

0,06312 

0,04305 

0,C'II03 

t 

! 

i  0,1001 

• 

0,09418 

0,08899 

0,06433 

0,(38015 

0,07627 

t 

1  0,05 

t  0.1900 

0,1788 

0,1690 

0,1603 

0,1523 

0, 1451 

t 

!  0,04 

!  0,2412 

0,2271 

0,2146 

0,2032 

0,1931 

0,1841 

t 

t 

:  0,0:3 

:  0,3192 

0,3003 

0,2839 

0,2695 

0,2561 

0,2438 

i 

‘  0,02 

j  0,4760 

0,4482 

0,4242 

0,4020 

0,3816 

0, 1626 

{ 

• 

1  0,01 

1  0,9479 

0,8927 

0,8422 

0,7958 

0,7566 

0,7203 

t 

\  0,0066 

J  1,420 

0,I33b 

1,266 

1,201 

1,135 

1,067 

: 

1 

1  0,0033 

:  2,866 

» 

2,o67 

2,634 

2,412 

2,281 

2,177 

t 

TABLEAU"  IV**  TABLE"rV'* 

arsssatx  s's?  rs  s:tr«.s:rs7T-x:sr«e  ccg:sct<B:ttS’a*-fc.g?«mgyK 

P<5bit  polds  corresnondint  ?i  un  Aeirht  rate  of  flow  corresponding  to 

flux  d'<'-nerci«  cin-'tique  de  !  a  kinetic  energy  flux  of  ; 

7b  K.am,/s.  7b  k.yir,,/s. 


I 

t 


0,334  0,324  0,315  0,306  0,299  0,292 


3,5 

1  0,343 

0,333 

0,323 

0,315 

0,307 

0,299 

3 

1  0,354 

0,344 

0,334 

0,325 

0,317 

0,310 

2 

1  0,391 

0,379 

0,366 

0,359 

0,349 

0,341 

1,5 

J  0,422 

0,410 

0,399 

0,388 

0,378 

0,369 

1 

1  0,478 

0,464 

0,451 

0,439 

0,420 

0,418 

0,5 

;  0,615 

0,596 

0,579 

0,564 

0,550 

0,536 

0,4 

1  0,670 

0,650 

0,631 

0,615 

0,599 

0,585 

0,3 

1  0,754 

0,732 

0,711 

0,693 

0,675 

0,659 

0,2 

1  0,907 

0,680 

0,655 

0,832 

0,811 

0,792 

0,1 

1  1.24 

1,20 

1,17 

1,14 

I,II 

1,08 

0,05 

1  1,70 

1,65 

1,61 

1,57 

1,53 

1,49 

0,04 

I  1.92 

1,36 

1,81 

1,76 

1,72 

1,68 

0,03 

3  2,21 

2.14 

2,06 

2,03 

1,98 

1,93 

0,02 

I  2,70 

2^62 

2,55 

2,46 

2,42 

2,36 

0,01 

1  3,61 

3,69 

3,59 

3,49 

3,40 

3,32 

0,0066 

J  4,66 

4,52 

4,40 

4,29 

4,17 

4,oe 

0,0033 

1  6,61 

6,41 

6,22 

6,07 

5,91 

5.77 

TABLEAU  "V" 

Pou8»4«  corrcspcndant  I  un  flux 
d'<n«rgl«  cin4tiqu«  d«  i 

75  Kgm./t. 


TABLE  "V" 

Thrust  corraspondlng  to  a  kinetic 
energy  flux  of  t 

75  Kgm./a, 


e 


Z2. 


t - J 

•  P  7*  t 

•  V  —  'a  * 

i;-- 

:k 

• 

t 

273 

290 

3C7 

324 

34X 

356 

t 

4  * 

45,80 

47,21 

48,56 

49,90 

51,18 

52,45 

• 

3,5  : 

44,59 

45,95 

47,28 

48,57 

49,93 

51,06 

t 

3  J 

43,14 

44,44 

45,75 

46,99 

48,22 

49,40 

1 

1 

2  : 

39,15 

40,36 

41,52 

42,65 

43,76 

44,83 

I 

i.t>  ; 

36,21 

37,31 

38,39 

39,44 

40,46 

41,46 

» 

• 

I  ! 

31,96 

32.97 

33,91 

34,84 

35,74 

36,63 

a 

• 

0,5  1 

24,88 

25,65 

26,39 

27,10 

27,81 

28,50 

: 

f 

0,4  s 

22,83 

23,54 

24,22 

24,87 

25,52 

26,16 

t 

0,3  ; 

20,28 

20,90 

21,50 

22,06 

22,65 

23,21 

t 

} 

0,2  i 

16,86 

17,38 

17,88 

18,37 

18,85 

19,31 

i 

0,1  J 

12,36 

12,74 

13, II 

13,47 

13,81 

14,16 

: 

{ 

0,05  ; 

0,970 

9,246 

9,511 

9,766 

10,02 

10,27 

t 

0,Crt  j 

7,961 

8,206 

8,440 

8,675 

8,699 

9,113 

X 

1 

0,03  : 

6,922 

7»I36 

7,339 

7,553 

7,727 

7,920 

i 

0,02  1 

5,668 

5,841 

6,096 

6,167 

6,330 

6,483 

s 

1 

0,01  : 

4,016 

4,139 

4,261 

4,383 

4,495 

4,608 

t 

0,0066  * 

3,282 

3,384 

3,476 

4,466 

3,670 

3,751 

• 

a 

• 

0,0033  I 

2,314 

2,385 

2,457 

2,518 

2,589 

2,650 

I 

Vp 

t 

z 

TAB 

L  E  A  U 
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T  A 

9  L  E  "  YI 

.Tlifc,;*  Cf  f.  £:^s.5.J.t  sri-S-  Tsrs:  CJi 


Pous5<5«  rapport**®  au  d^blt  Thru*t  In  tvrvus  of  wolght  rato 


poidt 


of  flow 


13 


* 

T,  fx. 

273 

290 

307 

324 

341 

358 

*  4  * 

1  f 

137,2 

145,7 

154,2 

162,8 

171,3 

179,9 

i  3,5  1 

130 

136,1 

146,2 

154,3 

162,4 

170,5 

*  3  * 

1  t 

121,7 

129,2 

136,9 

144,4 

152 

159,6 

1  2  t 

100,3 

106,5 

112,7 

II9 

125,2 

131,4 

1  I 

85,74 

91,03 

96,38 

101,7 

107,1 

112,4 

t  1  1 

66,66 

71,07 

77,22 

79,39 

83,53 

87,73 

I  I 

40,49 

43,02 

45,55 

48,05 

50,57 

53,13 

t  0,4  t 

34,10 

36,23 

38,36 

40,46 

42,61 

44,75 

I  I 

26,68 

26,56 

30,23 

31,88 

33,55 

35,23 

t  0,2  t 

18,59 

19,76 

20,91 

22,07 

23,23 

24,38 

I  I 

9,999 

10,62 

11,24 

11,86 

12,46 

13, II 

t  0,05  1 

5,263 

5,591 

5,916 

6,237 

6,567 

6,891 

! 

I  I 

4,145 

4,404 

4,659 

4,922 

5,179 

5,431 

1 

e 

t  0,03  t 

3,133 

3,330 

3,523 

3,711 

3,905 

4,IC3 

j 

I  ! 

2,101 

2,231 

2,356 

2,487 

2,621 

2,749 

• 

• 

t 

!  0,01  t 

1,055 

1,120 

1,187 

1,257 

1,322 

1,388 

t 

[  0,0066  j 

0,705 

0,749 

0,790 

0,832 

0,601 

0,920 

e 

• 

e 

i  0,0033  t 

0,350 

0,372 

0,395 

0,415 

0,438 

0,459 

# 

• 

Z’: 

! 

e 

• 

TABU 

E  A  U 

"  VII  " 

T  A  B  L 

b  *  VII  • 

Flux  d'4n«r9l*  cln4tlqu«  cor- 
rttpondant  k  un  d4bit  pold* 
d*  I  Kg. 


Kinetic  energy  flux  corresponding 
to  a  weight  rate  of  flow  of  I  Kg. 


TABLEAU"  VIII  " 

»5«a:xrr;cT=««E?  c  *  — — sic 

Transposition  de  I'^nerqle  cln4- 
tiqu«  dlsponlbU  pour  un  d4bit 
polds  ^gal  b  I  Kg.  quand  ; 

"p  =  ^  Kq./cm2  mancm/trlquo. 


table  "  VIII  " 

t  *:  c  smrM 

Transposition  of  kinetic  energy  evaileble 
with  a  weight  rate  of  flow  equal  to  1  Kg. 
when  t 

=4  Kg./cm2  gauge  pressure. 
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NOTICE:  WHEN  GOVERNIOENT  OR  OTHER  DRAW1NQ8,  SPECIFICATIONS  OR  OTHER  DATA 
XKEUSBD  FOR  ANY  PURPOSE  OTHER  THAN  IN  CONNECTION  WITH  A  DEFINTTELY  RELATED 
GOVERNMENT  PROCUREMENT  OPERATION,  THE  U.  S.  GOVERNMENT  THEREBY  INCURS 
NO  RESPONSIBILITY,  NOR  ANY  OBUGATION  WHATSOEVER;  AND  THE  FACT  THAT  THE 
GOVERNMENT  MAY  HAVE  FORMULATED,  FURNISHED,  OR  IN  ANY  WAY  SUPPLIED  THE 
SAID  DRAWINGS,  SPECIFICATIONS,  OR  OTHER  DATA  IS  NOT  TO  BE  REGARDED  BY 
IMPUCATICm  OR  OTHERWISE  AS  IN  ANY  MANNER  UCENSING  THE  HOLDER  OR  ANY  OTHER 
PERSON  OR  CORPORATION,  OR  CONVEYINQ  ANY  RIGHTS  OR  PERMISSION  TO  MANUFACTURE, 
USE  OR  SELL  ANY  PATENTED  INVENTION  THAT  MAY  IN  ANY  WAY  BE  RELATED  THERETO. 


ASS 


li.  • 


Nous  const itont  quo  toutot  valours  dos  Tabloau*  pr^c^rtonts  sont  fonc- 
tlon  do  la  vitosso  d'^coulomont.  Du  Tabloau  VIII,  plus  partlcuilirtmont,  nous 
d^duisons  quo  los  tractions  pour  uno  ^norgio  donn<<o  sont  d*8utant  plus  Inpor- 
t'lntos  quo  los  hearts  ontro  los  prossions  on  amont  ot  aval  do  1  •rfcorlo'TJont  sont 

faiblos. 

II  parilt  ioglquo,  par  cons^quont,  do  chorchor  los  moyons  qui  pormottrsiont 
une  augmontation  do  la  vitosso  d*<coulomont  pour  uno  prossion  amont  dotormlnco. 
Cost  ici  qu ' Intorvlont  1 'application  do  I'Effot  COANDA* 

D'apr^s  nos  oxp^riencos  ot  nos  mosuros,  notammont  sur  dos  Tu'/^ros  "L.A,", 
il  r^sulte,  par  oxomple,  qu'on  partant  d'une  prossion  absolue  do  t  Kgs.  par  cn2 
(prossion  manon^triquo  4  Kgs.  par  cin2)  on  pout,  dans  certains  cas,  obtenir  ^ 
I'onbouchuro  do  la  sortio  du  Jot,  ot  lo  long  do  la  promiAre  facotto,  une  de¬ 
pression  do  I'ordre  de  7  metres  d'oau,  c'ost  A  dire  que  la  pression  absolue  res- 
tante  A  cet  endroit  ne  serai t  plus  quo  do  0,3  Kg*  par  cm2.  A  cet  ondroit,  c' 
ost  A  dire  juste  au  ras  do  la  facotte,  le  rapport  dos  prossions  entre  I'amont 

et  I'aval  serait  do-ii-  »  *  17  au  liou  do  5  . 

T, 

En  admottant  que  dans  lo  Jet  A  cet  ondroit,  c'ost  A  dire  au  voisinage  du 
maximum  do  depression,  la  detente  do  I’air  soit  isentropiquo,  la  chute  de  tempe¬ 
rature  locale  corrospondant  A  co  rapport  do  prossion  serait  2^  «  2,247  , 

et  la  difference  do  temperature  so  trouvorait,  si  la  temp^roture  avant  la 
detente  avait  par  oxomple  do  290®  absolu,  do  T,-T^  “  I6I®i^,  Ce  qui 

fait  quo  la  vitesso  d'^coulemont  do  cotto  portion  du  jet  atteindrait  th^orique- 
mont  une  vitesso  de  566,5  m.  au  lieu  do  463, t  m./soc.  correspondant  h  la  de¬ 
tente  isentropiquo  sur  la  surface  libro  du  Jot. 

En  supposant  une  repartition  lin^aire  dos  vitesses  dans  le  Jet,  on  peut 
done  admettro  qu'il  y  a  dans  celui-cl  une  vitesse  moyenno  se  situant  aux  envi¬ 
rons  de  S15,t  m./sec. 

En  d*autres  tormes,  si  I'on  admettait  le  mime  dibit  masne  de  gar  par  se- 
condo  par  lllm.ent  dlff^rentiel  do  surface  dans  un  jet  COANDa  nue  dans  un  Jet  par 
orifice  en  mince  parol,  I'lnergle  clnltlque  est  multipllie  par  =  1,242, 

1* augmentation  se  faisant  aux  dlpens  de  l*onthalpi«.  * 

L’expirience  ayant  montrl  que  le  Jet  ne  glvTalt  pas,  malgrl  un  tr^s  haut 
degr4  hygror/trique  de  I 'air  (  or  t.-t:  =  I6I®  tihloriquos,  soltT^  *  -  ), 

11  y  a  eu  nicossairenont  apport  d'lnergie* 

Cette  enerqie  suppi^f-Tientelre  n'a  pu  Itre  prise  qu'A  Pair  amblant  dor.,  la 
tomplrature  doit  alors  baissor  au  volslnage  Inir.edlat  du  Jet. 


r 


15. 


N*  not*  that  ill  th*  v*lu*t  thONn  In  th*  pne^ding  t«bl*i  ar*  a  function 
of  tha  flow  valocity.  Frcm  Tabl*  VIII,  in  particular*  m  dadhicc  that  tha 
•mallar  tha  dlffaranea  hatwaan  tha  prataur*  upatraaa  and  tha  prattur*  dotmatraan 
of  th*  flow,  tha  graatar  th*  thruat  producad  for  a  glvan  anargy. 

Consaquantly  it  would  appaar  logical  to  aaak  a  moan*  of  Increasing  tha 
flow  valocity  for  a  fixed  prasaur*  upatraaa.  Thla  la  whar*  th*  application  of 
th*  COANDA  Eff«ct  eom*a  in. 

Our  *xp*riin*nts  and  naaauraoMnta,  aapacially  with  th*  "L.A.*  nozzle*, 
ahow  for  Inatane*  that  starting  fro*  an  absolut*  prassur*  of  5  Kga*  par  cm2 
(gauge  prassur*  4  Kgs./cafi)  on*  can,  In  certain  eaaas*  obtain  a  daprassion  at 
th*  *xlt  orifie*  of  th*  J*t  and  along  th*  first  facet,  of  th*  order  of  7  maters 
of  water,  that  la  tc  say  that  th*  absolut*  prassur*  remaining  in  that  area  is 
only  0.3  Kg.  par  cm2.  In  that  area,  ivhieh  Is  right  next  to  th*  facet,  tha 
ratio  of  upstream  and  downstrewn  prassur**  in  than  “T  ^  5  ■  17  instead 

of  ».  T,  0.3 


Assuming  thst  tha  expansion  of  th*  air  in  tha  Jet  in  that  area,  that  is. 
in  tha  neighborhood  of  th*  maximum  daprassion,  is  isantropie,  th*  local  drop 
in  tamparatur*  corresponding  to  this  ratio  will  b*  ■  2.247  and,  if 

th*  temperature  before  expansion  was,  for  inatane*.  2^  abs..  the  difference 
of  tamparatur*  X,  will  be  I6IfC  •  This  maans  that  th*  flow  velocity 

of  that  portion  of  th*  jet  will  theoretically  attain  568.5  m./s*c..  instead 
of  4di.i  m./sac.  which  corresponds  to  th*  isantropie  expansion  of  the  free 
surface  of  th*  jet. 

Assuming  a  linear  distribution  of  velocities  in  the  Jet.  w*  can  there¬ 
fore  taka  its  mean  valocity  as  being  approximately  iZ9.8  m./s*c. 

In  other  words,  if  w*  assuaa  that  th*  mass  flow  of  gas  per  second  per 
differential  surface  alemant  of  a  OOANDA  jet  is  th*  same  as  in  a  jet  issuing 

ice  in  a  thin  wall,  th*  kinetic  energy  is  multiplied  by  . 

■  1.242,  this  ineraas*  occuring  at  the  cost  of  enthalpy. 


from  an  or! 

rSeSj) 


Experience  having  shown  that  the  Jet  dees  net  frost  in  spit*  of  a  very 
high  degree  of  humidity  in  th*  air  (theoretically  "Tl| ■  I6I®,  i.e. 

X,  »  -  144*  C),  additional  energy  must  have  been  provided. 

This  additional  energy  can  only  have  boon  taken  from  the  surrounding  air. 
whose  temperature  must  therefore  fall  in  th*  inmediat*  proximity  of  th*  jet. 
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L*  ra,‘>port  th/oriqua  dat  praaalofia  pour  catta  vltaata  da  5I§,$  a./aac. 
cerraspondralt  i  i 

^  •  8f4  at  coaaia  «  6  ,  on  volt  qua  la  Jat  ta 

comportaralt  comna  un  Jat  libra  ayant  una  praaslon  moyanna  abaolua  da  0fd95« 
Ainai,  I'air  ambiant  aa  trouvaralt,  acja  caa  hyr>othkaaa«  davant  una 
sourca  froida  I  moindra  praaaion* 

Pour  Pi  *  0.595 

at  pour  Pj  ■  I 

on  a  :  T  _  I  ^  I  ¥  ^  I  16 

t; 

•  ^ 

ca  qui,  an  admattant  qua  la  tamptfratura  ambianta  fut  au  depart  da  29o0(don» 
narait  iT,  ^*7^  •  409  C. 

Sous  da  tallat  hypoth¥aas«  11  aat  normal  da  contid^rar  la  poaalbiliti 
pour  I'air  ambiant  da  aa  pr¥cipitar  vara  la  Jat  avac  una  vltessa  da  283m*/8ac. 
corraspondant  &  una  d¥tanta  isantropiqua  da  A09C, 

Faisons  una  hypoth¥aa  suppl<$mant8ira  i  *La  moiti4  anviron  da  l'¥nargia 
cin^tiqua  da  cat  air  aspir6  corraspond  h  calla  d'una  quantity  da  mouvamant 
da  cat  air  aspir6  orianttfa  dans  la  mima  diraction  qua  calla  du  Jat*. 

Dans  ca  cas.  si  la  pourcantaga  d'augmantation  dUnargia  totala  ^tait 
comma  nous  I'avons  admis  da  1.242  •  I  ■  0.242.  la  pourcantaga  da  } ' augmanta- 
tion  da  I'^naroia  cin^tiqua  pourrait  Itra  anvisag4  comma  corraspondant  k 
0.12,  la  solda,  soit  0,122.  6tant  dissip^  par  las  phanon>''.as  da  chocs  at  da 
turbulenca. 

Dans  ca  cas.  la  poids  da  I'air  ambiant  ainsi  mis  an  mouvamant  dans  la 
m¥ma  diraction  qua  la  Jat  pourrait  sa  d^duira  da  1 'Equation  i 


'  ir'v'*  .  o,«  tr  xl 

ou  t  ^ 

Tt  ast  la  poids  par  saconda  da  I'air  ambiant  mis  an  mouvamant. 
V  *»t  sa  vitassa  da  d4placamant. 

TTf  ast  la  poids  par  saconda  du  gaz  du  Jat. 

ast  la  vitassa  th4orlqua  da  I’^eoulemant  normal  du  Jat. 

II  an  r48ulta  qua  t 


Tht  thMrvtlMl 


r»ti*  f«r  Cilia  walacltif  •#  fli«#  ■«/( 


M* 


T,  -m 

m  0,4  and  alnea  *  ■  5  .  ■»  aaa  that  tlia  jat  babavaa 

lika  a  fraa  Jat  having!  a  aaar  abaoluta  |»asaufa  of  C.999. 

Tha  aurroiindlng  air  arill  tharafora,  according  to  thia  h/pothaala*  find 
itaalf  in  tha  prttanea  of  a  cold  aourca  at  a  Jonar  prataura. 

For  -  0.595 

and  for  *T^|  -  J 


wa  hava  t 


which,  if  the  surrounding  tamparatura  was  290fJ^o  start  with,  givas  us  t 

T,  -  T.  -  4o«c. 

Undar  thasa  hypotheses,  the  surrounding  air  can  naturally  bo  axpactad 
to  ruch  in  towards  tha  Jat  at  a  velocity  of  283in./sac..  corresponding  to  an 
isentropic  expansion  of  40?  C. 

Let  us  make  an  additional  hypothesis  t  "Approximately  half  of  tha 
kinetic  energy  of  this  induced  air  corresponds  to  tha  kinetic  energy  due  to 
the  monentum  of  this  induced  air  oriented  in  the  same  direction  as  the  Jat". 

In  that  case,  if  thv  percentage  of  increase  of  total  energy  is.  as  wa 
assumed.  1,242  -  I  »  0.242.  the  Increase  percent  of  kinetic  energy  can  ba 
taken  as  corresponding  to  0.12,  the  remainder.  0.122.  being  dissipated  by 
collision  and  turbulence  phenomena. 

This  being  so,  the  weight  of  surrounding  air  thus  set  in  motion  In 
the  same  direction  as  the  Jet  could  be  deduced  from  the  equation  t 


_ L  it’  v'*  .  0,12  IT. 

28  H 

in  which  I  rr'  is  the  weight  of  surrounding  air  set  in  motion  per 

second, 

Y  is  its  velocity, 

T^i  is  the  weight  of  Jet  gas  per  second, 

is  the  theoretical  normal  flow  velocity  of  the  Jet, 

Consequently  t 
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dene  en  partent  de  net  dlff/rentet  hypeth^tet  on  trcxive  i 


0,  t2:sen  chiffre  rend  t  0,32. 

2B5  / 


Nout  prendrent  It  vtleui  de  0,3» 

Etent  denn^  qut  la  traction  rapport^a  au  d¥bit  poida  unitaire  att  ^gala 
I  )C  nous  avena  pour  la  Jat  ot  pour  I'air  qul  sa  pr^cipita 

var^'la  Jat  2^  ■  26, 8S,  la  tnctlon  totala  qua  I'eit  davrait  masurar  dans 

un  jat  fonctiomiant  ^  travara  un  dlapositif  utllisant  I'Effat  COAMDA  davralt 
Itra  { 


52,56  +  0,3  X  28,85  -  61,21 

contra  t 

47,21  (d'apria  la  Tableau  6), 

solt  environ  1,3  foit  plus,  ca  qui  correspond  d'una  fagon  tr^s  suggestive, 
quant  h  nos  hypotheses,  ^  certains  assais  qua  nous  avons  faits* 

Pendant  nos  assais  las  masures  d'air  Induit  nous  or.t  prouv^  qua  las 
masses  d'air  antraln6as  attaignaiant  souvsnt  bian  plus  qu«>  15  fois  I'air  pri> 
maira  (certains  assais  ont  mime  attaint  das  taux  d' induction  da  plus  da  30 
pour  l),  avac  das  vitessas  au  passage  du  col  das  tuyl^ras  as:saz  41ev^as,  ca 
qui  par  rapport  h  la  traction  th^orique  pour  I'air  primairc  da  masse  unitaire 
donnait  das  valeurs  du  mdne  ordra  da  grandeur  qua  ca  qui  ast  dit  plus  haut. 
(Nous  prenons  las  vitessas  au  col  de  la  tuyere  car  apr^s  la  divergent  at  sui- 
vant  ses  dimensions  on  peut  beaucoup  r^duire  ies  vitessas,  puisque  I'on  y 
transpose  l'4nergie  cint'tique  en  4nercie  potentiella) * 

II  ast,  pensons-nous,  logique  da  pr^volr  maintenant  toutes  sortas  de 
possiblllt^s  d'utl llsation  des  tuyeres  appliquant.  I'Effat  COANDA,  nota-r^pnt  en 
agissant  par  <tagi,  afln  dw  transputer  i  de  trns  grandes  masses  d'air  l'«'ner- 
gie  qui  se  trouvait  dans  de  faibles  masses  pour  arriver  ainsi  h  das  quantit^s 
da  mouvemant  tr^s  importantes  diriy^es  vers  le  bas,  ce  qul  ast  le  but  final 
de  tous  nos  travaux. 


h«ne«,  on  th«  basis  of  our  difforsnt  hypothosss,  ws  find  t 

JL’.  f  Htzjy.  0,12  it  in  round  figurss  t  0,32 
TT,  \  203  / 

Ms  shall  taka  ths  valus  0.3. 

V 

Sines  ths  ratio  of  thrust  to  unit  waight  of  flow  is  squal  to  X  »  ws 
hsvs  8Ii.t  -  52  56  for  ths  Jst  and  jgM  ■  28.85  for  ths  sir  rushing 
towards  fht  Jst»  so  that  ths  total  thrusr  asasursd  in  a  jst  issuing  fron  a 
cisvies  in  which  ths  COANOA  Effset  is  ussd  should  bs  i 

52.56  -f  0.3  X  28.85  -  61.21 

against  i 

47.21  (according  to  Tsbls  Vl), 

i.s.  approxiiMtsly  1.3  tiws  as  nuch,  which  eorrsspondt  in  a  vary  signifi¬ 
cant  manner,  as  far  as  our  hypothssss  ars  concsrnsd,  to  carta In  tssta  which 
ws  mads. 

During  ths  tasts,  our  msasursmsnta  of  induced  air  proved  that  this 
mass  of  air  was  in  many  eases  laors  than  15  tiaws  that  of  ths  primary  air 
(in  certain  tests  ths  rats  of  induction  even  rose  to  mors  than  30  to  I), 
for  relatively  high  velocities  at  ths  throat  of  ths  no')’zlss.  This,  compared 
with  ths  theoretical  thrust  per  unit  mass  of  primaiv  air,  gave  valuns  of 
ths  same  order  of  magnitude  as  those  mentioned  above.  (We  take  the  velo¬ 
cities  at  the  throat  of  the  nozzle  because,  after  the  divergent  and  depen¬ 
ding  on  its  dimensions,  the  velocities  can  be  greatly  reduced,  since  the 
kinetic  energy  involved  is  converted  into  potential  energy). 

We  believe  that  one  may  now  logically  conceive  many  different  possibi¬ 
lities  of  utilization  of  nozzles  applying  the  COANDA  Effect,  proceeding  by 
stages  in  order  to  transpose  the  snergy  contained  in  small  masses  of  air  to 
very  much  greater  masses,  so  as  to  attain  very  great  monenta  oriented 
downwards,  which  is  the  ultimate  goal  of  all  our  research. 
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NOTOE:  QOVERNifENT  OR  OTHER  DRAWmOB,  SPECTFICATIONB  OR  OTHER  DATA 

™  CONKEC'/*!CN  WITH  A  DEFINTTELY  RELATED 
OPBRATKEI,  the  a  8.  O  W  XRNIIENT  THEREBY  INCURS 
tSU  0®*-I0ATI0N  WHATSOEViiR;  AND  THE  FACT  THAT  THE 
2?w?3Sf?SSSii*^^  formulated,  furnished,  CR  JN  any  WAY  SUPPLIED  THE 

^  OTHER  DATA  IS  GOT  TO  RE  REGARDED  BY 
^  ^  manner  UCSi<irSL  IG  the  holder  or  any  OI'HER 
Ricwrrri  oxi  permission  to  manufacture, 

USE  OR  SELL  ANY  PATENTED  INYENTION  THAT  MAY  D?  Ai  Hf  WAY  BE  IIELATED  THERETO. 


